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ABSTRACT 


It is often the case that a progenitor, P = m*" : N, factored by a subgroup 
generated by one or more relators, M = (71w1, ToWe,...,7pWe), gives a finite group F, 
particularly, a classical group, simple group, or a sporadic group. In such instances, the 
presentation of the factor group, G = P/M = (z,y,t), is also a symmetric presentation 
of the finite group F’. Symmetric presentations of groups allow us to represent, and ma- 
nipulate, group elements in a manner that is typically more convenient than conventional 
techniques; in this sense, symmetric presentations are particularly useful in the study of 
large finite groups. 

In this thesis, we first construct, by manual double coset enumeration, the groups 
As, Ss, Se, S7, and S7 x 3 as finite homomorphic images of the progenitors 2*8 : $3, 
2*4 : Ay, 2°° : As, 3*° : Ss, and 3*° : Ss, respectively. We also demonstrate that their 
respective symmetric presentations enable us to represent, and manipulate, their group 
elements in a convenient (symmetric) fashion as well as to obtain, in most cases, useful 
permutation representations for their group elements. 

We devote the majority of our efforts to the construction, and manipulation, 
of Mig: 2, or Aut(Mj2), the outer automorphism group of the Mathieu group Mj2. In 
particular, we construct, by the technique of manual double coset enumeration over S4, 
the group Aut(M]j 2) as a finite homomorphic image of the progenitor 3** : S,. By way 
of this construction, we show that Aut(Mj2) is isomorphic to 3** : S4 factored by two 
relations and we conclude that the symmetric presentation (z,y,t | c+ = y? = (yz)? = 
& = [t,y] = [é,y] = (yat)!° = ((x?y)t)® = e) defines the group Aut(Mj2). Finally, 
we demonstrate that this symmetric presentation enables us to express and manipulate 
every element of Aut(Mj2) either as a symmetric representation of the form mw, where 7 
is a permutation of S4 on 4 letters and w is a word of concatenated generators of length 


at most eight, or as a permutation representation on 7920 letters. 
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Chapter 1 


Introduction 


In this chapter, we introduce several important definitions, we introduce the concepts and 
techniques necessary for proving that a factor group G = P/M is isomorphic to a finite 
group F’, and we give the context and motivation for studying progenitors in general and 


Myo in particular. 


1.1 Definitions 


We make reference to the following definitions. (For a more detailed treatment of these 
definitions, see [Rot95].) 


Definition 1.1: G-sets. Let G be a group, and let X be a nonempty set. Then X is a 
G-set of degree |X| if there is a function (called an action), o: Gx X — X, denoted by 


~ 


@: (g,x£) + gz, such that: 
(1) ex = a for all z € X, where e is the identity of G; and 
(2) (gh)x = g(ha) for all g,h € G and all z € X. 


Definition 1.2: Faithful. Let X be a G-set with action d. Then X is faithful if the 


homomorphism ¢: G — Sx is injective. 


Definition 1.3: Transitive. A G-set is transitive if, for every x,y € X, there exists a 


g € G such that y = gz. Note also that a G-set is transitive if it has only one orbit. 


Definition 1.4: k-Transitive. Let X be a G-set of degree n and let k < n be a positive 
integer. Then X is k-transitive if, for every pair of k-tuples having distinct entries in 
X, say, (%1,21,.-.,2%) and (y1,y2,---, yx), there is a g € G such that gx; = y; for all 
4€ {1,2,...,k}. 


Definition 1.5: Sharply k-Transitive. A k-transitive G-set X is sharply k-transitive 
if only the identity fixes k distinct elements of X. 


Definition 1.6: Conjugate. If H < G and g € G, then the conjugate g-'Hg is 
{g-thg | h € H}. The conjugate is often denoted by H9. 


Definition 1.7: Normalizer. If H < G, then the normalizer of H in G, denoted by 
No(H), is Nc(H) = {a€ G| aHa = H}. 


Definition 1.8: Centralizer. If a € G, then the centralizer of a in G, denoted by 
Ce(a), is the set of all ¢ € G which commute with a. 


Definition 1.9: Simple Group. A group G is simple if it has no normal subgroups 


other than the trivial subgroup {1} and itself. 


Definition 1.10: Semi-Direct Product. Let G be a group, and let H,K <G. If 
Lat Pee Soe), 
2. G= HK, and 


3. KiaGand H <G, 


then G is an internal semi-direct product of K by H. 


1.2 The Progenitor m*": N 


1.2.1 Free Products of n Copies of Cyclic Groups of Order m 


Consider a group generated by two elements of order 2, say, (ti,t2 | #? = #2 = e). 
Since the element t,t2 has infinite order, and since (tite, t1) = (t1,t2), we may refer to 


t1, to | ¢? = t2 = e) as an infinite dihedral group 
pol 
(t1, te | ty = t =e) = {e,t1, ta, tite, tati, titets, ...}, 


where elements of odd length in ¢; and te are involutions (meaning they are of order 2), 


and elements of even length in ¢; and tg are of order infinity. 


We denote 2*? = (t1,t2 | ? = t2 = e). Since 2*” is generated by two cyclic subgroups 
of order 2 with no relation between them, 2*? is isomorphic to the free product of two 


copies of the cyclic group C2 of order 2. That is, 
Q*? = (t1, te ak — i — e) — fe, t1, ta, tite, tots, ttt, .. } — (t1) * (te) ~Co* Co 


In fact, we can extend this notion to n generators and define a free product of n copies 
of the cyclic group of order 2 by: 
2 = (t1,to,...,tn|\@ =B=-.-=R=e)= (t1) * (tg) # +++ (tn) S Co * Co ++ * CQ 
SS _ 
n times 


Even more generally, we can define m*” to be a free product of n copies of the cyclic 


group Cm, where m is the order of the generators t;. That is, we can define m*” so that 


m*” = (ty, ta,...,tn | tP = tp = +--+ = =e) = (t1) # (te) # + (tn) = Cm * Cm *-+ * Cm. 
—————— 


n times 


1.2.2 The Control Subgroup NV 


The control subgroup N is a subgroup of S, which acts transitively on m*” by permuting 
the generators of each cyclic group. In particular, the control subgroup N acts on the 
generators of m*", the symmetric generators, by conjugation. That is, for any element 


a € N and any symmetric generator t;, 
n ltr = i= Ci) a: 


Suppose, for example, that m*": N is a progenitor with control subgroup N = 83 and 


symmetric generators {to, t1,t2}. Then (0 2 1)~!t2(0 21) = a PA aa too 2:1) = t- 


1.2.3 Definition of a Progenitor 


Definition 1.11: Progenitor. A progenitor is an infinite semi-direct product of the 

form . 
m” : N, 

where m*” is a free product of n copies of the cyclic group of order m generated by 

elements ¢; of order m in the set T = {t),to,...,t,}, and where N is a subgroup of S;, 

which acts transitively (and by conjugation) on m*": N by permuting the generators of 

m*", As was mentioned above, we call N the control subgroup and we call the generators 


t1, tg,...,tn of the free product m*” the symmetric generators. 


Multiplication of Elements in a Progenitor. Since N acts by conjugation as 
permutations of the n symmetric generators, the multiplication of any two elements 
TW, owe € m*” : N, where 71,72 € N and w, and we are words in the free gen- 
erators t;, is given by: 


(171w1) (722) =, (mom })wyTewe 
= (m7) (5 wi.) we — (1172) wy? we. 


Inversion of Elements in a Progenitor. The inverse of any element 1t,,tk, +--tx, in 


Te 


m*"; N is given by 
oF ogsier -1,-1 _ ¢,-1,\)-1,-1 mile 
(athth, eps thn) = tk, thy SES te; vie = (3 TY tn, aa te; Tv 

am ota) golly = gc yl. pc hyet 

=m (nity tT Jam“ (ty te, te" 
Representation of Elements in a Progenitor. Since (71w1)(72we) = (7172) wt?we2 
(see above), every element of N can be gathered on the left by way of conjugation. There- 
fore, every element of m*”: N can be represented as an element of the form mw, where 
mw is a permutation of N and w is a word in the symmetric generators t; for 1 <i <n. 


This representation is unique provided that w is'simplified so that adjacent symmetric 


generators are distinct. 


Definition 1.12: Point Stabilizer. Let m*”: N be a progenitor and let w be a reduced 


word in the symmetric generators t;. Then the point stabilizer of w in N is defined by: 


NY ={rEN|w™=wh=Cn(v). 


For example, the point stabilizer of the word t; in N is given by N! = {nm € N | 
T = ti} = Cn(t1). Likewise, the point stabilizer of the word t,t2 in N is given by 
NY = {x EN (tt2)” _ tito} = Cn ((é1, ta)). 


Definition 1.13: Coset Stabilizer. Let Nw be a (single) right coset of N in the 


progenitor m*”: N, where w is a reduced word in the symmetric generators t;. Then 
N®) ={n EN | Nun = Nw} ={2 €N | Nw™ = Nu} 


is the coset stabilizer subgroup of Nw. 


1.3. Homomorphic Images and Factor Groups 


1.3.1 Identifying an Image of a Progenitor that is Homomorphic to a 


Finite Group F 


Under certain conditions, a group F' may be a homomorphic image of a progenitor 


mm": N. We provide these conditions in Lemma, 1.1 below. 


Lemma 1.1. Let F be a group, let T = {to,t1,...,tn} C F, and let N < F. Define 
N = Np(T)={g € F | 971g =T} to be the set normalizer in F of T. If F = (T) and 
if N permutes T transitively (but not necessarily faithfully), then F is a homomorphic 
image of the (infinite) progenitor m*": N. In this case, T is called a symmetric generat- 


ing set for F. 


Example 1.1: Identifying an Image of a Progenitor that is Homomorphic to 
Ss. Suppose that F = Ss = ((1 2), (13), (1 4), (15)). Let ¢; = (1 2), te = (13), #3 = (1 4), 
and tq = (15). Define T = {t1, to, t3,t4}. Then N = Np(T) = Sq = ((23 45), (2 3)), and 
N is transitive on T. Therefore, by Lemma 1.1, F is a homomorphic image of 2*4: $4; 
that is, F is a homomorphic image of 2*4: N. We denote P = 2*4: S4. Then there exists 


a homomorphism a: P — F, and P/kera & F. 


1.3.2 Identifying a Factor Group G = P/M that is Isomorphic to a Finite 
Group F 


Let F be a finite group, and let P = m*”": N be a progenitor. If finite group F and 
progenitor P = m*”: N satisfy the conditions established by Lemma 1.1, then we may 


identify a normal subgroup M with which to factor P = m*": N so that 
G= P/M =f. 


If P = m*": N satisfys Lemma 1.1, then there exists a homomorphism a: P — F’. The 
group M = kera is the smallest normal subgroup of P, and the factor group G = P/M 
is isomorphic to F. We call the elements w171, wom,..., Wet, € kera generating kera 


the relators. The relators are often expressed as relations equal to the identity e of P: 
W171 =C, Wemg=C€, -.-- WkTk = € 


For this reason, the factor group G is expressed in terms of the progenitor m*": N factored 


by the appropriate relators w 171, WaTo,...,wWRT,. That is, 
mi: N 
G = P/M = ——_——__—__—_.. 
T1W1, T2W2,---, Wek 


Identifying the Relators. Let F be a finite group, let P = m*”": N be a progenitor, 
and suppose that there exists a homomorphism a: P — F. The relators with which 
to factor P to construct a symmetric presentation of F' are the generators of kera. In 
general, however, it is quite difficult to find all elements of the kernel explicitly. Lemma 


1.2 below is a useful tool for finding the relators (that is, the generators of the kernel). 


Lemma 1.2. 
NN (tj, t3) < Cn(N¥), 


where N*) denotes the stabilizer in N of the two points i and j. 
Proof. Let 7 € (t,t;) ON. Then 7 = w(t, t;); that is, 7 is some word w in 4 


and t;. Now let g € NJ. Then, since g € N%, we have 79 = w(t, t;)9 = w(tiyg, t(j)9) = 


w(t, t;) =. 


Example 1.2: Identifying a Factor Group G that is Isomorphic to Ss. Suppose 
that F = Ss = ((1 2),(1 3),(1 4), (1 5)). Let t; = (1 2), t2 = (1 3), #3 = (1 4), and 
tg = (15). Define T = {t1, te, tz, t4}. Then N = Np(T) = S4 = ((2 3 4 5), (2 3)), and N 
is transitive on 7’. Therefore, by Lemma 1.1, F' is a homomorphic image of 2*4: S4; that 
is, F is a homomorphic image of 2*4: N. We denote P = 2*4: $4. Then there exists a 
homomorphism a: P > F, and P/kera = F. 

We now use Lemma 1.2 to aid our search for the appropriate relators with which 
to factor 2*4: S4. Let N = S4 = (x,y), where x ~ (1 2 3 4), and y ~ (1 2). We consider 
N?}2, the point stabilizer of t; and tg in N. Now, N!? = {m € N | (tite)™ = tite} = ((3 4)). 
Therefore, Cy(N}2), the centralizer of N!? in N, is Cy(N1?) = {e, (1 2)}. By Lemma 
1.2, NN (ty, te) < Cy(N}?) = {e,(1 2)}. That is, the appropriate relations with which 
to factor P are of the form wy, = 7p or, simply, weT~ = e, where 7, € {e, (1 2)} and wy 
is a word in #1 and ég. 

Possible relations include, for example, tit2 = (1 2) or toti tet; = e or 
tytotytetitet, = (1 2). It turns out, in this case, that the kernel of this homomorphism is 
equal to the normal closure of the relation tf: = (1 2), namely (tf! = (1 2))?. Therefore 
G= nents = Ss or, in terms of the relator, G = wontig = Ss. Moreover, a 
symmetric presentation of Ss is given by 
(a, y,t|a* = y? = (ay)? = 2 = [ty] = [t,y*y” ] =e, tt” = 9). 


1.4 Proving that Factor Group G is Isomorphic to a Finite 
Group F 


If a finite group F and a progenitor P = m*” : N satisy Lemma 1.1, and if an appropriate 
factor group G = P/M = (to,t1,...,tn) is identified by computer or by hand, then it is 
possible, using several techniques, to prove by hand that G is isomorphic F’. 

For the remainder of this thesis, in fact, we will set out to prove that, for some 
particular finite group F, progenitor P, and factor group G = P/M, F is a homomorphic 
image of P and, moreover, G = P/M is isompohic to F’. To prove that F is a homomor- 
phic image of P and G & F, we start by constructing G = P/M, piece by piece, by way 
of a technique called manual double coset enumeration. Before describing the technique 


of manual double coset enumeration, however, we first illustrate the concept of double 


coset decomposition. 


1.4.1 Double Coset Decomposition 


Consider a group G having two subgroups, H and K. We define a relation ~ on G so 
that, for all z,y € G, x ~ y if and only if there exists an h € H and k € K such that 
y = hzk. This relation is an equivalence relation, and its equivalence classes are sets of 
the form 


Hak = {hak | he H,k€ K}= |) Hek= |) bok 
keK heH 
This subset of G, which is both a union of the right cosets of G and a union of the left 


cosets of G, is called a double coset of H and K in G. In fact, if G acts by right multi- 
plication on the right cosets of H in G, then double cosets of the form HaK correspond 
to the orbits of K in this action. The number of (single) right cosets of H in Hxk, is 


given by Lemma 1.3 below. 


Lemma 1.3. If H and K are finite subgroups of a group G, and if x is an element of 
G, then |HcK|=|H||K|/|H*0K|. 


Proof. We proceed by counting the number of (single) right cosets of H in Hrk. 
Now, 
Hark, #4 Hxky — > Hakiky'x | 4H 


<> kky! ¢ («& Hx) UK = H* 0K 
<> (A* 0 K)ky 4 (A* 1 K)ko. 


Therefore, the number of single cosets of H in HxK is equal to the number of single 
cosets of H* 1 K in K, and so 


|H2K| = |H||K: (H*° 9 K)| = |Al|K]/|A* ok]. 
O 


We now return to the progenitor m*": N and we consider the double cosets of 


the form NaN in m*": N. Note first that, since every element z in the progenitor can be 


represented as 7w for some 7 € N and some reduced word w in the symmetric generators 


t;, the double coset NaN can be represented by the reduced word w as follows: 
Na&N = NarwN = NwN. 


We denote the double coset NwN by [w]. The double coset NwN is equal to the union 
of the distict (single) right cosets of the form Nw” for some z € N: 


NwN = |J Nu", 
TEN 


and the progenitor, in turn, is equal to the disjoint union of its double cosets: 
m": N= NeNUNwiNUNu2N UNw3N U---UNwpN U--e, 


To determine the number of distinct single cosets in a double coset NwN, we refer to 


Lemma 1.4 below. 


Lemma 1.4. Let NwN be a double coset in the progenitor m*”: N, where w is a reduced 
word in the symmetric generators t;. The number of distinct (single) right cosets in the 
double coset NwN is given by |N :N (w)). 


Proof. We note first that 
N) = {x EN | Nuwar = Nu} ={1 €N| Nwrw! =N} 


={mEN|wew EN} ={neN|rwEN*}=NON”. 


By Lemma 1.3, |VwN|=|N: N)). 


1.4.2 Manual Double Coset Enumeration of G over N 


In order to construct a factor group G by hand, we use a process called manual dou- 
ble coset enumeration. Construction by manual double coset enumeration helps us to 
determine the index of N in G and, ultimately, the order of G (that is, the number 
of distinct right cosets of N in G). Manual double coset enumeration of a factor group 


G = (m*": N)/M over N involves the several steps. Before describing these steps, we first 
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define (1) the action of g € G on the right cosets of N in G and (2) the orbit of N™) on T. 


Action of a Generator on a Right Coset. Let X denote the set of single (right) 
cosets of N in the factor group G = (m*”: N)/M, let Nw € X, where w is a reduced 
word in the symmetric generators ¢;, and let g € G. We define an action b of g on Nw 
by right multiplication of g on the right coset Nw. That is, we define an action d of g on 
Nw with the mapping d :Gx X — X given by 


é: (g, Nw) Nwg. 


Orbits of N“™) on T. Let Nw be a right coset of N in the progenitor m*” : N, where 
w is a reduced word in the symmetric generators ¢;, and let N () be the coset stabilizer 
subgroup of Nw. Then 

O(ti) = {(4)" |neN™}, 


where i € {0,1,2,...,n}, are the orbits of N ’) on T’. The orbits of N™) on T are subsets 


of T = {to, t1, ta,...,tn} on which the coset stabilizer N (w) is transitive. 


Procedure for Manual Double Coset Emuneration of G over N. The procedure 


for manual double coset emuneration of G over N is as follows: 


1. We first consider the double coset characterized by a reduced word wo = e of 
length zero. This is the double coset NeN, which we denote [x]. By Lemma 1.4, 
the number of distinct right cosets of N in G in a double coset NwN is given by 
|N:N 2) Since [*] is a double coset with a word of length zero, the number of 


distinct right cosets in [+] is |N:N|=1. 


2. We next determine the orbits of N on T. Since N is transitive on 
T = {to,t1,te,...,tn}, we take a representative from the orbit of N on T, say ti, 
and multiply it by the elements of N on the right to get the (right) coset Nt;. The 
relations 71w 1, 79W2,...,7,W, indicate whether or not the new double coset Nt;N 


is distinct. If Nt;N is indeed distinct, we proceed to step 3. 


3. We next consider the double coset characterized by a reduced word w, = ¢; of length 
one. This is the double coset Nt;N, which we denote [i]. Since [i] is a double coset 


with a word of length one, the coset stabilizer is NO = {1 -€ N | Nt? = Nt}. 
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Therefoere, by Lemma 1.4, the number of distinct (single) right cosets in [i] is 
|V :N @). 


4. We then determine the orbits of N® on T. We take a representative from each of 
the orbits, say ¢;, t,, and so on, and we multiply each of these representatives by 
N#t; on the right to get Ntjt;, Ntjty, and so on. The relations 7jw 1, 72We,..., TeWE 
again indicate whether or not the new double cosets Ntjt;N, Ntit,N, and so on, 
are distinct. If one or more of the double cosets Ntjt;N, Ntjt,N, and so on, are 


indeed distinct, we proceed to step 5. 


5. We next consider the distinct double Sonia characterized by reduced words we = 
tit;, w3 = ttn, and so on, of length two, and we repeat steps 3 and 4. When 
the relations 71w1, 72W2,..., TkWk indicate that there are no new distinct double 
cosets, or when the coset stabilizer NS) is transitive on the symmetric generators, 
we conclude that right multiplication on the right cosets of N in G is closed. This 


signifies that our manual double coset enumeration of G over N is complete. 


In Chapters 2 through 7, the construction of G = P/M by way of manual double coset 
enumeration will play an important role when we prove that G is isomorphic to a finite 
group F’. In addition to constructing G = P/M by way of manual double coset enumera- 
tion, we will also need to determine the permutation representations of the generators of 
G and, ultimately, show that G is isomorphic to a group G; generated by these permu- 
tation representations. To determine the permutation representations of the generators 
of a factor group G, we determine the action of the generators of G on the set of all right 


cosets of N in G. 


1.4.3 Determining the Action of the Generators of G on the Right 
Cosets of N inG 


Let X denote the set of distinct right cosets of N in G, that is, let 

X = {Nwo,Nuw,...,Nwg}, where wo,w1,...,Wg are reduced words of concatenated 
symmetric generators t;. Recall that we had defined an action d of g € Gon Nwex 
by the right multiplication of g on the right coset Nw. That is, we had defined an action 
¢ of g on Nw with the mapping b: Gx X =X given by ¢: (g, Nw) > Nug. 
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Action of a Generator on the Set of Right Cosets. We now define a mapping 
o@:G— Sx so that @ maps a generator g € G to its action on X. That is, we define 
¢ so that (9) = o(g) : X + X. The action 4(g) of g on the set of right cosets of N in 
G is a permutation on |X| letters. In this sense, the action ¢(g) of g on the set of right 


cosets of N in G is equivalent to a permutation representation of g on |X| letters. 


Procedure for Determining the Action of a Generator on X. Suppose that t; € G 
is a symmetric generator of a factor group G and suppose that 7 € N is a generator of 
its control subgroup N. 

To calculate the action ¢(t;) of the symmetric generator ¢; on the right cosets of 
N in G, we multiply every right coset Nw by t; on the right. We consider first the identity 
coset N: we multiply the identity coset N by t;, we then multiply the new coset Nt; again 
by t;, and we repeat this process until the product, by right multiplication, is again the 
identity coset N. We consider next another right coset, say Nt;: we multiply the right 
coset Nt; by t;, we then multiply the new coset Nt,t; again by ¢;, and we repeat this 
process until the product, by right multiplication, is again the right coset Nt;. We repeat 
this action for every right coset of N in G. By way of this process, we find the actions 
$(t;) of the symmetric generators t; on the right cosets of N in G and, equivalently, we 
find the permutation representations p = (ti) of the symmetric generators t; in their 
actions on the right cosets of N in G. Note that for symmetric generators t; of order 
m, the actions ¢(¢;) of the symmetric generators on the right cosets of N in G will be 
products of m-cycles. 

Now, note that 7 € N = Nwaz = Na~!wa = Nw”. Therefore, to calculate the 
action ¢(7) of a generator 7 on the right cosets of N in G, we conjugate every right coset 
Nw by x. Since 7 € N = N™ = N, we consider first a non-trivial right coset, say Nt: 
we conjugate the right coset Nt; by 7, we then conjugate the new coset Nt? = Nt; again 
by 7, and we repeat this process until the conjugated product is again the right coset N¢;. 
We repeat this action for every right coset of N in G. By way of this process, we find 
the actions ¢(7) of the generators 7 € N on the right cosets of N in G and, equivalently, 
we find the permutation representations p = ¢(7) of the generators 7 in their actions on 
the right cosets of N in G. Note that for generators 7 of order k, the actions ¢(7) of the 


generators on the right cosets of N in G will be products of k-cycles. 
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1.4.4 Proving Factor Group G is Isomorphic to Finite Group F 


Suppose that a finite group F' and a progenitor P = m*” : N satisy Lemma 1.1. Let G 


denote the group P factored by the relations 7;w1 = e,...,7,w, = e, that is, let 
mr: N 
G = ———_,, 
(711, MQW, -+ +5 TkWk) 


and suppose G has been identified, with the help of Lemma 1.2, to be an appropriate 
factor group. To prove that F is a finite homomorphic image of P and, ultimately, to 


prove that F & G, we use the following general strategy: 


1. We first show that (d(x), (y), 6(t)) is a homomorphic image of G = (z, y,t) and 
that (¢(z), o(y), d(t)) = G. Now, by way of manual double coset enumeration of 
G over N, we determine that [G : N] < |X| (where X is the set of distinct right 
cosets of N in G) and, therefore, that |G| < |N|-|X| = s. We then consider 
a permutation group G1 = (¢(z), o(y), d(t)) < Sx, where ¢(x), d(y), (t) are the 
permutation representations of the generators x, y,t of G, and we show that G is a 
homomorphic image of a G. To do this, we demonstrate that the generators ¢(x) and 
é(y) conjugate $(t) in the same way that the generators z and y conjugate of the the 
symmetric generator t. We also demonstrate that, if relators 71 w 1, 7oWe,...,ThWk 
hold true in G, then $(71)¢(w1), $(72)d(wea),..-,$(7%)d(we) also hold true in G1. 
After showing that G, is a homomorphic image of G, and knowing that |Gi| = s, 
we are able to conclude G; < G and so s = |G| < |G]. Hence, s < |G| <s > |G| = 
s.Finally, after showing that Gi < G and |G,| = s = |G|, we conclude G = G}. 


2. We next show G, & F and, ultimately, G & F. With the help of the computer 
algebra system MAGMA (see [BCP97]), we find elements a,b,c € G; that generate 
a known presentation of F. That is, we find elements a,b,c € G, such that F = 
(a,b,c). After finding these elements, we are able to conclude (a,b,c) < Gi and, 
knowing that |F'| = |(a, b,c)| = s = |G,|, we can then conclude G, © (a,b,c) = F. 
Knowing that G; is a homomorphic image of a G and further that G, = F’, we can 
conclude F is a homomorphic image of a G. (Note, moreover, that since G = P/M, 
where M = (71 w1, 72W2,..., 7,Wk), we can also conclude F is a homomorphic image 


of a P.) Finally, after showing that G; = F and G = Gj, we conclude G & F. 


By proving that finite group F' is isomorphic to G, we demonstrate that F' can be defined 


in terms G. In other words, we demonstrate that the presentation of G, say G = (2, y,t), is 
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asymmetric presentation of F. Establishing that G = (z, y,t) is asymmetric presentation 
of F, in turn, enables us to express and manipulate every element g of F = G either as 
a symmetric representation of the form g = mw, where 7 € N is a permutation on 4 
letters and w is a word of concatenated symmetric generators of G, or as a permutation 
representation p = ¢(g) on |X| letters. 

Below, we describe two algorithms important to the manipulation of elements 
as both symmetric representations and permutation representations. The first algorithm 
describes how a permutation representation p = $(g) on |X| letters may be converted 
to its Syaimiciric representation form g = mw, and the second algorithm describes the 


reverse conversion. 


1.5 Algorithm for Converting an Element of G from its Per- 
mutation Representation to its Symmetric Representa- 
tion 


Let F' be a finite group and let P = m*" : N be a progenitor. Suppose that finite group 
F and progenitor P = m*" : N satisy Lemma 1.1, and suppose that the factor group 
G = P/M = (to,t1,...,tn) is isomorphic to F. Let X denote the set of distinct right 
cosets of NV in G. 

Let g € G and suppose that p = ¢(g) be the permutation representation of g 
on |X| letters. Now, N? = {of |o1 € N} = {p"*oxp | o1 € N} = {oop | oo EN} = Np, 
since p-'o, € N. Moreover, by the action of right multiplication, N? = Nw for some 
right coset Nw, where w is a word in the symmetric generators T = {to,t1,...,t,} (and 
their inverses, to an as ...,t,/, if the order of each symmetric generator is greater than 
2). In this way, we determine w, the word component of the symmetric representation of 
p= 99). 

Now, since p = ¢(g) is the permutation representation of an element in G = 
{to, t1,---,tn), N? = Np and N? = Nw imply that Np = Nw. Moreover, Np = Nw 
implies that p € Nw which implies that p ~ ww for some 7 € N or, more precisely, 
p = ¢(r)¢(w) for some 7 € N. Finally, p = 6(7)¢(w) implies that ¢(7) = p(¢(w))7! = 
p¢(w-). To determine  € N, the permutation component of the symmetric representa- 


tion of p = 6(g), we calculate the action of 7 ~ $(7) = p¢(w™') on the set of symmetric 
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generators T' = {to, t1,...,tn}. 


1.6 Algorithm for Converting an Element of G from its 
Symmetric Representation to its Permutation Repre- 


sentation 


Let F be a finite group and let P = m*": N be a progenitor. Suppose that finite group 
F and progenitor P = m*” : N satisy Lemma 1.1, and suppose that the factor group 
G = P/M = (to,t1,...,tn) is isomorphic to F. Let X denote the set of distinct right 
cosets of N in G. 

Let g € G and suppose that g has the symmetric representation g = mw, such 
that 7 € N is a permutation on n letters and w is a,word in the symmetric generators T = 
{to,t1,..-,tn} (including their inverses, to tte ...,t,', if the order of each symmetric 
generator is greater than 2). 

To determine the permutation representation p = ¢(g) of g, we first calculate 
the action ¢(7) of a on the set of right cosets of N in G, and we then calculate the 
action $(t;) of the symmetric generators ¢; on the set of right cosets of N in G. In 
so doing, we determine the permutation representation ¢(7) of a on |X| letters and 
the permutation representation ¢(w) of the word w on |X| letters. To determine the 
permutation representation p = ¢(g) of g, we calculate the product of the permutation 


representation of + and the permutation representation the word w. That is, we calculate 


p= $(9) = $(7) dw). 


1.7 Motivation for the Subject 


1.7.1 The Mathieu Group on 12 Letters, Mj», 


The Mathieu group on 12 letters, which we denote Mjo, is a sporadic group of order 
95,040. This group is sharply 5-transitive and its usual action is on 12 cosets of M1 
(note that [Mj2: My,] = 12). To properly define Mj2, we refer to the Steiner system 
S = S(5,6, 12). 
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Steiner System. A Steiner system S(l,m,n) is a collection of m-element subsets of 
an n-element set A such that no two of the m-element subsets of A have J or more in 
common. The number of these special m-element subsets in a Steiner system S(I,m, 7), 
if that Steiner system indeed exists, is given by (?)/(j”). 

Thus a Steiner system S = 9(5, 6, 12) is a collection of 6-element subsets, or hez- 
ads, of a 12-element set such that no two have 5 or more in common. There are (2”)/(8) = 
132 hexads in this Steiner system. One such example of a Steiner system S of the form 
S(5, 6,12) is S = {{1,4,5, 7, 9, 10}, {1, 4, 5, 7,8, 12}, {1, 4, 5, 6, 7,11}, {1, 4, 5, 6, 8, 9}, 
{1,4,6,9, 11, 12},...}. 


The Mathieu Group Mj2. The Mathieu group on 12 letters, Mio, is the automorphism 
group of a Steiner system S = S(5,6,12); that is, Mie = {o € Sy. | S? = S}. 


1.7.2 Motivation for Curtis’ Investigation of Progenitors 


The motivation for Curtis’ investigation of progenitors and symmetric presentations was 
his interest in the behavior of the Mathieu groups Mj2 and Mo4 [Cur07]. The conclusions 


of his initial work with Mj. are summarized below. 


Miz as a Finite Homomorphic Image of 3*°: As. Mj2 is generated by 5 elements of 
order 3 which are normalised, as a subset, by a subgroup of Mj2, which is also transitive 
on the set of five elements, isomorphic to As. Thus, by Lemma 1.2, F = My is a 
homomorphic image of the progenitor P = 3*°: N, where N & As. A presentation for 
the progenitor is P = 3*° : N = (2,y,t|z° = y? = (ay)? = # = [t, yl] = [t, yx yx7?] = e), 
where t ~ to. Now, by the information above, there exists a homomorphism a: P — Mjo, 
and therefore P/kera: = Mjg. In order to factor P so that it is isomorphic to F’', we must 
determine kera. In particular, the question now is what element or elements of 3*° : N 
are needed to factor the progenitor P in order to obtain F’. Since every element of P is 
of the form mw, where 7 € N and w is a word in the five ¢;’s, we must determine the 
elements of N that can be written as a product of the symmetric generators to, t1, to, ts, 
and t4. 

Let N = (x,y), where xz ~ (0123 4), andy ~ (421). Now the point stabilizers 
of N are N° & Ay = ((1 4 2), (1 2)(3 4)) and N® & A3 = ((2 43)), and the centralizer in 
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N of N° is ((2 43)). Therefore, by Lemma 1.3, the elements of (to, ¢1) may be written as 
(2 4 3) or (23 4) or the identity e. We find that the required relator is (tg ‘t1)? = (2 3 4); 
that is, (f-1(@7))? = yx—tyx-*. 

Therefore F = (2,y,t|2° = y® = (ay)? = 8 = [ty] = [tyr tya7?] = 
e, (t~1(t”))? = yx—!yx-?) is a symmetric presentation of C3 x Mya. However, the center 
is Z(C3 x Miz) = C3 = ((xt)§). By factoring out the center, we obtain Miz. & F = 
(a, y, t]2® = y? = (xy)? = 8 = [t,y] = [t, ya" yx] = (at)® =e, (t71(e*))? = yaya, ). 

Let Miz = (a(2), a(y), a(t)), so that As © (a(x), a(y) | [o(x)]? = [a(y)]? = 
[a(x)a(y)]? = a(e)). A homomorphism of the type described above can be given as a: 
3*5: N —+ Mjg, where a(x) = (1395 4)(267 108), a(y) = (co 6 7)(039)(185)(2 410), 
and a(t) = (12 8 10)(11 3 9)(1 4 7)(2 6 5). Note that As normalizes a(t), a(t)*, 
a(t)*@”), a(t)2@*), and a(t)*@"), Since |a(x)a(y)| = 2, the five elements of order 3 that 
generate Myo are the five conjugates to = a(t) = (12 8 10)(11 3 9)(1 4 7)(2 6 5) under 
conjugation by N = Ne(to,t1,te,ts,t4) = (a(x),a(y)) = As. Moreover, the relation 
[a(t)~ta(t)?@ |]? = a(y)a(x)~1a(y)a(x)~? holds in Mig. Therefore, we can perform a 


manual double coset enumeration of Mj. over As to construct the group by hand. 


1.7.3. Motivation for Studing Progenitors 


Whereas every element of M2 is usually represented by a permutation on 12 letters, with 


the symmetric presentation discovered by Curtis, 
(x,y, ta = y? = (ey)? = 0 = [ty] = [ye *yr 7] = (2t)® =, 7)? = ya "ye ), 


every element of Mj is represented by a permutation on 5 letters followed by a word 
generated by {t1, ta, tg, ta, ts}. 

In general, symmetric presentations offer a uniform and straight-forward way 
of constructing finite groups. The symmetric representation of elements of finite groups 
allows us to express each element in a convenient and shorter form, and the manipula- 
tion of elements written as symmetric representations is equivalent to the manipulation 
of permutations. For more examples of symmetric presentations and the manipulation 
of symmetrically-represented group elements, see [HK06], [HN05], [Con71], [Cur07], and 
[CH96]. 
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Chapter 2 


As aS a Homomorphic Image of 


the Progenitor 2*° : 5% 


In this chapter, we investigate As as a homomorphic image of the progenitor 2*° : $3. The 
group Az is the alternating group on five letters having order 5!/2 = 60. The progenitor 
2*3 ; $3 is a semi-direct product of 2*3, a free product of three copies of the cyclic group of 
order 2, and 53, the symmetric group on three letters which permutes the three symmetric 


generators, to,t,, and te, by conjugation. 


2.1 Introduction 


Let G be a homomorphic image of the infinite semi-direct product, the progenitor, 


2*3: S53. A symmetric presentation of 2*° : $3 is given by 
G = (2,y,t| 2? = y? = (cy)? =e =? = ft, 2), 


where [t,x] = tata and e is the identity. In this case, N & $3 = (z,y| 2° =y? = (ay)? = 
e), and the action of N on the three symmetric generators is given by x ~ (0 1 2), 
y ~ (1 2), and t ~ to. , 


Let G denote the group G factored by the relations (yzt)® = e and (xt)° = e. That is, let 


_ G 
~ (yact)?, (xt)? 
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A symmetric presentation for G is given by 
(a,y,t | 2° =y? = (ay)? =e=?? = [t,2] = (yet)? = (et)’). 
Now, we consider the following relations: 


[(0 1 2)t]® =e 
and 
[(O 1)to]® =e. 


According to a computer proof by [CHB96], the progenitor 2*8 : 93, factored by the 
relations [(0 1 2)to]® = e and [(0 1)to]® = e, is isomorphic to As. We will construct As by 
9*3.5. 


way of manual double coset enumeration of G = Wi Dat Wo Der over 53. In so doing, 


we will show that As is isomorphic to the symmetric presentation 


G= (2,y,t| 2° =y? = (ay) =e= 0 = [t, 2] = (yat)? = (at)”). 


2.2 Manual Double Coset Enumeration of G Over 53 


We first determine the order of the homomorphic image, G, of the progenitor. To deter- 
mine the order of the homomorphic image G, we will determine the index of N & S3 in G. 
We determine the index of N & $3 in G first by expanding the relations [(0 1 2)to]® = e 
and [(0 1)to]® = e, and next by performing manual double coset enumeration on G over 


N = S3. To begin, we expand the relations that factor the progenitor 2* : 93: 


[(O 1 2)to]® =e (2.1) 
[(0 1)to]® =e (2.2) 


We expand relations (2.1) and (2.2) in detail below: 


1. Let + = (0 1 2). 


Then [(0 1 2)to]° = e > (to)® = e => mtortomtontonto 

=e=> ntontonton?a ltgntp =e > ntonton ata ltont* to =e> 
anton nana Mon te tty = =esMalrtatla Neon ttr im tty 
= 6 => en ean tty = © => (0 1 2)540 1 °4O 1240 1 274011, _ 

=> (0.21)10 tee 2 D402 D4, =e & (02 1)trtotatito = e > (0 2 1)titote = totr. 
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Thus relation (2.1) implies that (0 2 1)tytot2 = toti or, equivalently, Ntitote = 
Ntot;. That is, using our short-hand notation, 102 ~ 01. 


2. Let = (0 1). 
Then {(0 1)to]° = e > (nto)? = e > mtontontomtoTto = € 
=> ntontonton?1 tonto = € 
=> ntonton? ala on7tt ty =e > ntontn— tell 34m tty =e 
=> peggy te th ty = € > OEM EM tty = € 
=> (01840 MYO {0 U°YO Dy, =e 
=> (0 1)491 0 M4840 Mey = e > (0 1)totitotito = e > (0 1)totito = tot. 
Thus relation (2.2) implies that (0 1)totitp = tot; or, equivalently, Ntotito = Ntot1. 


That is, using our short-hand notation, 010 ~ 01. 
We now perform manual double coset enumeration of G over $3. 


1. We first note that the double coset NeN = {Nen|n€ N}={Nn|neé N} = {N}. 
In this sense, we say that NeN is a double coset with a word in the t;’s of length 


zero. 

Let [x] denote the double coset NeN. 

We first determine the order of the double coset [+]. 

The double coset [+] has one distinct right coset: the identity right coset, Ne = 
{ne|neN}=N. 

We next determine the distinct double cosets of the form NwN, where w is a word 
of length one given by w = t;, 7 € {0,1, 2}. 


Since N & S3 is transitive, and since the orbit of N on T is O(0) = {g0|gEN}= 
{0, 1,2} = O(1) = O(2), N has one orbit on T = {to, ti, ta}: {0, 1,2}. 


Therefore, there is one double coset of the form NwN, where w is a word of length 
one given by w = t;, i € {0,1,2}: NtoN. 

2. We next consider the double coset Nip. 
Let [0] denote the double coset NipN. 


Note that NioN = {Nton|n € N} = {Nn-lton|n Ee N} = {Ne | ne N} 
= {Nto, Nty, Nto}. 
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We first: determine the order of the double coset [0]. 

Note that the point stabilizer is N° = {n € N | t2 = to} = ((1 2)) & So, and note 
further that the coset stabilizer is NO > {n € N | Nt? = Nto} = N° = ((1 2)) & 
Sq. Thus |N©| > |So] = 2, and, by Lemma 1.4, |NipN| = wor = 8 = 

That is, the double coset [0] has at most three distinct single cosets. 

We next determine the distinct double cosets of the form NwN, where w is a word 
of length two given by w = tot, 1 € {0,1,2}. 

Since O(0) = {90 | g € N} = {0} and since O(1) = {gl |g € NO} = {1,2} = 
O(2), N©) has two orbits on T’ = {to, t1, to}: {0} and {1, 2}. 

Therefore, there are at most two double cosets of the form NwN, where w is a ae 
of length two given by w = fot;, 1 € {0,1}: NtgtpN and Niot NV. 

But, since NtptoN = Nt2N = NeN = N, we conclude that there is one distinct 
double coset of the form Ntot;N, where i € {0,1,2}: NtotiN. 


. We next consider the double coset Ntot1N. 


Let [01] denote the double coset NtotiN. 

Note that NtotiN = {Nitotin |n € N} = {Nn7ltotin |n € N} = {N(toti)" | ne 
N} = {Ntit; | 4,7 € {0,1,2},0 A 7} = {Ntoti, Ntote, Ntito, Ntite, Ntato, Ntotr}. 
We first determine the order of the double coset [01]. 

Note that the point stabilizer is N°! = {n € N | (tot1)” = toti} = {e}, and note 
further that the coset stabilizer is NCD > {n © N | Nt? = Nto} = N® = {e}. 
Thus |N©D| > |N®| = |{e}| = 1 and, by Lemma 1.4, |Ntoti| = Woy = 8 =6. 
That is, the double coset [01] has at most six distinct single cosets. 

We next determine the distinct double cosets of the form NwN, where w is a word 
of length one given by w = totit, ¢ € {0, 1,2}. 

Since O(0) = {90 | g € N} = {0}, since O(1) = {g1 | g ¢ N} = {1}, and since 
O(2) = {92 | g € NO} = {2}, NOD has three orbits on T = {to,t1,t2}: {0} and 
{1} and {2}. 

Therefore, there are at most three double cosets of the form N: wN , where w is a 


word of length three given by w = totyt;, i € {0,1,2}: NtotitoN, NtotitiN, and 
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NtiotitoN. 
But note that NtotitiN = Ntot?N = NtoeN = NtoN. 


Moreover, note that by relation (2.2), (0 1)totito = toti implies that Ntotito = 
Ntot; which implies that NtotitoN = NtotiN. That is, [01] = [010]. 


Further, by relation (2.1), (0 2 1)ty tote = tot) > [(0 2 1)ty tote] 1) = [tot | Hos 
(0 1 2)totite = tyto implies that Ntgtyte = Nt,to which implies that NtotitegN = 
NtotiN. That is, [01] = [012]. 


Since NiotitiN = NtoN and NtotitoN = NtotiN and NtotiteN = NtotiN, we 
need not consider additional double cosets of the form Niot,t;N, where i € {0,1, 2}. 


In fact, since N (01) is transitive on the symmetric generators and since Ntgt,t,N = 
Ntot?N = NtpeN = NtoN and NiotitpN = Nitgt,N and NiotiteN = NtotiN 
imply that the double cosets [011] = [0], [010] = [01], and [012] = [01], respectively, 


we have completed the double coset enumeration of G over $3. 


In total, therefore, there are at most 3 distinct double cosets of N in G and at most 10 
distinct right (single) cosets of N in G. The double cosets of N in G are as follows: [*], 
[0], and [01]. 


2.3. Cayley Diagram of G Over 53 


The Cayley diagram of G over 53 is illustrated in Figure 2.1. The vertices of the Cayley 
diagram indicate the set of right cosets of N in G, {Nw,; | w; are words in T}. The nodes 
represent the double cosets of NV in G and each node is labeled with the number of distinct 
right (single) cosets of N in G within the double cosets. The lines between the nodes 
indicate relations between the images of the right cosets of one node and the right cosets 
of other nodes; the number of lines emanating from a particular node is determined by 
the number of orbits on the point stabilizer. The lines are labeled with integers indicating 
the number of pathways (or orbits) from the vertices (the right cosets) of one node (one 
double coset) to the vertices of another node. Put together, these pieces of the diagram 


illustrate the action of N on the right cosets of N in G by right multiplication. 
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[¢] [9] [or] 
Figure 2.1: Cayley Diagram of G Over S3 


2.4 Action of the Symmetric Generators and the Genera- 


tors of 53 on the Right Cosets of G Over 53 


Let X denote the set of all (10) distinct right cosets of N in G, that is, let X = 
{N, Nto, Nt1, Nto, Ntoti, Ntote, Ntito, NtiteNteto, Ntoti}. We define a mapping 

@: G —> Sx so that ¢ maps a symmetric generator g € G to its action (by right mul- 
tiplication) on X. That is, we define ¢ so that $(g) = (9) : X — X. Then the action 
d(t) ~ (to) of the symmetric generator t ~ to on the set of right cosets of N in G may 
be expressed as 


P(t) ~ b(to) = (* 0)(1 10)(2 20)(12 21), 


and the action of the generator x ~ (0 1 2) of S3 on the set of right cosets of N in G may 
be expressed as 


¢(z) ~ o((0 1 2)) = (0 1 2)(01 12 20)(02 10 21) 


and the action of the generator y ~ (1 2) of S3 on the set of right cosets of N in G may 
be expressed as 
$(y) ~ O((1 2)) = (1 2)(O1 02)(10 20) (12 21). 


Since there are 10 distinct right cosets of N in G, these actions may be written as permu- 
tations on 10 letters. In fact, the actions of the generators on the set of right cosets of N 
in G are equivalent to the permutation representations of the generators in their action 
on the right cosets of N in G. To better manipulate the permutation representations of 


the symmetric generators t; and the generators z and y, it is helpful to label the distinct 
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single cosets of N in G as follows: 


(10) * (5) 02 
(1) O (6) 10 
Qt @ 2B 
(3) 2 (8) 20 
(4) OL (9) 21 


Having labeled each of the 10 distinct right cosets of N in G, we may express the permu- 
tation representation of the symmetric generators t ~ to, t” ~ t, and in to, and the 
generators xz ~ (0 1 2) and y ~ (1 2), in their action on the right cosets of N in G as, 


respectively 
4(t) ~ (to) : (10 1)(2 6)(3 8)(7 9), 
o(t*) ~ (tr) : (10 2)(1 4)(3 9)(5 8), 
d(t) ~ (ta) : (10 8)(1 5)(2 7)(4 6), 
(a) ~ o((0 1 2)): (1 23)(47 8) 69), 
4(y) ~ H((1 2) : (2 8)(4 5)(6 8)(7 9) 


2.5 Proof of Isomorphism between G and As; 


We now demonstrate that G & As. 


Proof. To prove that G & As, we must first show that (¢(z), d(y), P(t) is a 
homomorphic image of G and that |G| = |(¢(x), é(y), o(t))| = 60 (from which we can 
conclude G & (¢(z), d(y), o(t))), and we must next show that (¢(z), d(y), d(t)) = As 
(from which we can conclude As is a homomorphic image of G and G = As). 

We first show (¢(x), 6(y), d(t)) is a homomorphic image of G and 
IG| = \(¢(z), o(y), o(t))| = 60. From our construction of G using manual double coset 
enumeration of G over S3, illustrated by the Cayley Diagram in Figure 2.1, we concluded 
that group G defined by the symmetric presentation must contain a homomorphic image 
of N = S3 whose index [G : N] is at most 10: 

[N| IN| LN | 
JIN@] — |N@| ° [NOD] 
1+3+6=10 


+ 


6 6 
G:N = + <=—-+=4 
= 260 2 
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Since the index of N in G is at most 10, and since |G| = i - |N|, the order of the 


homomorphic image group G is at most 60: 


IG = JF IN| < 10- [N= 10-6 = 60 = |G] < 60 

We now consider (¢(z), 6(y), o(t)). Note that (d(x), d(y), d(¢)) is a group gen- 
erated by the permutation representations of the generators z, y, and ¢ and, as such, 
it is a subgroup of the symmetric group Si acting on the ten right cosets of N in G. 
We now show that (¢(x), 6(y), 6(¢)) is a homomorphic image of G and, therefore, that 
IG| > |(d(z), o(y), 6(4))| = 60. To show that (¢(x), o(y), d(t)) is a homomorphic image 
of G, we first demonstrate that (4(x), 6(y),¢(t)) < Sio is a homomorphic image of G. 
Now, recall that G = (z,y,t) is a homomorphic image of the progenitor 2*° : S3, and its 


presentation is given by 
G = (z,y,t| 2° =y? = (ay) =e= 0? = [E,a)), 


where x ~ (01 2), y~ (1 2), and t~ to, and N = (a, y) = S3. Let 

a: G—> (d(x), o(y), ¢(t)) be a mapping from G to (¢(z), 6(y), ¢(t)). We note first that 
the mapping a : G —> (¢(x), (y), ¢(t)) is well defined. The generators ¢(z), ¢(y), and 
@(t) are the permutation representations of z ~ (0 1 2), y ~ (1 2), and t ~ t on 10 
letters. Since the order of $(z) is 3, the order of ¢(y) is 2, and the order of $(z)d(y) 
is 2, we conclude (¢(x), ¢(y)) = N & S3. Moreover, we can demonstrate that ¢(t) has 
exactly three conjugates under conjugation by the elements of (¢(x), d(y)) = N = S3. 


Now, since t ~ tp, we have that 
HEP) ~ pte) *O 12) = [(10 1)(2 6)(3 8)(7 HEF IET HES) — 
[(1 2 3)(4 7 8)(5 6 9)][(10 1)(2 6)(3 8)(7 9)][(1 3 2)(4 8 7)(5 9 6)] = 


(10 2)(1 4)(3 9)(5 8) = $(t1) ~ o(*) 


and further that 
HOM ~ plto) MO 2M" = [(10 1)(2 6)(3 8)(7 FF MEENE SS) — 


[(1 3 2)(4 8 7)(5 9 6)|[(10 1)(2 6)(3 8)(7 9)|[ 2 3)(4 7 8)(5 6 9)] = 


(10 3)(1 5)(2 7)(4 6) = $(t2) ~ o(t”) 
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Therefore, ¢(t) has exactly three conjugates under conjugation by the elements of 
($(z), b(y)) = N & Ss; these conjugates are, namely, ¢(t) ~ (to), o(t”) ~ (ti), and 
o(t?”) ~ O(t2). Since (d(x), d(y)) = N & Ss and since ¢(t) has exactly three conjugates 
under conjugation by the elements of (¢(x), 6(y)) = N, we conclude that (¢(x), o(y), o(t)) 
is a homomorphic image of G = (z,y,t). That is, (¢(x), 6(y), 6(t)) is a homomorphic 
image of the progenitor 2*° : $3. 

Next, to show that (¢(z), ¢(y), @()) is a homomorphic image of G, we must show 
that (¢(x), (y), o(t)) is a homomorphic image of G factored by the relations (yxt)° = e 
and (zt)° = e; that is, we must show that (¢(z), ¢(y), ¢(t)) is a homomorphic image 
of the progenitor 2*° : $3 factored by the relations [(0 1 2)to]®> = e and [(0 1)to]° = e. 
Let &: G — (d(x), o(y), d(t)) be a mapping from G to (d(x), d(y), d(t)). We note 
first that the mapping & : G —> (¢(x), d(y), (t)) is well-defined, and we know already 
that ((z), 6(y), d(t)) is a homomorphic image of the progenitor 2*° : 53. Now, to show 
that (¢(«), o(y), $(t)) is a homomorphic image of G, we need only demonstrate that the 
relations [(0 1 2)t9]> = e and [(0 1)to]> = e, which hold true in G, also hold true in 
(P(x), Ply), P(E) S Sto. 

To demonstrate that the relation [(0 1 2)to]° = e, or, equivalently, the relation 
tytotetyto = (0 1 2), holds true in (¢(2), é(y), d(t)) < S19, we show that 
b(t1)b(to) d(t2)d(t1)d(to) ~ b(t”) b(t) o(t® )d(t*) 0(t) € S39 acts on the three symmetric 
generators ¢(to), (t1), and $(t2) by conjugation in the same way that ¢((0 1 2)) ~ (a) 
acts on the three symmetric generators ¢(to), ¢(t1), and ¢(t2) by conjugation. We first 
conjugate the symmetric generators $(to), d(t1), and ¢(t2) by $(t1)d(to)b(t2)}(t1) P(to).- 


This gives us 
(to) Ptr) P(to) ota) ol) O(to) — ((10 1)(2 6)(3 8)(7 9)]@ 2 VE 7 8 6 9) — gre), 
(ty) PC) P(t0) O(t2) (ta) 6C40) — 1/19 2)(1 4)(3 9)(5 8)]U 2 E47 8G 6 9) — grey), 
(ta) PCr )P(40)OC¢2) (41) (0) — [(10 3)(1 5)(2 7)(4 6)]4 2 NE 7 8G 6 9 — (4p) 


We next conjugate the symmetric generators ¢(to), @(t1), and ¢(t2) by o((0 1 2)). This 


” gives us 


(tp) 9 1) = [(10 1)(2 6)(3 8)(7 9)] 2 HE 7 HE 8%) — Bf), 


b(t) MO 7 7) = [(10 2)(1 4)(3 9)(5 8] 7947 IC OY = H(z), 
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(ta) 90 1 2) = [(10 8)(1 5)(2 7)(4 6) 2 YET IE EY = g(t) 


Since $(t1)4(to)(t2)b(t1)d(to) ~ H(€*) S(t) S(t” )PE*) P(E) € S10 acts on the three sym- 
metric generators $(to), (ti), and ¢(t2) by conjugation in the same way that ¢((0 1 2)) ~ 
¢(x) acts on the three symmetric generators ¢(to), ¢(t1), and $(t2) by conjugation, we 
conclude that the relation [(0 1 2)to]> = e, which holds true in G, also holds true in 


($(z), d(y), P(t) S Sro- 
To demonstrate that the relation [(0 1)to]> = e, or, equivalently, the relation 


totitotito = (0 1), holds true in (¢(z), d(y), d(£)) < Sip, we show that 


P(to)P(t1)O(to)P(ta)P(to) ~ P(t) P(t") O(4) d(C") O(t) € Sio acts on the three symmetric 
generators ¢(to), (ti), and ¢(te) by conjugation in the same way that the element 
#((0 1)) ~ (yx) acts on the three symmetric generators ¢(to), ¢(t1), and @(t2) by 
conjugation. We first conjugate the symmetric generators ¢(to), O(t1), and (te) by 


(to) }(t1)b(to)b(t1) P(to). This gives us 
(ty) Pt) #4) O40) O41) O40) — [(10 1)(2 6)(3 8)(7 9)]@ ME HE DE 9 — g(t), 


(ty) Peo) (41) 6(t0) O41) (40) — [(19 2)(1 4)(3 9)(5 8)]% YE HE DE — P(to) 
(ty) Pt) Ptr) $lto) ots) Hlt0) — [(10 3)(1 5)(2 7)(4 6)] 4 NE DEY) — (ty) 


We next conjugate the symmetric generators (to), d(t1), and $(t2) by ¢((0 1)). This 
gives us 

$(to)@O 9) = [(10 1)(2 6)(3 8)(7 9] PE IE DEY = p(tr), 

(ty) Y) = [(10 2)(1 4)(3 9)(5 8)]@ PE YE MEY = giz), 

H(t2) MO) = [10 8)(1 5)(2 7)(4 6)]% ME NE DED = p(ty) 


Since $(to)b(t1)4(to) A(t) d(to) ~ H(t) 4(E*)4(E)A(E)A(E) E Sto acts on the three syrmet- 
ric generators $(to), o(t1), and (te) by conjugation in the same way that the element 
$((0 1)) ~ (yx) acts on the three symmetric generators ¢(to), d(t1), and $(t2) by con- 
jugation, we conclude that the relation [(0 1)to]> = e, which holds true in G, also holds 
’ true in (¢(x), (y), 6(@)) < Sto. 

Since (d(x), ¢(y), o(£)) is a homomorphic image of the progenitor 2*° : S3, and 
since the relations [(0 1 2)to]® = e and [(0 1)to]® = e hold true in (¢(z), (y), (2) < Sto, 
we conclude that (4(x), 6(y),¢(t)) is a homomorphic image of the progenitor 2*? : S3 
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factored by the relations [(0 1 2)to]> = e and [(0 1)to]° = e; that is, we conclude that 
(¢(x), (y), o(t)) is a homomorphic image of G. 

More importantly, since (¢(x), o(y), d(¢)) is a homomorphic image of G, we 
have that (6(x), d(y), d(t)) < G. In fact, since (d(x), o(y), d(¢)) < G, we have that 
|G| > |(d(x), o(y), d(£))|. Since it is easily demonstrated, with MAGMA or by hand, that 
\(d(ax), d(y), o(£))| = 60, we conclude finally that |G| > |(d(z), $(y), d(@))| = 60, that 
is, |G| > 60. Given |G| < 60 and |G| > 60, we conclude |G| = 60. Moreover, since 
\(b(x), b(y), o(£))| = 60 = |G| and since (¢(x), o(y), O(t)) is a homomorphic image of G, 


we conclude 
(d(x), O(y), P(t) = G. 

We finally show that (¢(z), d(y), d(t)) = As. Let Gi = (¢(x), oy), d(t)). Now, 
with the help of MAGMA (see [BCP97]), we know that the elements a = (1 5 6)(3 10 8) 
(49 7), b= (3 4)(5 6)(7 10)(8 9), and c = (1 2)(3 5)(4 6)(7 10) belong to G;. (Note: The 
labels for the right cosets in this case were assigned by MAGMA and are different from the 
labels that we assigned earlier.) Therefore, (a,b,c) < Gi, where G; = ((z), o(y), o(), 
a permutation group on 10 letters, is a permutation representation of G and, further, 
|Gi| = 60. But |(a,b,c)}| = |Gi| = 60. Therefore, G; = (a,b,c). However, (a,b,c) = 
As = (a,b,cla® = b? = c? = (ab)? = [c,a] = e). Therefore, G, & As and, since 


G, = (¢(z), dy), o(t)) = G, we conclude that G & As. 


2.6 Converting an Element of G from its Permutation Rep- 


resentation to its Symmetric Representation 


To illustrate how a permutation representation of an element of As on 10 letters may be 


converted to its symmetric representation form, we consider the following example: 


Example 2.1. Let g € G © As and let p = o(g) = (10 7 5)(1 9 4)(2 6 8) be the permuta- 
tion representation of g on 10 letters. Then 10? = 7 implies N” = Nt,to, since 10 and 7 are 
labels for the right cosets N and Nt,to, respectively. Moreover, since N? = Np and N? = 
Ntyto, we have that Np = Ntite. Now, Np = Ntyt2 implies that p € Ntit2 which implies 
that p ~ mtit, for some  € N & Ss or, more precisely, p = $(mtite) = o(7)d(t1) (te) 
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for some 7 € N & $3. To determine 7 € N, we note first that p = $(7)@(ti)¢(te) > 


p($(t2))~!(b(t1))~! = pb(ty+)d(t7") = pb(te)(t1) = o(7). We then calculate the action 
of t ~ ¢(r) = pd(t2)¢(t1) on the symmetric generators t;, where i € {0,1,2}. Now, 


(7) = po(te) P(t) = [(10 7 5)(1 9 4)(2 6 8)][(10 3)(1 5)(2 7)(4 6)][(10 2)(1 4)(3 9)(5 8)} 
= (1 3 2)(4 8 7)(5 9 6). The element 7 ~ d() = p(te)(t1) = (1 3 2)(4 8 7)(5 9 6) 
acts on the right cosets Ntp, Nt,, and Ntg via the mapping ¢ : G —> Sx defined by 
(a, Nw) = Nw”. The mappings below illustrate this action: 


Nip =1' 1? =3= Nto, Nig =3r 3? =2=Nti, 


Nt; =2H 2? =1=Nto 


Therefore, the element ¢{7) acts as (0 2 1) on the right cosets Nip, Nt;, and Né, and 
so $(7) is the permutation representation of 7 = (0 2 1) € S3 on 10 letters. Therefore, 


mw = (02 1) and w = fjte, and so the symmetric representation of g is (0 2 1)tite. 


2.7 Converting an Element of G from its Symmetric Rep- 
resentation to its Permutation Representation 


To illustrate how an element of As in symmetric representation form may be converted 


to its permutation representation on 10 letters, we consider the following example: 


Example 2.2. Let g € G & As have the symmetric representation (0 2 1)tite. To 
determine the permutation representation p = $(g) of g, we first calculate the action of 
mn = (0 2 1) on the right cosets of N in G. Now, the element 7 = (0 2 1) acts on the 
right cosets N in G via the mapping ¢ : G —> Sx defined by ¢(a, Nw) = Nw™. The 


mappings below illustrate this action: 
10=NHeNO?2D—=N=10 


1=NtpH NtO?” = Nt =3 
3= Nt Ni?) = Nt =2 


2= Nt, NO?) = Nt =1 
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4 = Nioty 1 N(tot1)© 2) = Ntoto = 8 
8 = Ntgty + N(toto) ©? ) = Ntyte =7 
7 = Ntite 4 N(tite)© 2) = Ntot; =4 
5 = Ntoto + N (tote) 2 9) = Ntot; =9 
9 = Ntoty H N(toty)© 2 ) = Ntyto = 6 
6 = Ntytp + N(tito)© 2) = Ntote =5 


Therefore, the permutation representation of 7 = (0 2 1) is @() = (1 3 2)(4 8 7)(5 9 6). 
Similarly, we calculate the action of the symmetric generator t; on the right cosets of N 
in G. The symmetric generator t acts on the right cosets of N in G via the mapping 


@: G—+ Sx defined by ¢(t1, Nw) = Nwt,. The mappings below illustrate this action: 
10=N+ Nt, =2 


2= Nt, + Ntyt; = N = 10 
1=Ntp Niot; =4 
4 = Niot; + Ntotyte = Ntp = 1 
3 = Ntg Ntot; =9 
9 = Nigty H Ntotit; = Ntz =3 
5 = Ntote + Ntototy = Ntoto = 8 
8 = Ntotp H Ntotot; = Ntote =5 


Therefore, the permutation representation of t; is $(t1) = (10 2)(1 4)(3 9)(5 9). Finally, 
we calculate the action of the symmetric generator t2 on the right cosets of N in G. The 
symmetric generator t2 acts on the right cosets of N in G via the mapping ¢: G — Sx 
defined by ¢(t2, Nw) = Nwtg. The mappings below illustrate this action: 


10=Nr Nig=3 


3 = Ntpg > Nigto = N = 10 


1=Ntpr Nigte =5 
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5 = Ntote + Ntotete = Nto =1 
2= Nt, Ntyte=7 
7=Ntitea+ Ntytete = Nt, =2 
4= Ntot) + Ntotite = Ntitp = 6 
6 = Ntitp + Ntitote = Ntoti = 4 


Therefore, the permutation representation of te is ¢(t2) = (10 3)(1 5)(2 7)(4 6). Now, 
g = (0 2 1)tite ~ $(g) = $() b(t) (ta) = [(1 3 2)(4 8 7)(5 9 6)][(10 2)(1 4)(3 9) 9)] 
{((10 3)(1 5)(2 7)(4 6)] = (10 7 5)(1 9 4)(2 6 8). Therefore, the permutation representation 
of g is p = o(g) = (10 7 5)(1 9 4)(2 6 8). 
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Chapter 3 


Ss as a Homomorphic Image of 


the Progenitor 2** : A, 


In this chapter, we investigate Ss as a homomorphic image of the progenitor 2*4 : Ay. The 
group Ss is the symmetric group on five letters having order 5! = 120. The progenitor 
2*4 : Ag is a semi-direct product of 2*4, a free product of four copies of the cyclic group of 
order 2, and Aa, the alternating group on four letters which permutes the four symmetric 


generators, to,t1,t2, and t3, by conjugation. 


3.1 Introduction 


Let G be a homomorphic image of the infinite semi-direct product, the progenitor, 


9*4: Ay. A symmetric presentation of 2*4 : Aq is given by 
G = (2, y,t | 2? = y? = (ey)? =e =? = [t,a]), 


where [t,2] = tata and e is the identity. In this case, N © Ag & (2,y | = y? = 
(xy)? = e), and the action of N on the four symmetric generators is given by z ~ (1 2 3), 
y~ (012), andt~ tp. 


Let G denote the group G factored by the relations (yt)* = e and (yt)® = e. That is, let 


G 
C= GE aut 
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A symmetric presentation for G is given by 
(,y,t| 2° =y? = (ay)? =e=0? = [t,2] = (yt)* = (wyt)?). 
Now, we consider the following relations: 


[(O 1 2)to]* =e 
and 
[(0 1)(2 3)to]® = e. 


According to a computer proof by [CHB96], the progenitor 2*4 : A4, factored by the 
relations [(0 1 2)to]4 = e and [(0 1)(2 3)to|® = e, is isomorphic to $5. In fact, factoring 
the progenitor 2*4 : Ay by the relation [(0 1 2)to]* = e alone suffices. We will construct 
Ss by way of manual double coset enumeration of G = (CH CAG D2 Bye OVEr Ag. In 
so doing, we will show that Ss is isomorphic to the symmetric presentation 


G= (2,y,t| 2° =y? = (vy)? =e=0 = [t,2] = (yt)* = (ayt)’). 


3.2. Manual Double Coset Enumeration of G Over A, 


We first determine the order of the homomorphic image, G, of the progenitor. To deter- 
mine the order of the homomorphic image G, we will determine the index of N = A, in G. 
We determine the index of N & A, in G first by expanding the relations [(0 1 2)to]* = e 
and [(0 1)(2 3)to]® = e, and next by performing manual double coset enumeration on G 


over N & Ay. To begin, we expand the relations that factor the progenitor 2** : Ag: 
[(0 1 2)to]* =e (3.1) 


[(0 1)(2 3)to]® = e (3.2) 


As mentioned above, relation (3.1), [(0 1 2)to]* = e, is required to determine the homo- 
morphic image, G, of the progenitor, and the other relation, (3.2), can be derived from 


relation (3.1). We expand relations (3.1) and (3.2) in detail below: 


1. Let x = (01 2). 


Then [(0 1 2)to]* = e => (rto)4 = e > mtontottontp = e > 


atontyn?nltgnty = e > nton? x1 aon tT to =e> 
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only te itty = => TO Em tty = => 

(0:1 2)440 1 2°40 127401 Ds o> (0.1 244 2 MYO 1% =e 

=> (0 1 2)tptotitp = e > (0 1 2)tote = tot. 

Thus relation (3.1) implies that (0 1 2)tgte = tot; or, equivalently, Ntpte = Ntoti. 
That is, using our short-hand notation, 02 ~ 01. 


2. Let = (0 1)(2 3). 


Then [(0 1)(2 3)to]® = e > (mto)® =e > rtontomtontontomty = € 

=> atontontonton?n i tonto =e> 

ntontonton®a—'a—lton tty = e => ntonton ta ata Lem? th ito =e 
=> atom a tala la Len tte tn tt ty =e> 

ma lglg lglg leg ®t" ” me tjto=e=> Stn im x” - tOto =e=> 
(0 1)(2 3)]ee° 12 SP {0 1)(2 3)]* #0 2 BP y{Co 1)(2 51? le NEM a 


=> et VOB ye4 DO 3) 4040 NE D1, = @ = etytotytotito = e => titoti = totrto. 


Thus relation (3.2) implies that ttot1 = totito or, equivalently, 
Niytot; = Niotitp. That is, using our short-hand notation, 101 ~ 010. 


We now perform manual double coset enumeration of G over Aq. 


1. We first note that the double coset NeN = {Nen|neé N} ={Nn|ne N} = {N}. 
Let [*] denote the double coset NeN. 


The double coset [*] has one distinct right coset: the identity right coset, Ne = 
{ne|nENJ=N. 


Moreover, since N & Ay is transitive, and since O(0) = {09 | g € N} = {0,1,2,3} = 
O(1) = O(2) = O(3), N must have one orbit on T = {to, f1, ta, #3}: {0,1, 2, 3}. 
Therefore, there is one double coset of the form NwN, where w is a word of length 
one given by w = , 7 € {0,1,2,3}: NtpN. 

2. We next consider the double coset Nip. 
Let [0] denote the double coset NtoN. 
Note that N) > N° = ((1 2 3)) & As. Thus |N| > |A3| = 3, and, by Lemma 


1.4, INtoN| = Tay = 12 = 4, 
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Therefore, the double coset [0] has at most four distinct single cosets. 

Moreover, N® must have two orbits on T = {to, t1, te,t3}: {0} and {1,2, 3}. 
Therefore, there are at most two double cosets of the form NwJN, where w is a word 
of length two given by w = tot;, i € {0,1}: NtptoN and Ntot,N. 


But, since NtotoN = Nt2N = NeN = N, we need only consider one additional the 
double coset of the form Ntot;N, where i € {0,1,2,3}: NtotiN. 


. We next consider the double coset Ntot,N. 

Let [01] denote the double coset NtotiN. 

Now, by relation (3.1), (0 1 2)tote = tot and [(0 1 2)tot2]@ 2 3) = (tot) 29) > 
(0 2 3)tots = tote imply that tote = (0 2 1)toti = (0 2 3)tot3. Therefore, tote = 
(0 2 1)tot: = (0 2 3)to¢g implies that 


01 ~ 02 ~ 03 
Similarly, by conjugation, we find that 
10 ~ 12 ~ 13, 20 ~ 21 ~ 23, 30 ~ 31 ~ 32 


Since each of the twelve single cosets has three names, the double coset [01] has at 


most four distinct single cosets. 


An alternative approach for determining the order of the double coset is as follows: 
We note that N@!) > N° = (e). Now, by relation (3.1), N(toti)@ ? 9) = Ntote = 
Niot, implies that (1 2 3) € NO. Therefore, NO > ((1 2 3)) & A3, and so 


N 
|| > |As| = 3. Now, by Lemma 1.4, |NtotiN| = ODT < B=4. 
Therefore, as we concluded earlier, the double coset [01] has at most four distinct 


single cosets. 

Now, N©) must have two orbits on T = {to, t1, ta, t3}: {0} and {1, 2, 3}. 
Therefore, there are at most two double cosets of the form Nw, where w is a word 
of length three given by w = tot t;, i € {0,1}: NtotitoN and Niptit)N. 

But, since NtotjtiN = Ntot?N = NtpeN = NtoN, we need only consider one 
additional the double coset of the form Ntotyt;N, where 7 € {0,1,2,3}: Ntotitol. 
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4. We next consider the double coset NtotltgN. 
Let [010] denote the double coset NtotitoN. 


Now, by relations (3.2), titoti = totito, and, by conjugation with elements of 
Aa, (titoty)© YE 3) = (toty tg) O VE ®) = totyto = tytoty, and (tytpt,)4 YO 2) = 
(totyto)“ 9) 2) = tgtotg = totgte, and (tytot,)@ 2) 3) = (toty tp) 20 3) = totgta = 
tgtotz, and (tytot))©1%) = (totito)© + = tetite = titeti, and (titot:)©? ) = 
(tt to)© 2) => totetp = totote, and (tytot,) O13 = (tptytp) O19 s tgtyts = 
tytgt,, and (tytot;)© 2) = (totytp)O 2) => totgto = tgtotz, and (titot)) 29) = 
(totyto)© 23) => tytot; = totyte, and (tytot,)© 32) = (totytp) O32 => tytgty = 
tgtytg, and (t,tpt,)“ 23) = (totytp)@ 23) => totote = totatp, and (tytpt,)4 32 = 
(totyto) | 3 2) -s tetot3 = totgtp. Furthermore, by relation (3.1), 

(0 1 2)tote = tot, = (0 1 3)totz => (0 1 2)totato = totito = (0 1 3)totgto. Therefore, 
(0 1 2)toteto = totito = (0 1 3)totgto and, the above relations, imply that: 


010 ~ 020 ~ 030 ~ 101 ~ 121 ~ 131 ~ 202 ~ 212 ~ 232 ~ 303 ~ 313 ~ 323 


Since each of the twelve single cosets has twelve names, the double coset [010] has 


one distinct single coset. 


An alternative approach for determining the order of the double coset is as fol- 
lows: We note that N(©!) > N10 = (e). Now, by relations (3.1) and (3.2), 
N(totito)© Y@ 3) = Neytot, = Ntotito implies that (0 1)(2 3) ¢ N@®, and 
N(totito)© 1 2) = Ntytet; = Ntotito implies that (0 1 2) ¢ N°). Therefore, 

N(10) > ((0 1)(2 3),(0 1 2)) & Ay. Therefore, |N(019) | > |A4| = 12. Now, by 


Lemma 1.4, |NtotitoN| = weauy < % =. 
Therefore, as we concluded earlier, the double coset [010] has one distinct single 


coset. 

Now, N°) must have one orbit on T = {to, ty, t2,t3}: {0, 1,2, 3}. 

Therefore, there is at most one double coset of the form NwN, where w is a word 
of length four given by tot, tot;, 1 = 0: NtotitotoN. 

But, since Ntot totpN = Ntotit2N = NiotjeN = NtotiN, we need not consider 
additional double cosets of the form Ntot,tot;N, where i € {0, 1, 2,3}. 
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ee] a ton 010] 
Figure 3.1: Cayley Diagram of G Over A, 


In fact, since N©?®) is transitive on the symmetric generators and since Ntotitoto = 
Ntotit2 = Ntotie = Ntoti implies that the double coset [0100] = [01], we must have 


completed the double coset enumeration of G over A4. 


In total, therefore, there are at most 4 distinct double cosets of N in G and at most 10 
distinct right (single) cosets of N in G. The double cosets of N in G are as follows: [x], 
[0], [01], and [010]. 


3.3. Cayley Diagram of G Over A, 


The Cayley diagram of G over Ay is illustrated in Figure 3.1. For a detailed explanation 


of the meaning of the component parts of a Cayley diagram, see Section 2.3. 


3.4 Action of the Symmetric Generators and the Genera- 


tors of A, on the Right Cosets of G Over A, 


Let X denote the set of all (10) distinct right cosets of N in G, that is, let X = 
{N, Nto, Nt1, Nto, Ntz, Ntoti, Ntito, Ntoto, Ntgto, Ntotito}. We define a mapping 

¢: G — Sx so that ¢ maps a generator g € G to its action (by right multiplication) on 
X. That is, we define ¢ so that ¢(g) = d(g) : X + X. Then the action (t) ~ ¢(to) of 


the symmetric generator ¢ ~ to on the right cosets of N in G may be expressed’ as 


P(t) ~ P(to) = (* 0)(1 10)(2 20)(3 30) (01 010), 
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and the action ¢(z) ~ $((1 2 3)) of the generator x ~ (1 2 3) of Aq on the right cosets of 


N in G may be expressed as 
p(x) ~ O((1 2 8)) = (1 2 3)(10 20 30), 


and the action $(y) ~ ¢((1 2)) of the generator y ~ (1 2) of S3 on the right cosets of N 


in G may be expressed as 


H(y) ~ H((1 2) = (01 2)(01 10 20). 


Since there are 10 distinct right cosets of N in G, these actions may be written as permu- 
tations on 10 letters. In fact, the actions of the generators on the set of right cosets of N 
in G are equivalent to the permutation representations of the generators in their action 
on the right cosets of N in G. To better manipulate the permutation representations of 
the symmetric generators t; and the generators x and y, it is helpful to label the distinct 


single cosets of N in G as follows: 


(10) * (5) O1 
(1) O (6) 10 
(2) 1 (7) 20 
(3) 2 (8) 30 
(4) 3 (9) 010 


Having labeled each of the 10 distinct right cosets of N in G, we express the permutation 
representation of the symmetric generators t ~ fo, tY ~ ti, wn to, and pr nw, tg, and 


the generators x ~ (1 23) and y ~ (0 1 2) in their action on the right cosets of N in G as 
$(t) ~ oto) : (10 1)(2 6)(3 7)(4 8)(5 9), 
$(t) ~ (ts) : (10 2)(1 5)(3 7)(4 8)(6 9), 
g(t") ~ p(ta) : (10 8)(1 5)(2 6)(4 8)(7 9), 
$() ~ (ts) : (10 4)(1 5)(2 6)(3 7)(8 9), 
d(x) ~ (1 2 8)) : (23 4)(6 7 8), 
4(y) ~ $((0 1 2): (1.2.8)(5 6 7) 
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3.5 Proof of Isomorphism between G and Ss 


We now demonstrate that G & Ss. 


Proof. To prove that G = Ss, we must first show that (¢(x), (y), P(t)) is a 
homomorphic image of G and that |G| = |(¢(x), ¢(y), o(¢))| = 120 (from which we can 
conclude G & (d(x), 6(y), o(t))), and we must next show that (¢(z), o(y), d(t)) = Ss 
(from which we can conclude Ss is a homomorphic image of G and G & Ss). 

We first show (¢(x), 6(y), d(¢)) is a homomorphic image of G and 
IG| = |(¢(x), o(y), d())| = 120. From our construction of G using manual double coset 
enumeration of G over Ag, illustrated by the Cayley Diagram in Figure 3.1, we concluded 
that group G defined by the symmetric presentation must contain a homomorphic image 
of N = Ag whose index [G : N] is at most 10: 

[N| LN 
pv] * TO 


|| 
IN)| 


[Ni 28h. 29s 19 
+—tS+oe 


oa [NOo] =12° 3° 3" 


+ 


+ 


+ 


14+44+4+4+1=10 


Since the index of N in G is at most 10, and since |G| = 3 -|N|, the order of the 


homomorphic image group G is at most 120: 


IG] = Fay IMIS 10- [N| = 10-12 = 120-> Ja < 120 


We now consider (¢(z), é(y), o(¢)). Note that (d(x), o(y), d(t)) is a group gen- 
erated by the permutation representations of the generators z, y, and t and, as such, 
it is a subgroup of the symmetric group Sjo acting on the ten right cosets of N in G. 
We now show that (¢(x), 6(y), ¢(t)) is a homomorphic image of G and, therefore, that 
IG] > |(d(x), o(y), o(t))| = 120. To show that (d(x), d(y), d(£)) is a homomorphic image 
of G, we first demonstrate that (d(x), ¢(y), o(t)) < S10 is a homomorphic image of G. 
Now, recall that G = (zx, y,t) is a homomorphic image of the progenitor 2*4 : Ag, and its 


presentation is given by 
G = (z,y,t| 2° =y? = (ay)? =e=¢? = [E, a), 


where x ~ (1 2 3), y~ (01 2), andt~ to, and N = (z,y) = Ag. Let 
a:G— (¢(x), (y), o(t)) be a mapping from G to (d(z), ¢(y), ¢(t)). We note first that 
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the mapping a : G — (¢(x), ¢(y),(t)) is well defined. The generators ¢(z), 6(y), and 
o(t) are the permutation representations of x ~ (1 2 3), y ~ (0 1 2), and t ~ to on 10 
letters. Since the order of ¢(z) is 3, the order of ¢(y) is 3, and the order of $(x)¢(y) is 2, 
we conclude (¢(z), 6(y)) = N & Ag. Moreover, we can demonstrate that $(t) has exactly 
four conjugates under conjugation by the elements of (d(x), d(y)) = N = Ay. Now, since 


t ~ to, we have that 
G(E) 9 ~ lto)MO 7) = [(10 1)(2 6)(3 7)(4 8)(5 9)]% 2 MET = 


[(1 2 3)(5 6 7)][(10 1)(2 6)(3 7)(4 8)(5 9)I[(1 3 2)(5 7 6)] = 
(10 2)(1 5)(3 7)(4 8)(6 9) = bi) ~ oH) 


and further that 
G(t) 9H ~ H(to)#@ 10") = [(10 1)(2 6)(3 7)(4 8)(5 9] 7? HES — 
[(1 3 2)(5 7 6)][(10 1)(2 6)(3 7)(4 8)(5 9I[(2 2 3)(5 6 7)] = 


(10 3)(1 5)(2 6)(4 8)(7 9) = d(ta) ~ o(t%) 


and further that 
H(A) PHY) mv Ht) MO TE 2D = [(10 12 6)(8 7)(4 8)(5 IO? AEF) = 


[(1 4 2)(5 8 6)][(10 1)(2 6)(3 7)(4 8)(5 9)][(1 2 4)(5 6 8)] = 
(10 4)(1 5)(2 6)(3 7)(8 9) = o(¢s) ~ ) 

Therefore, ¢(t) has exactly four conjugates under conjugation by the elements of 
(d(x), d(y)) = N & Ag; these conjugates are, namely, $(t) ~ (to), o(t¥) ~ (tr), 
o(t!”) ~ (tz), and o(t¥”) ~ (tz). Since (¢(x), 6(y)) & N & Ay and since ¢(t) has ex- 
actly four conjugates under conjugation by the elements of (¢(x), ¢(y)) & N, we conclude 
that (6(x), ¢(y), ¢(t)) is a homomorphic image of G = (z, y,t). That is, (¢(z), 6(y), o(t)) 
is a homomorphic image of the progenitor 2*4 : Aq. 

Next, to show that (¢(z), (y), @(t)) is a homomorphic image of G, we must show 
that (d(x), (y), 6(t)) is a homomorphic image of G factored by the relations (yt)* = e 
and (ryt)® = e; that is, we must show that (¢(z), 6(y), ¢(t)) is a homomorphic image of 
the progenitor 2*4 : Ay factored by the relations [(0 1 2)t|* = e and [(0 1)(2 3)to]® = e. 
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Let &@: G —> (¢(z), o(y), d(£)) be a mapping from G to (¢(x), d(y), d(t)). We note 
first that the mapping & : G — (¢(zx), é(y), O(t)) is well-defined, and we know already 
that (d(x), d(y), O(t)) is a homomorphic image of the progenitor 2*4 : Ay. Now, to show 
that (d(x), 6(y), o(t)) is a homomorphic image of G, we need only demonstrate that the 
relations [(0 1 2)to|* = e and [(0 1)(2 3)to]® = e, which hold true in G, also hold true in 


(¢(z), o(y), $(t)) x Sito. 


To demonstrate that the relation [(0 1 2)to|* = e, or, equivalently, the relation 
totgtito = (0 2 1), holds true in (¢(x), d(y), O(t)) <: S10, we show that $(to)d(t2) (1) (to) 
~ $(t)b(t4”)O(t”) $(£) € Sip acts on the four symmetric generators $(to), $(t1), $(t2), and 
(tz) by conjugation in the same way that 4((0 2 1)) ~ $(y?) acts on the four symmetric 
generators ¢(to), o(t1), d(t2), and ¢(t3) by conjugation. We first conjugate the symmetric 


generators (to), H(t), #(t2), and $(te) by H(t) (ta)4(t1) (to). This gives us 
H(t) Moen) Oe) 6(t0) — [(10 1)(2 6)(3 7)(4.8)(5 9)}° 3 9O79 = ots), 


(tr) Ceo) C2) 6(4) 6C40) — [(10 2)(1 5)(3 7)(4 8)(6 9)J% E79) = H(A), 

(ta) Po)#le2) #4) (to) — (10 8)(1 5)(2 6)(4 8)(7 9% 2 PE 79) = Str), 

(tg) Po) ta) #) 6C40) = (10 4)(1 5)(2 6)(3 7)(8 9)] 2 ME 7 9) = H(zs) 
We next conjugate the symmetric generators ¢(to), $(t1), o(t2), and ¢(ts3) by #((0 2 1)). 
This gives us 


(to) 90 2 D) = [(10 1)(2 6)(3 7)(4 8)(5 9] 3 E79) = P(é2), 


(ta) MO 2 9) = [(10 2)(1 5)(3 7)(4 8)(6 9)J% 2 PE 7% = G(to), 

P(to) MO ? ») = [(10 3) (1 5)(2 6)(4 8)(7 9] FET) = ots), 

(ta) "O 2 9) = [10 4)(1 5)(2 6)(3 7)(8 9)] 2 7E 79) = os) 
Since $(to)(t2)(t1) (to) ~ H(t)d(t”)d(t”)O(t) € Sio acts on the four symmetric gener- 
ators (to), ¢(t1), o(te), and (tg) by conjugation in the same way that 4((0 2 1)) ~ ¢(y?) 


acts on the four symmetric generators (to), o(t1), (t2), and $(t3) by conjugation, we 
conclude that the relation [(0 1 2)to]* = e, which holds true in G, also holds true in 


(¢(z), oy), (t)) < Sto. 
To demonstrate that the relation [(0 1)(2 3)to]® = e, or, equivalently, the rela- 
tion tytotifotito = e, holds true in (¢(z), 6(y), o(t)) < Sio, we show that 
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(t1) (to) O(t1) P(to) d(t1) P(to) ~ d(H) OE) OH) 6) O() O(E) € Sio acts on the four sym- 
metric generators ¢(to), $(t1), o(t2), and $(t3) by conjugation in the same way that the 
identity element ¢(e) acts on the four symmetric generators $(to), ¢(t1), o(t2), and ¢(t3) 
by conjugation. We first conjugate the symmetric generators (to), (t1), (te), and ¢(t3) 


by O(t1) (to) (t1) d(to) (ti) d(to). This gives us 
(ty) Pt) F(t0) (ta) 640) 6(4 oto) = [(10 1)(2 6)(3 7)(4 8)(5 9)]? = (to), 


(ty) PC1)b(t0) b(t) 4(to) 6(4a) (Eo) = [(10 2)(1 5)(3 7)(4 8)(6 g)|9¢e) = ¢(t), 
(ty) PC) P(t0) 4(t4)9(t0) 6(41) 6C¢0) = [(10 3)(1 5)(2 6)(4 8)(7 9)|P) = ¢(te), 
(tg) Pt) P(t) O(t2) (40) b(t ) (Eo) = [(10 4)(1 5)(2 6)(3 7)(8 g)}9Ce) = g(t3) 


We next conjugate the symmetric generators (to), (t1), (te), and $(t3) by the identity 


element ¢(e). This gives us 
(to)? = [(10 1)(2 6)(3 7)(4 8)(5 9)1%™ = (to), 


(t1)9 = [(10 2)(1 5)(3 7)(4 8)(6 9)]% = o(t2), 
(ta) %) = [(10 3)(1 5)(2 6)(4 8)(7 9]? = d(t2), 
(ts) = [(10 4)(1 5)(2 6)(3 7)(8 9)]® = o(ts) 


Since $(t1)4(to)b(t1)4(to) #(tr)b(to) ~ He) 4(4) oC") (4) HH”) 4(#) E Sto acts on the four 
symmetric generators (to), #(t1), O(t2), and ¢(t3) by conjugation in the same way that 
the identity element ¢(e) acts on the four symmetric generators $(to), $(t1), @(t2), and 
¢(t3) by conjugation, we conclude that the relation [(0 1)(2 3)to]® = e, which holds true 
in G, also holds true in (¢(z), o(y), d(t)) < Sto. 

Since (¢(x), ¢(y), ¢(t)) is a homomorphic image of the progenitor 2** : Ay, and 
since the relations [(0 1 2)to]* = e and [(0 1)(2 3)to]® = e hold true in (¢(z), O(y), (t)) < 
Sio, we conclude that (¢(a), ¢(y), ¢(t)) is a homomorphic image of the progenitor 2** : A, 
factored by the relations [(0 1 2)to|* = e and [(0 1)(2 3)to]® = e; that is, we conclude that 
(¢(z), o(y), d(t)) is a homomorphic image of G. 

More importantly, since (¢(z), (y), o(t)) is a homomorphic image of G, we 
have that (d(x), o(y), d(t)) < G. In fact, since (d(x), d(y), d(t)) < G, we have that 
IG| > |(é(x), (y), O(t))|. Since it is easily demonstrated, with MAGMA or by hand, that 
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\(b(x), (y), H(t))| = 120, we conclude finally that |G| > |(¢(x), (y), o(t))| = 120, that 
is, |G| > 120. Given |G| < 120 and |G| > 120, we conclude |G| = 120. Moreover, since - 
\(b(x), b(y), d(€))| = 120 = |G| and since ((z), o(y), o(t)) is a homomorphic image of G, 
we conclude 
(9(x), O(y), $(t)) = G. 

We finally show that (¢(x), é(y), o(t)) = Ss. Let Gi = (¢(x), o(y), d()). Now, 
with the help of MAGMA (see [BCP97]), we know that the elements a = (1 9 5 8 7) 
(236410), b= (1 2)(3 5)(4 7)(6 8)(9 10), and c = (1 7)(3 6)(4 10)(5 8) belong to Gy. 
(Note: The labels for the right cosets in this case were assigned by MAGMA and are 
different from the labels that we assigned earlier.) Therefore, (a,b,c) < G1, where G; = 
(¢(x), 6(y), $(t)), a permutation group on 10 letters, is a permutation representation of G 
and, further, |G,| = 120. But |(a, b,c)| = |Gi| = 120. Therefore, G1 = (a, b,c). However, 
(a,b,c) & Ss & (a,b, cla® = b? = c* = (ab)4 = (a~?(ab)*)? = (a~7ba*b)? = [c,b] = e). 


Therefore, G; = Ss and, since G; = (¢(z), o(y), (t)) = G, we conclude that G & Ss. 


3.6 Converting an Element of G from its Permutation Rep- 


resentation to its Symmetric Representation 


To illustrate how a permutation representation of an element of Ss on 10 letters may be 


converted to its symmetric representation form, we consider the following example: 


Example 3.1. Let g € G& Ss and let p = ¢(g) = (10 8)(1 3)(4 9)(5 7) be the permuta- 
tion representation of g on 10 letters. Then 10? = 8 implies N? = Ntgto, since 10 and 8 are 
labels for the right cosets N and Ntgto, respectively. Moreover, since N? = Np and N? = 
Nitgto, we have that Np = Ntzto. Now, Np = Nitgzto implies that p € Ntgto which implies 
that p ~ mt3to for some  € N & Ayg or, more precisely, p = $(rtgto) = o(7) (ts) b(to) 
for some  € N & Ay. To determine 7, we note first that p = $(x)d(t3)¢(to) > 
p(0(to))~1(@(ts))~? = pb(to 1)o(tz*) = pb(to)o(ts) = o(7). We then calculate the action 
of 7 ~ o(x) = pd(to)d(t3) on the symmetric generators t;, where i € {0,1,2,3}. Now, 
m ~ O(m) = po(to)b(ts) = [(10 8)(1 3)(4 9)(5 7)][(10 1)(2 6)(3 7)(4 8)(5 9)] 

[((10 4)(1 5)(2 6)(3 7)(8 9)] = (1 3 4)(5 7 8). The element 7 ~ ¢(m) = 
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pd(to)b(t3)(1 3 4)(5 7 8) acts on the right cosets Nto, Nt1, Nt, and Ntz via the mapping 
@:G— Sx defined by ¢(z, Nw) = Nw”. The mappings below illustrate this action: 


Nip =1H 1 =3= Nt, Nie =315 8? =4= Nios, 


Ntz3 =4> 4? =1= Ni, Nt, =2H 2? =-2=Nti 


Therefore, the element $(7) acts as (0 2 3) on the right cosets Ntp, Nti, Nto, and Nts, 
and so ¢(7) is the permutation representation of 7 = (0 2 3) € A, on 10 letters. There- 


fore, = (023) € Aq and w = égto, and so the symmetric representation of g is (0 2 3)t3to. 


3.7 Converting an Element of G from its Symmetric Rep- 
resentation to its Permutation Representation 


To illustrate how an element of Ss5 in symmetric representation form may be converted 


to its permutation representation on 10 letters, we consider the following example: 


Example 3.2. Let g € G & Ss have the symmetric representation (0 2 3)t3to. To 
determine the permutation representation p = ¢(g) of g, we first calculate the action of 
nm = (0 2 3) on the right cosets of N in G. Now, the element 7 = (0 2 3) acts on the 
right cosets N in G via the mapping ¢ : G —> Sx defined by ¢(x, Nw) = Nw”. The 


mappings below illustrate this action: 
10=NHN©?3)—-N=10 


1= Nip NtO?9 = Nt =3 
3 = Nip NO?) = Nig =4 
4= Nig NtO?*® = Ntp =1 
2= NipH NiO?) = Ne, =2 
5 = Ntot, + N(tot1)© 2 9) = Ntotp =7 
7 = Ntgty > N(tato)© 2 %) = Nigts = Ntgty = 8 


8 = Ntgtp be N(tgto)© 23) — Ntote = Ntot; =5 
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9 = Nigtitg N(totito)© 23) — Ntotite = Ntotito = 9 


Therefore, the permutation representation of = (0 2 3) is (7) = (1 3 4)(5 7 8). 
Similarly, we calculate the action of the symmetric generator tz on the right cosets of NV 
in G. The symmetric generator tz acts on the right cosets of N in G via the mapping 


@:G—> Sx defined by ¢(t3, Nw) = Nwts. The mappings below illustrate this action: 
10=Nr Nt3 =4 


4= Ntz3 + Nizstz = N = 10 
1 = Ntp  Ntotz = Ntoti =5 
5 = Ntoti + Niotits = Ntotst3 = Nto = 1 
2= Nt, + Niitz = Ntito = 6 
6 = Ntitp  Ntitots = Ntyt3gt3 = Nt = 2 
3 = Nig Ntotz = Ntoto = 7 
7 = Ntotp + Ntotots = Ntotzt3 = Nte = 3 
8 = Niztp + Ntgtot3 = Ntotito = 9 
9 = Ntotito + Ntotitots = Ntgtotsts = Ntsto = 8 


Therefore, the permutation representation of ts is $(t3) = (10 4)(1 5)(2 6)(3 7)(8 9). 
Finally, we calculate the action of the symmetric generator to on the right cosets of N 
in G. The symmetric generator to acts on the right cosets of N in G via the mapping 


@:G—> Sx defined by $(to, Nw) = Nwto. The mappings below illustrate this action: 
10=Nr Ntp=1 
1= Nip} Nioto = N = 10 
2= Nii Ntto = 6 
6 = Ntitp > Ntjtoto = Nt = 2 
3 = Nig Ntotp =7 


7= Ntoto + Ntototo = Nto = 3 
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4= Ni3+> Ntgto = 8 
8 = Ntzto + Ntgtoto = Ntz = 4 
5 = Ntoti + Ntotito = 9 
9 = Ntotito + Ntotitoto = Ntoti = 5 


Therefore, the permutation representation of to is #(to) = (10 1)(2 6)(3 7)(4 8)(5 9). Now, 
g = (0 2 3)tsto ~ O(g) = O((0 2 3))b(ts) (to) = [(1 3 4)(5 7 8)][(10 4)(1 5)(2 6) 7)(8 9)] 
[(10 1)(2 6)(3 7)(4 8) 9)] = (10 8)(1 3)(4 9)(5 7)., Therefore, the permutation represen- 
tation of g is p = $(g) = (10 8)(1 3)(4 9)(5 7). 


AT 


Chapter 4 


Sg as a Homomorphic Image of 


the Progenitor 2*° : As 


In this chapter, we investigate Sg as a homomorphic image of the progenitor 2*° : As. 
The group S¢ is the symmetric group on six letters having order 6! = 720. The progenitor 
2*5 ; As is a semi-direct product of 2*, a free product of five copies of the cyclic group of 
order 2, and As, the alternating group on five letters which permutes the five symmetric 


generators, to, t1, ta, t3, and t4, by conjugation. 


4.1 Introduction 


Let G be a homomorphic image of the infinite semi-direct product, the progenitor, 


2*5: As. A symmetric presentation of 2*°: As is given by 
= 2 
G=(2,y,t| 2° =y = (ey) =e=[4,y] =[y* )), 


where [t, y] = tyty, [t,y”'| = ty® ty”, and e is the identity. In this case, N = As = (2, y | 
o° = y® = (ay)? =e), and the action of N on the five symmetric generators is given by 
z~ (01234), y~ (421), andt~ to. 


Let G denote the group G factored by the relations (zy~!a?y—!t)* = e and (2?y~!x7t)® = 
e. That is, let 2 
G 


— —————————— 
(cyta?y1t)4, (x?y-124)8 
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A symmetric presentation for G is given by 
2 = 2 —_ 
(x,y,t| 2° = y? = (ay)? =e = [ty] = [ey |] = (wy ta?y 4)? = (@?y*27t)*). 
Now, we consider the following relations: 


[(0 1 2)to]* =e 
and 
[(0 1)(2 3)to]® = e. 


According to a computer proof by [CHB96], the progenitor 2*°: As, factored by the 

relations [(0 1 2)to]* = e and [(0 1)(2 3)to]® = e, is isomorphic to Sg. In fact, factoring 

the progenitor 2*°: As by the relation [(0 1 2)to|* = e alone suffices. We will construct S¢ 
9x5 


by hand by way of manual double coset enumeration of G = (OT 2)t] (CE) (@ajywye over 


3. In so doing, we will show that Sg is isomorphic to the symmetric presentation 


(x, y,t | 2° = y3 = (zy)? =e = [t,y] = [ty ] = (zy tay 1t)4 = (2?y- 1078). 


4.2 Manual Double Coset Enumeration of G Over As 


We first determine the order of the homomorphic image, G, of the progenitor. To deter- 
mine the order of the homomorphic image G, we will determine the index of N = As inG. 
We determine the index of N & As in G first by expanding the relations [(0 1 2)to|* = e 
and [(0 1)(2 3)to]® = e, and next by performing manual double coset enumeration on G 


over N & As. To begin, we expand the relations that factor the progenitor 2*° : As: 
[(O 1 2)to]* =e (4.1) 


[(0 1)(2 3)to]° =e (4.2) 


As mentioned above, relation (4.1), [(0 1 2)to|* = e, is required to determine the homo- 
morphic image, G, of the progenitor, and the other relation, (4.2), can be derived from 
relation (4.1). We expand relations (4.1) and (4.2) in detail below: 


1. Let 7 = (01 2). 


Then [(0 1 2)to]* =e> (ato)4 =e => Ttontontonto = € > 


atonton?n—ltignty = e => mton?n alton thtp = e > 
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wn lala lyn 38 tm t to =e> rte Ee th to =e=> 

(0 1 2440 1°40 127401 D4, — o> (0.1 2/484 2 VH0 14, =e = 

(0 1 2)tototito = e => (0 1 2)tote = tot. 

Thus relation (4.1) implies that (0 1 2)tote = toti or, equivalently, Ntot2 = Ntot1. 


That is, using our short-hand notation, 02 ~ 01. 


2. Let 7 = (0 1)(2 3). 


Then [(0 1)(2 3)to]® = e > (rto)® = e > atomtontottomtomto = e => 
mtontontonton?n tonty = e > 

rtontonton? nn lipn th typ = € => mtonton’a— xno n 4? tty = € 
=> ton a lalla lym ttt te th to =e> 

nog gl lly Ee ER Ee ER ty =e> Ot tt ER Em ET ty =e=> 
(0 1)(2 8)]84L0 DE ME Le DE HELO DE HP fO VE HF {0 NE Ny, ¢ 
= ef NE Mygsl0 NE Dgesl NE Ny, — ¢ => etytotitotito =e > 

ty tot, = totito. 


Thus relation (4.2) implies that titoti1 = totito or, equivalently, 
Niytot, = Nitotito. That is, using our short-hand notation, 101 ~ 010. 


We now perform manual double coset enumeration of G over As. 


1. We first note that the double coset NeN = {Nen|n€ N}={Nn|ne N}={N}. 
Let [*] denote the double coset NeN. 


The double coset [*] has one distinct right coset: the identity right coset, Ne = 
{ne |n € N} = N. Moreover, since N & As is transitive, and since O(0) = {09 | 
g € N@)} = {0,1,2,3,4} = O(1) = O(2) = O(3) = O(4), N must have one orbit 
on T = {to, ti, to, tz, ta}: {0, 1, 2, 3, 4}. 

Therefore, there is one double coset of the form NwJN, where w is a word of length 


one given by w = t;, 7 € {0,1,2,3,4}: NtoN. 
2. We next consider the double coset NigN. 
Let [0] denote the double coset NipN. 
Now, note that N@ > N° = ((1 2)(3 4),(1 2 3)) & Ag. Thus |N©]| > [Aq] = 12 


and, by Lemma 1.4, |NigN| = Woy = so = 5. 
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Therefore, the double coset [x] has at most five distinct single cosets. 

Moreover, N(©) must have two orbits on T = {to, t1, te, tz, ta}: {0} and {1, 2,3, 4}. 
Therefore, there are at most two double cosets of the form Nw, where w is a word 
of length two given by w = tot, 1 € {0,1}: NtotoN and NtotiN. 

But, since NtptpN = N t2N = NeN = N, we need only consider one additional the 
double coset of the form Ntot;N, where i € {0,1,2,3,4}: Ntot,N. 


. We next consider the double coset Ntgt,N. 
Let [01] denote the double coset NtotiN. 
Now, by relation (4.1), (0 1 2)tpte = toti, and [(0 1 2)tote]? 4)(1 3) 
= (tot:)@ 9 3) = (0 3 4)tots = totg, and [(0 1 2)tote] 3 2 = (tot) 3 ?) 
=> (0 3 1)toti = tots. Therefore, (0 3 4)tot4 = totz = (0 3 1)toti = (1 2 3)tote 
implies that 
01 ~ 02 ~ 03 ~ 04 


Similarly, by conjugation, we find that 
10~12~138~ 14, 20 ~ 21 ~ 23 ~ 24 
30 ~ 31 ~ 32 ~ 34, 40 ~ 41 ~ 42 ~ 43 


Since each of the twelve single cosets has three names, the double coset {01] must 


have at most four distinct single cosets. 


An alternative approach for determining the order of the double coset is as follows: 
We note that N@!) > N° = ((23 4)) = A3. This means that (2 3 4) € N@). Now, 
by relation (4.1), N(tot:)@ 2@ © = Ntot, = Ntot implies that (1 2)(3 4) € N@, 
Therefore, (2 3 4), (1 2)(3 4) € N@), and so NOY) > ((1 2)(3 4), (23 4)) & Ag. 


That is, |NOD| > |Ag| = 12. Now, by Lemma 1.4, |NtotiN| = pyeny $12 = 5: 


Therefore, as we concluded earlier, the double coset [01] has at most five distinct 


single cosets. 


Now, N©) must have two orbits on T = {to, t1, ta, tz, ta}: {0} and {1, 2, 3, 4}. 


Therefore, there are at most two double cosets of the form NwJN, where w is a word 


of length three given by w = totit;, i € {0,1}: NtotitoN and Niotit,N. 
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But, since NtotitiN = Ntot?N = NtoeN = NtoN, we need only consider one 
additional the double coset of the form Ntot,t;N, where i € {0,1,2,3,4}: NtotitoN. 


. We next consider the double coset NtotitoN. 
Let [010] denote the double coset NtotitoN. 


Now, by relation (4.2), tytot, = totito, and, by conjugation with elements of As, 
(tytot,)@ 2G 4) = (totitp)4 IC 4) = totote = totato, 

and (tytot1)¢ YO 4) = (totyto)" YEA 4) = tgtots = totsto, 

and (titty) 9 3) = (totyto) 9 3) => tytots = totato, 

and (tytot,)© 28 4 = (totyto)© 28 4) = tyteti = totite, 

and (tytot,)© V2 4) = (totyto) © YO 9) = tytgt, = tgtits, 

and (tytot,)© 2 3) = (totytp)© 92 3) = tytgty = tatita, 

and (tytot:) 9 2) = (ttytg)© 90 2 = totgte = tgtots, 

and (tytot;)© 4 2) = (totyto)© 9G 2) => totate = tateta, 

and (tytot;)© 4) 3) = (tty tp) © 9 3) = tgtgts = tatgta. 

Furthermore, by relation (4.1), (0 3 4)tota = totz = (0 3 1)toti = (1 2 3)tote => 
(0 3 A)totato = totsto = (0 3 1)totito = (1 2 3)toteto Therefore, (0 3 4)totato = 
totgto = (0 3 1)totito = (1 2 3)totato implies that 


010 ~ 020 ~ 030 ~ 040 ~ 101 ~ 121 ~ 131 ~ 141 ~ 202 ~ 212 ~ 
232 ~ 242 ~ 303 ~ 313 ~ 323 ~ 343 ~ 404 ~ 414 ~ 424 ~ 434 


Since each of the twenty single cosets has twenty names, the double coset [010] must 


have one distinct single coset. 


An alternative approach for determining the order of the double coset is as follows: 
We note that N12) > N00 — ((2 3 4)). This means that (2 3 4) € N(10). 
Now, by relations (4.1) and (4.2), N (totito) © 1)(2 3) — Ntytot; = Ntotito implies 
that (0 1)(2 3) € N@®, and N(totito) 1234) = Ntitet, = Ntotito implies that 
(01234) € N09), Therefore, (2 3 4),(1 2)(3 4),(0 123 4) € N09, and so 
N(10) > ((1 2)(3 4), (23 4),(0123 4)) & As. That is, |N(©| > |.A5| = 60. Now, 


by Lemma 1.4, |NtotitoN| = way <%=1. 


Therefore, as we concluded earlier, the double coset [010] has one distinct single 


coset. 


52 


[+] [0] [01] [010] 
Figure 4.1: Cayley Diagram of G Over As 


Now, N20) must have one orbit on T = {to, t1, to, ts, ta}: {0, 1, 2,3, 4}. 


Therefore, there is at most one double coset of the form NwN, where w is a word 


of length four given by w = fotitot;, 1 = 0: NiotitotoN. 


But, since NtotitotoN = Ntotit2N = NtotieN = Niot,N, we need not consider 
additional double cosets of the form Ntotytpt;N, where i € {0, 1, 2, 3}. 


In fact, since N (010) js transitive on the symmetric generators and since Ntoty;totp = 
Ntotit? = Ntotie = Ntot; implies that the double coset [0100] = [01], we have 


completed the double coset enumeration of G over As. 


In total, therefore, there are at most 4 distinct double cosets of N in G and at most 12 
distinct right (single) cosets of N in G. The double cosets of N in G are as follows: [x], 
[0], [01], and [010]. 


4.3. Cayley Diagram of G Over As 
The Cayley diagram of G over As is illustrated in Figure 4.1. For a detailed explanation 


of the meaning of the component parts of a Cayley diagram, see Section 2.3. 


4.4 Action of the Symmetric Generators and the Genera- 


tors of A; on the Right Cosets of G Over As 


Let X denote the set of all (12) distinct right cosets of N in G, that is, let X = 
{N, Nto, Nt1, Nto, Ntz, Nt4, Ntoti, Ntito, Nteto, Ntsto, Ntato, Ntotito}. We define a map- 
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ping ¢: G — Sx so that ¢ maps a generator g € G to its action (by right multiplication) 
on X. That is, we define ¢ so that (g) = $(g) : X + X. Then the action 4(t) ~ (to) 


of the symmetric generator t ~ tg on the right cosets of N in G may be expressed as 
d(t) ~ }(to) = (* 0)(1 10)(2 20)(3 30)(4 40)(01 010), 


and the action d(x) ~ ¢((0 1 2 3 4)) of the generator x ~ (0 1 2 3 4) of As on the right 


cosets of N in G may be expressed as 
d(x) ~ d((0 123 4)) = (01 23 4)(01 12 23 34 40), 


and the action ¢(y) ~ $((4 2 1)) of the generator y ~ (4 2 1) of As on the right cosets of 


N in G may be expressed as 
oly) ~ $((4 2 1) = (14 2)(10 40 20). 


Since there are 12 distinct right cosets of N in G, these actions may be written as permu- 
tations on 12 letters. In fact, the actions of the generators on the set of right cosets of N 
in G are equivalent to the permutation representations of the generators in their action 
on the right cosets of N in G. To better manipulate the permutation representations of 
the symmetric generators ¢; and the generators x and y, it is helpful to label the distinct 


single cosets of N in G as follows: 


(12) « (3) 2 (6) O01 (9) 30 
(1) Oo (4) 3 (7) 10 (10) 40 
(2) 1 (5) 4 (8) 20 (11) O10 


Having labeled each of the 12 distinct right cosets of N in G, we express the permutation 
representation of the symmetric generator t ~ to, t® ~ t1, nw te, {Pin tg, and fw ta; 
and the generators x ~ (0 1 2 3 4) and y ~ (4 2 1), in their action on the right cosets of 


N in G as, resprectively, 
lt) ~ Hlto) (12 1)(2 (8 8)(4 9)(5 10)(6 11), 
o(t®) ~ (ta): (12 2)(1 6)(3 8)(4 9)(6 10)(7 14), 
(te) ~ ota) + (12 3)(1 6)(2 7)(4 9)(6 10)(8 11), 
(tt) ~ dts) : (12 4)(1 6)(2 (8 8)(5 10)(9 12), 
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P(t") ~ (ta) : (12 5)(1 6)(2 7)(3 8)(4 9)(10 11), 
d(x) ~ 6((0 123 4)):(12345)(6 789 10), 


Py) ~ P((4 2 1)) : (2 5 8)(7 10 8) 


4.5 Proof of Isomorphism between G and S¢ 


We now demonstrate that G & Sg. 


Proof. To prove that G © Sg, we must first show that (¢(x), d(y), (t)) is a 
homomorphic image of G and that (G| = |(¢(x), é(y), ())| = 720 (from which we can 
conclude G & (d(x), $(y), d(¢))), and we must next show that (¢(z), d(y), o(t)) = Se 
(from which we can conclude 5g is a homomorphic image of G and G & Sg). 

We first show (¢(x), &(y), d(t)) is a homomorphic image of G and 
IG| = |(d(z), o(y), ())| = 720. From our construction of G using manual double coset 
enumeration of G over As, illustrated by the Cayley Diagram in Figure 4.1, we concluded 
that group G defined by the symmetric presentation must contain a homomorphic image 
of N & As whose index [G : N] is at most 12: 


[N| 
Ewen 


__IN| 
Ivy 


|| 
Ivey 


|] 60 60 60. 60 
; Se ctaed Aeiectiehye gaa gee 
IG: N] + + Tytainy Sep aot ae ao 


+ 


1+5+5+1=12 


Since the index of N in G is at most 12, and since |G| = wr -|N|, the order of the 


homomorphic image group G is at most 720: 


IG = fay IN < 12- [N| = 12-60 = 720 5 |G < 720 


We now consider (¢(x), 6(y), O(t)). Note that (f(x), d{y), d(t)) is a group gen- 
erated by the permutation representations of the generators x, y, and t and, as such, it 
is a subgroup of the symmetric group Sj. acting on the twelve right cosets of N in G. 
We now show that (d(x), d(y), d(t)) is a homomorphic image of G and, therefore, that 
IG| > |(d(z), d(y), ())| = 720. To show that (d(x), d(y), o(¢)) is a homomorphic image 
of G, we first demonstrate that (¢(x), 6(y), ¢(t)) < S12 is a homomorphic image of G. 
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Now, recall that G = (a, y,t) is a homomorphic image of the progenitor 2*° : As, and its 


presentation is given by 
= 2 
G = (2,y,t | 2° =y? = (ay)? =e= [ty] = [ey ]), 


where x ~ (01234), y~ (42 1), andt~ to, and N = (az, y) = As. Let 

a:G—= (¢(x), 6(y), (t)) be a mapping from G to (¢(z), 6(y), o(t)). We note first that 
the mapping a : G —+ (d(x), 6(y), ¢(t)) is well defined. The generators ¢(z), 6(y), and 
¢(t) are the permutation representations of x ~ (0123 4), y~ (421), andt~ to on 12 
_ letters. Since the order of $(z) is 5, the order of $(y) is 3, and the order of ¢(z)¢(y) is 2, 
we conclude (¢(x), d(y)) = N = As. Moreover, we can demonstrate that ¢(¢) has exactly 
five conjugates under conjugation by the elements of (¢(z), d(y)) = N & As. Now, since 


t ~ to, we have that 
P(t) ~w (ty) MO 7 2 39) = [(12 1)(2 7)(8 8)(4 9) (5 10)(6 11)]@ > 49 NE 10987) — 
[((1 23 45)(6 7 8 9 10)][(12 1)(2 7)(3 8)(4 9)(5 10)(6 11)][(1 5 4 3 2)(6 109 8 7) 
= (12 2)(1 6)(3 8)(4 9)(5 10)(7 11) = b(t) ~ $¢*) 
and further that 
G(t) 9) ~ (to) MO 129 4") = [(12 1)(2 7)(3 8)(4 9)(5 10)(6 11)] 47 NE 97108) — 
[((1 3.5 2 4)(6 8 10 7 9)]{[(12 1)(2 7)(3 8)(4 9)(5 10)(6 11)][(1 4 2 5 3)(6 9 7 10 8)] 
= (12 3)(1 6)(2 7)(4 9)(5 10)(8 11) = (tz) ~ a(t”) 
and further that 
HCHO) m altoyMO2 294) = [22 1) 78 AYA 9)(5 10)(6 In 22 HE 8197) = 
[(1 425 3)(6 9 7 10 8)][(12 1)(2 7)(3 8)(4 9)(5 10)(6 11)][(1 35 2 4)(6 8 107 9)| 
= (12 4)(1 6)(2 7)(3 8)(5 10)(9 11) = ots) ~ o(e*) 
and further that 
G(E)9O) ~ b(to) MO 12349 = [(12 1)(2 7)(3 8)(4 9)(5 10)(6 11)] 7949 799 20) = 


[(1 5 43 2)(6 109 8 7)][(12 1)(2 7)(3 8)(4 9)(5 10)(6 11)][(1 23 4.5)(6 789 10)] 
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= (12 5)(1 6)(2 7)(3 8)(4 9)(10 11) = (ta) ~ 4") 
Therefore, ¢(t) has exactly five conjugates under conjugation by the elements of 
(é(x),d(y)) & N &= As; these conjugates are, namely, ¢(t) ~ ¢(to), d(t”) ~ (t1), 
H(t?) ~ b(ta), d(H”) ~ o(ta), and d(t™) ~ O(ta). Since (G(z), 6(y)) & N & As and since 
¢(t) has exactly five conjugates under conjugation by the elements of (¢(z), d(y)) = N, 
we conclude that (¢(x),¢(y),¢(t)) is a homomorphic image of G = (z,y,t). That is, 
(d(x), ¢(y), $(t)) is a homomorphic image of the progenitor 2*° : As. 

Next, to show that (¢(z), 6(y), @(t)) is a homomorphic image of G, we must 
show that (¢(x),¢(y),¢(t)) is a homomorphic image of G factored by the relations 
(xy~1x2y-1t)4 = e and (x?y~!xt)® = e; that is, we must show that (@(z), @(y), o(t)) is 
a homomorphic image of the progenitor 2*° : As factored by the relations {(0 1 2)to]* = e 
and [(0 1)(2 3)to]® = e. Let & : G —> (d(x), d(y), d(t)) be a mapping from G to 
(o(x), o(y), o(t)). We note first that the mapping &@ : G — (@(z), d(y), O(t)) is well- 
defined, and we know already that (¢(x), ¢(y), o(t)) is a homomorphic image of the pro- 
genitor 2*° : As. Now, to show that (¢(z), ¢(y), 6(t)) is a homomorphic image of G, we 
need only demonstrate that the relations [(0 1 2)to]* = e and [(0 1)(2 3)to]® = e, which 
hold true in G, also hold true in (¢(x), (y), O(t)) < Sie. 

To demonstrate that the relation [(0 1 2)to|* = e, or, equivalently, the relation 
totatito = (0 21), holds true in (¢(x), O(y), o(t)) < Siz, we show that $(to)d(t2) (t1) (to) 
~ $(t)b(t® )o(t)(t) € Siz acts on the five symmetric generators ¢(to), (ti), H(t), 
d(tz), and $(t4) by conjugation in the same way that $((0 2 1)) ~ ¢(zy~+#?y~') acts 
on the five symmetric generators (to), o(t1), O(t2), O(t3), and o(ta) by conjugation. 
We first conjugate the symmetric generators (to), (ti), d(te), o(t3), and P(ts) by 
b(to)P(te)d(t1)d(tp). This gives us 


(to) Mo) PCH) 6(A) OCF) =— [(12 1)(2 7)(3 8)(4 9)(5 10)(6 11)]% # 7E 9 = Gta), 
(ta) Model) oC) = [(12 2)(1 6)(3 8)(4 9)(5 10)(7 11)] 3 MEF = o(t0), 
(ta) Mtn #(H2)6()9C¢0) — [(12 3)(1 6)(2 7)(4 9)(5 10)(8 11)] 9 EO 2 = (tr), 
(tg) MtodPlta)oltr)ol%o) — [(12 4)(1 6)(2 7)(3 8)(5 10)(9 11)]7 # MEF = (és), 


h(t) (0) (2) )6(60) — [(12 5)(1 6)(2 7)(3 8)(4 9)(10 11)]¢ 3 YES = p(t4) 
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We next conjugate the symmetric generators ¢(to), (ti), o(t2), o(t3), and (t4) by 
¢((0 2 1)). This gives us 


(to) MO ? 9) = [(12 1)(2 7)(3 8)(4 9)(5 10)(6 11)] 9 PEF = d(t2), 


(ts) PO 2 9) = [(12 2)(1 6)(3 8)(4 9)(5 10)(7 11)]% 3 6 8% = Of), 

G(ta)%O 2 )) = [(12 8)(1 6)(2 7)(4 9)(5 10)(8 11)] * EF) = H(t), 

G(ts) MO 2 Y) = [(12 4)(1 6)(2 7)(B 8)(5 10)(9 11)] * EF = d(ts), 

(ta) CO 2 )) = [(12 5)(1 6)(2 7)(3 8)(4 9)(10 11] 9 MEF) = p(t4) 
Since $(to)b(t2)6(t1) (to) ~ (t) b(t? p(t?) A(t) € Sj acts on the five symmetric genera- 
tors o(to), o(t1), b(t2), o(t3), and $(t4) by conjugation in the same way that $((0 2 1)) ~ 
¢(ay~!x?y-") acts on the five symmetric generators (to), O(t1), ¢(t2), d(ts), and (ta) 


by conjugation, we conclude that the relation [(0 1 2)to]* = e, which holds true in G, also 


holds true in (6(z), d(y), d(£)) < Sie. 
To demonstrate that the relation [(0 1)(2 3)to]® = e, or, equivalently, the rela- 
tion tytotitotyto = e, holds true in (¢(z), d(y), o(t)) < S12, we show that 


(t1) (to) b(t1) (to) P(t1) (to) ~ H(t”) O(t) d(H") O(4)O(E7) P(E) € Si2 acts on the five sym- 
metric generators ¢(to), O(t1), O(te), (ts), and o(t4) by conjugation in the same way 
that the identity element ¢(e) acts on the five symmetric generators (to), (t1), (ta), 
f(t3), and @(t4) by conjugation. We first conjugate the symmetric generators ¢(to), #(t1), 
b(ta), (ts), and (ts) by $(1)(t0)(t1)#(to) (ts) (to). This gives us 


Ato) MEAL EIA) HED) = [(32 1)(2 7)(B 8)(4 9)(5 10)(6 11)]*© = H(t0), 
H(t) Mtr eto) eter) eleod oI OC) = [(1 2)(1 6)(8 8)(4 9)(5 10)(7 11)]% = (ts), 
Ata MOU) A )ALIBLIHE) — [(12 8)(1 6)(2 7)(4 9)(5 10)(8 11)}*©) = H(t), 
(b(t) ®t #0) 6s OCG} ta) HC) — 1/19 4)(1 6)(2 7)(3 8)(5 10)(9 11)]* = (ts), 
(tg) #()4(t0) 604) 4(G0) H(t) C0) — [(19 5)(1 6)(2 7)(3 8)(4 9)(10 11)]*© = a(t) 


We next conjugate the symmetric generators 6(to), ¢(t1), (te), O(t3), and (t4) by the 
identity element ¢(e). This gives us 


Plt) = [(12 1)(2 7)(3 8)(4 9)(5 10)(6 11)]* = (60), 
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p(t) = [(12 2)(1 6)(3 8)(4 9)(5 10)(7 11)]* = $(tr), 
(ta) = [(12 3)(1 6)(2 7)(4 9)(5 10)(8 11)]*) = (ta), 
(tg) = [(12 4)(1 6)(2 7)(3 8)(5 10)(9 11)]*) = (ts), 


(tg) *) = [(12 5)(1 6)(2 7)(3 8)(4 9)(10 11)]* = d(ta) 


Since $(t1)$(to) P(t1) P(to) b(t1) O(to) ~ H(t") H(t) O(t7) O() O(*) (4) € Siz acts on the five 
symmetric generators (to), (ti), d(t2), O(t3), and ¢(t4) by conjugation in the same way 
that the identity element ¢(e) acts on the five symmetric generators (to), (1), (tz), 
(tz), and ¢(t4) by conjugation, we conclude that the relation [(0 1)(2 3)to]® = e. which 
holds true in G, also holds true in (¢(x), $(y), 6(t)) < Si2. 

Since (#(x), 6(y), $(t)) is a homomorphic image of the progenitor 2*° : As, and 
since the relations [(0 1 2)to]* = e and [(0 1)(2 3)to]® = e hold true in (4(2), ¢(y), $(t)) < 
Si2, we conclude that (¢(x), 6(y), (t)) is a homomorphic image of the progenitor 2*° : As 
factored by the relations [(0 1 2)to|* = e and [(0 1)(2 3)to]® = e; that is, we conclude that 
(¢(x), &(y), o(t)) is a homomorphic image of G. 

More importantly, since (¢(x), ¢(y), o(¢)) is a homomorphic image of G, we 
have that (d(x), d(y), d(t)) < G. In fact, since (d(x), d(y), d(t)) < G, we have that 
|G| > |(d(a), o(y), o(£))|. Since it is easily demonstrated, with MAGMA or by hand, that 
\(d(x), (y), O(t))| = 720, we conclude finally that |G| > |(¢(x), é(y), o())| = 720, that 
is, |G| > 720. Given |G] < 720 and |G| > 720, we conclude |G| = 720. Moreover, since 
\(p(x), d(y), ())| = 720 = [G| and since (¢(x), d(y), #(t)) is a homomorphic image of G, 
we conclude 


(¢(z), 9(y); d(t)) = G. 


We finally show that (d(x), 6(y), d(t)) = Sg. Let Gi = (6(x), o(y), d(t)). Now, 
with the help of MAGMA (see [BCP97]), we know that the elements a = (1 5 7 3 11 2) 
(4 6 8 10 12 9), b= (1 2)(3 6)(4 7)(5 9)(8 11)(10 12), and c = (1 12)(2 9)(3 6)(4 7)(5 10) 
(8 11) belong to G;. (Note: The labels for the right cosets in this case were assigned by 
MAGMA and are different from the labels that we assigned earlier.) Therefore, (a,b,c) < 
G1, where G; = (¢(z), o(y), o(t)), a permutation group on 12 letters, is a permutation 
representation of G and, further, |Gi| = 720. But |(a,b,c)| = |Gi1| = 720. Therefore, 


Gy = (a,b,c). Moreover, (a,b,c) & Sg & (a,b,claS = b? = c? = (ab) = (a-?(ab)?)? = 
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(a~?bab)* = [c,b] = e). Therefore, G, & Sg and, since G1 = (d(x), d(y), (t)) = G, we 


conclude G & Sg. 


4.6 Converting an Element of G from its Permutation Rep- 


resentation to its Symmetric Representation 


To illustrate how a permutation representation of an element of Sg on 12 letters may be 


converted to its symmetric representation form, we consider the following example: 


Example 4.1. Let g € G & S¢ and let p = ¢(g) = (1 8 2 6 3 7)(4 10)(5 9)(11 12) be 
the permutation representation of g on 12 letters. Then 12? = 11 implies N? = Ntotito, 
since 12 and 11 are labels for the right cosets N and Nitpt to, respectively. Moreover, 
since NP = Np and N? = Niotitpo, we have that Np = Niotito. Now, Np = Ntotito 
implies that p € Nigtito which implies that p ~ mtotito for some 7 € N = As or, more 
precisely, p = (xtotito) = (7) d(to) d(t1)b(to) for some réeN® S3. To determine 
a € N, we note first that p = $(1)$(to)$(t1)$(to) => p(P(to))~*(P(t1))~* (b(t0)) > = 
pd(to !)o(t7')d(to') = pd(to)d(t1)d(to) = (7). We then calculate the action of 7 ~ 
(7) = $(to)d(t1)d(to) on the symmetric generators t;, where i € {0,1,2,3,4}. Now, 
$(m) = $(to) P(t1) O(to) = [(1 8 2 6 3.7)(4 10)(5 9)(11 12)][(12 1)(2 7) (3 8)(4 9) (5 10) (6 11)] 
[(12 2)(1 6)(3 8)(4 9)(5 10)(7 11)][(12 1)(2 7)(3 8)(49)(5 10) (6 11)] = (1 3)(45)(6 8)(9 10). 
The element ¢(7) = (to) @(t1) (to) = (1 3)(4 5)(6 8)(9 10) acts on the right cosets Nto, 
Nt, Nto, Nt3, and Nt, via the mapping ¢ : G —> Sx defined by ¢(x,Nw) = Nw”. 


The mappings below illustrate this action: 
Ntp = 1+ 1? =3 = Nto, Ntz = 3 3? =1= Ni, 


Nt, =2+ 2? =2= Nt, Nt3 =41> 4? =5 = Nt, 
Nig =5H 5? =4= Nog 


Therefore, the element ¢(7) acts as (0 2)(3 4) on the right cosets Nto, Nt, Nto, Nts, 
and Nt4, and so ¢(7) is the permutation representation of = (0 2)(3 4) € As on 12 


letters. Therefore, 7 = (0 2)(3 4) and w = tot to, and so the symmetric representation of 
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g is (0 2)(3 4)totito. 


4.7 Converting an Element of G from its Symmetric Rep- 
resentation to its Permutation Representation 


To illustrate how an element of Sg in symmetric representation form may be converted 


to its permutation representation on 12 letters, we consider the following example: 


Example 4.2. Let g € G & Sg have the symmetric representation g = (0 4 3 2 1)tetate. 
To determine the permutation representation p = ¢(g) of g, we first calculate the action 
of r = (0 3 2 1) on the right cosets of N in G. Now, the element a = (0 4 3 2 1) acts on 
the right cosets N in G via the mapping ¢: G —> Sx defined by ¢(a, Nw) = Nw”. The 


mappings below illustrate this action: 
=NHNO4827)V_N=12 


1= Nip NIC 42? YX 2 Ni =5 

5 = Ntgw NtO 42?) = Nts = 4 

4= Niger Nt 43?) = Nt =3 

3= Nip NtO*32 VU = Nt =2 

2= Nt, 4 N(t,)© 432) = Nt) =1 
6 = Ntot; H N(toti)© 432) = Ntgty = 10 
10 = Ntgto + N(tgto)© 43?) = Nigt, = Nigto = 9 
9 = Ntgtp » N(tgto)© 432) = Ntgt, = Ntoto = 8 
8 = Ntoto + N(toto) © 432) = Nets = Ntito =7 
7 = Ntytp + N(tyto)© 432 ) = Not, = Ntot; =6 
11 = Nigtytp + N(totytp)© 43 2) = Ntgtots = Ntotito = 11 


Therefore, the permutation representation of t = (04321) is d(z) = (1543 2)(6 10987). 


Similarly, we calculate the action of the symmetric generator ta on the right cosets of N 
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in G. The symmetric generator t2 acts on the right cosets of N in G via the mapping 


@:G—- Sx defined by ¢(t2, Nw) = Nwt 2. The mappings below illustrate this action: 
L=Ne Na =3 


3 = Ntp > Niote = N =12 
1 = Nto + Ntot2 = Ntot; =6 
6 = Ntoty > Niotite = Ntotete = Ntp = 1 
2= Nt, Ntite = Nitto = 7 
7=Ntito > Ntitote = Nextote = Nt; =2 
4 = Ntz + Nigto = Ntgto =9 
9 = Ntgtp ++ Ntgtote = Ntgtota = Ntg = 4 
5 = Ntz> Ntgto = Ntato = 10 
10 = Ntato + Ntatote = Ntgtote = Nt, =5 
8 = Ntoty ++ Ntotote = Ntotito = 11 
11 = Ntotito + Ntotitote = Ntgtotete = Ntoto = 8 


Therefore, the permutation representation of ta is d(t2) = (12 3)(1 6) (2 7)(49)(5 10)(8 11). 
Finally, we calculate the action of the symmetric generator to on the right cosets of N 
in G. The symmetric generator tg acts on the right cosets of N in G via the mapping 


¢:G— Sx defined by $(to, Nw) = Nwto. The mappings below illustrate this action: 
10=NHN to= 1 


1= Ntp + Nioto = N = 10 
2= Ntj > Nhtp =6 
6 = Ntitp + Ntitoto = Nt, = 2 
3 = Nigh Ntotp = 7 
7 = Ntato Ntototo = Ntg =3 


4= Nt3r> Niztp = 8 
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8 = Ntgtp > Nizgtotp = Ntg = 4 
5 = Ntoti + Nigtito = 9 
9 = Ntotito  Ntotytotp = Ntoti = 5 


Therefore, the permutation representation of t4 is $(t4) = (12 5)(1 6)(2 7)(3 8)(4 9)(10 11). 
Now, g = (0432 1)tatata ~ (9) = $((04321))4(to) (ta) d(ta) = [(1 5 43 2)(6 10987) 
{(12 3)(1 6)(2 7)(4 9)(5 10)(8 11)][(12 5)(1 6)(2 7)(3 8)(4 9)(10 11)] 

[(12 3)(1 6)(2 7)(4 9)(5 10)(8 11)] = (1 8 2 6 8 7)(4 10)(5 9)(11 12). Therefore, the 
permutation representation of g is p = $(g) = (1 8.2 6 3 7)(4 10)(5 9)(11 12). 


63 


Chapter 5 


S7 as a Homomorphic Image of 


the Progenitor 3*° : Ss 


In this chapter, we investigate S7 as a homomorphic image of the progenitor 3*° : S;. The 
group S7 is the symmetric group on seven letters having order 7! = 5040. The progenitor 
3*5 : 95 is a semi-direct product of 3*°, a free product of five copies of the cyclic group of 
order 3, and Ss, the symmetric group on five letters which permutes the five symmetric 
generators, to, t1,t2,t3, and t4, (and their inverses, t2 = ¢>!, t? = t71, #8 =tg+, 22 = ¢,', 


and t? = t,*) by conjugation. 
4 = '4 


5.1 Introduction 


Let G be a homomorphic image of the infinite semi-direct product, the progenitor, 


3*5: Ss. A symmetric presentation of 3*° : Ss is given by 
= 7 2 
G = (a,y,t | @ = y? = (yx)* = [2,y* = 0 = [ty] = 9] = [9] =e), 


where [x,y]? = xyayzy, [t,y] = tyty, [fy] = tyt®y, (",y] = t’yt®’y, and e is the 
identity. In this case, N = S5 & (a, y | 2° = y* = (yz)* = [z, y]? = e), and the action of 
N on the five symmetric generators is given by x ~ (01234), y~ (8 4), and t ~ to. 


Let G denote the group G factored by the relations (zyz~lyzt)°* = e, 
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(a~*yax7t)* = e, (t714”)8 = e, and (zyx—tyrt 14")? = e. That is, let 
- G 
~ (aya~lyat)®, (2-2ya?t)4, (¢-147)8, (zya—lyat—lee)?” 


A symmetric presentation for G is given by 


2 = 
(z,y,t | 2°,y?, (ya), [29° 0, [ty] 9) Ee 9], (eye *yat)°, 
(0-2 yo)4, (XH), (aye yot 18). 
Now, we consider the following relations: 


[(0 1 2)to}° =e, 
[(0 1)to]* = e, 
[to ti]? = e, 
and 
((0 1 2)tp*t]? =e. 


According to a computer proof by (CHB96], the progenitor 3*° : 95, factored by the 
relations [(0 1 2)to]® = e, [(0 1)to]* = e, [tp /t1)® = e, and [(0 1 2)t>'t1]? = e, is isomorphic 
to S7. In fact, factoring the progenitor 3*° : Ss by the relation [(0 1 2)to]> = e alone 
suffices. We will construct S7 by hand by way of manual double coset enumeration of 
Ge TORS AOE ACT RTA CERT over Ss. In so doing, we will show that S7 is 
isomorphic to the symmetric presentation 


2 at aa 
(x,y,t | x,y, (yx)4, fa, yl, 0°, (yl, (E, yl, e* oy), (zy *yat)?, (@2yxt)4, 


ape yet), 


5.2 Manual Double Coset Enumeration of G Over S; 


We first determine the order of the homomorphic image, G, of the progenitor. To deter- 
mine the order of the homomorphic image G, we will determine the index of N = Ss in G. 
We determine the index of N & Ss in G first by expanding the relations [(0 1 2)to]° = e, 
[(O 1)to]* = e, [tg'tiJ® = e, and [(0 1 2)tg't]? = e, and next by performing manual 
double coset enumeration on G over N & Ss. To begin, we expand the relations that 
factor the progenitor 3*° : Ss: 

[(0 1 2)to]® =e (5.1) 
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[(0 1)to]* =e (5.2) 
[to “til =e (5.3) 
[(0 1 2)t>tu]? =e (5.4) 


As mentioned above, relation (5.1), [(0 1 2)to]® = e, is required to determine the homo- 
morphic image, G, of the progenitor, and the other relations can be derived from relation 
(5.1). We expand relations (5.1), (5.2), (5.3), and (5.4) in detail below: 


1. Let 7 = (0 1 2). 


Then [(0 1 2)to|5 =e 

=> (mto)° =e 

=> Tigntontontonto = e 

> atontotton?x toto =e 

=> mtonton ala htonthty = € 

=> ton ata lato ex tty =e 

> oll lly Ht am tty =e 

Ot I i tty = € 

=> (01 2)540 1 2)4,(0 1 2)° (0 1 2)? ,(0 1 2) hate 

= (0.2 1/40 1 yee 2002, — 

=> (0 2 1)tytotetito =e 

=> (0 2 1)titote = #51471. 

Thus relation (5.1) implies that (0 2 1)titote = to ag or, equivalently, Ntitote = 
Ntj't,'. That is, using our short-hand notation, 102 ~ 01. 


2. Let m= (01). 
Then [(0 1)to]* =e 
=> (nto)4 =e 
=> Ttontontonty = e 
=> mtonton?n tonto =e 
=> ator a la—lton tr ty =e 
> on lly tm tt ty =e 
=> ri itty =e 
= (0 1)440 9°40 9°40 D4, =e 


66 


=> et Vg1© Ytp =e 

=> etytotitp =e 

Shien  : 

Thus relation (5.2) implies that tito = tp oa or, equivalently, Ntito = Ntp ee 


That is, using our short-hand notation, 10 ~ O01. 


3. Now [tot]? =e 
= [tota]lto"tallio"ta] = 
=> to lity tttg it =e 
S45 tt, St tee 
Thus relation (5.3) implies that tj ‘tj¢j' = t[ tot’ or, equivalently, Ntp tito = 
Nt toty’. That is, using our short-hand notation, 010 ~ 101. 


4, Let = (01 2). 


Then [(0 1 2)tj*ti]? =e 

=> (mto't1)? =e 

=> ato tinto'ti =e 

=> wn-ligltaty th =e 

=> w7(tp ht) "to ti = e 

nti ite ty Se 

=> (0 1 2)2(471)@ 19201 Mote, =e 

=> (0 2 1)(ty*)tety*ti = e 

=> (0 2 1)(t7*)te = ty to. 

Thus relation (5.4) implies that (0 2 1)(t7+)t2 = tj‘to or, equivalently, Nt[‘te = 
Ntj'to. That is, using our short-hand notation, 12 ~ 10. 


We now perform manual double coset enumeration of G over Ss. 


1. We first note that the double coset NeN = {Nen|n€ N}={Nn|ne€ N} = {N}. 
Let [+] denote the double coset NeN. 


The double coset [*] has one distinct right coset: the identity right coset, Ne = 
{ne|neN}J=N. 


Therefore, there are two double cosets of the form NwN, where w is a word of 
length one given by w = ie 4 € {0,1,2,3,4}: NtoN and Ntp‘N. 

2. We next consider the double coset NioN. 
Let [0] denote the double coset Nty NV. 
Note that NO > N° = ((1 2), (123 4)) & S4. Thus |N©| > |S4| = 24 and, by 
Lemma 1.4, |NtoN| = roy] < ya = 5. 
Therefore, the double coset [0] has at most five distinct single cosets. 
Moreover, N) has four orbits on T = {to,t1, ta, 3, ta}: {0}, {1,2,3,4}, {0}, and 
{1, 2,3, 4}. 
Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length two given by w = tots) i € {0,1}: NtotoN, NtotiN, Ntoto’N, and 
Ntoty N. 
But, since NtotoN = Ni2ZN = NtjtN, and since Ntotj'N = NeN = N, we 
need only consider two addotional double cosets of the form N tote 1N , where 7 € 
{0,1,2,3,4}: NtotiN and Ntoty1N. 

3. We next consider the double coset Ntp oN, 
Let [0] denote the double coset Ntp'N. 
Note that N > N° = ((1 2),(1 23 4)) & Sq. Thus |N©| > |S4| = 24 and, by 


Lemma 1.4, |Nta*N| = wy < +20 = 5. 


Therefore, the double coset [0] has at most five distinct single cosets. 

Moreover, N© has four orbits on T’ = {to, ty, te, t3,ta}: {0}, {1,2,3,4}, {0}, and 
{1, 2,3, 4}. 

Therefore, there are at most four double cosets of the form NwN, where w is a word 
of length two given by w = tp 1t#?, i € {0,1}: NtjtoN, Ntg'tN, Ntp'tp'N, and 
Ni ion. 

But note that Ntj'tg'N = Nig?N = NtoN and Ntp'tpyN = NeN =N. 
Moreover, by relation (5.2), since tjtp = to ee implies that Nt> ate = Niyzto, 
and since Ntg't;* = Ntyto implies that {N(¢7*t;*) | i, € {0,1,2,3, 4}, 4 j} = 
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{Ni;t; | 1,7 € {0,1,2,3,4},1 # 7}, we have that NtptiN = Ntp't;1N. That is, 
[01] = [01]. 

Since Ntpltg'N = Ntp?N = NtoN and NtpltoN = NeN = N, and since, by 
relation (5.2), NtotiN = Ntj't]1N, we conclude that there is one distinct double 
coset of the form Nisin: where i € {0, 1, 2,3, 4}: NtpltiN. 

. We next consider the double coset N tot; 'N : 

Let [01] denote the double coset N’ tot; 1N : 


Now, by relation (5.4), (0 2 1)ty'te = ty'to > te(0 2 1)t['te = tety to > 


(0 21)(0 1 2)to(0 2 1)t[ te = tatty > (0 2 1/10 ? Mey = tot7 to > 


(0 2 1)tyt7 te = tot[ to > (0 2 L)ete = tet; “to > (0 2 1)te = tot7 "to, and by right 
multiplication, (0 2 1)t2 = tety to => (0 2 1)teto! = tet[totg’ > (0 2 1)teto’ = 
totyte => (0 2 1)tets' = tety+, and by conjugation, (0 2 1)tety’ = tot; > 
[(O 2 1)jtaty 1) 1 2) = [toeT tO 1 2) => (0 2 1)toty! = toty* > toty) = (0 1 2)éptQ?. 


Therefore, tot] ’ = (0 1 2)totz1. Moreover, by conjugation with (2 3) and (2 4), we 


have 
[tot 1]@ 9 = [(0 1 2)toty t]@ 9) = toty+ = (0 1 3)totz? 
and [toty?]@ ® = [(0 1 2)toty]@ © = toty* = (0 1 4)toty’. 
Therefore, we find that tot! = (0 1 2)totz 1 = (0 1 3)totz? = (0 1 4)totz?. 
That is, using our short-hand notation, we have 
01 ~ 02 ~ 03 ~ 04 

By conjugating the above relationships, we have also 

10~12~138~ 14, 20 ~ 21 ~ 23 ~ 24, 

30 ~ 31 ~ 32 ~ 34, 40 ~ 41 ~ 42 ~ 43 
Since each of the twenty single cosets has four names, the double coset [01] must 


have at most five distinct single cosets. 


An alternative approach for determining the order of the double coset is as fol- 
lows: We note that NY) > N°! = ((2 3),(2 4)) & S3. In fact, by relation (5.4), 
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N(toty!)@ 2 = Ntotz! = Ntot]+ implies that (12) € N©), and N(fot]*)4 234 = 
Ntoty: = Ntot]+ implies that (1 23 4) ¢ N). Therefore, (1 2), (1234) € NOD, 
and so N1) > ((1 2),(1 23 4)) & Sy. Therefore, [won| > |S4| = 24. Now, by 


Lemma 1.4, |Ntot; NV | = my < su = 5 


Therefore, as we concluded earlier, the double coset [01] has at most five distinct 


single cosets. 

Now, N°! has four orbits on J’ = {to,t1,t2,¢3, ta}: {0}, {1,2,3,4}, {0}, and 
{1, 2,3, 4}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length three given by w = toty1t*1, i € {0,1}: NtotyltoN, Ntoty*tiN, 
Ntotyto1N, and Ntoty'ty1N. 


But note that Ntoty'tiN = NtopeN = NtoN and Nioty't;'N = Ntot]?N = 
NitotiN. 

Moreover, by relation (5.2), since tyto = tolty! > [tito]©) = [feptep OV = 
toti = ty tg? = totot: = toty tg? => tlt: = toty1t9+ we have that Ntgt;/tj’N = 
Ntp!tiN. That is, [01] = [010]. 

Since Ntoty'tiN = NtpeN = NtoN and Ntot;1t{1N = Ntot]°N = NtotiN, and 
since, by relation (5.2), Ntoty1to 1N = Ntj'tiN, we conclude that there is one 
distinct double coset of the form N tot; tN , where i € {0,1,2,3,4}: Ntoty1toN. 


. We next consider the double coset Ntgt,N. 

Let [01] denote the double coset Ntpt,N. 

Note that by relation (5.2), since tito = to a implies that Ntp hie = Nitto, 
and since Ntj't]' = Ntyto implies that {Nt;'t;* | i,j € {0,1,2,3,4},1 Aj} = 
{Ntjti | 1,7 € {0,1,2,3,4},7 # 7}, we have that Ntot;N = Ntp't7'N. That is, 
[01] = [01]. 

Therefore, note that NtotiN = {Ntotin|n € N} = {Nn-ltotin|n€ N}= 

{N (tot1)” ne N} = {Ni,t; | 4g € {0, 1, 2, 3, A}, i oe i} = {Ntot1, Ntote, Ntots, 
Nitota, Ntyto, Ntyto, Ntit3, Ntyt4, Ntgto, Ntoty, Ntots3, Ntots, Nt3to, Nt3t1, Nigzta, 
Nigt4, Ntato, Ntat:, Ntato, Ntatz, Ntp ty, Ntp'tz!, Ntp ‘tz’, Nto tz’, Nt ‘to’; 
NG NG, ENG tN ty in tN ts NG NG 
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Ne, te NG tg NG tN a, Ne a eS 
= {Nt;t;" | 4,7 € {0,1,2,3, 4},6 #5} = {N(e7"tp")" |[n € N} 
={Nn“tyltgin| ne N}={Ntyltoin|ne N}=Ntplty'N. 


Now, by relation (5.2), tito = to 1¢? = [t1to] Y = [tgtey J ) = tota = ty" tp?. 


That is, using our short-hand notation, we have 
01 ~ 10 


Similarly, by conjugating the above relationship, we have 


Lo | 
po 
bo 
r 

WI 
eI 


02~20 03~30 04.40 10~0 

13~31 14~4f 20~02 21~12 23~ 32 

24~42 30~03 31~13 32~23 34.43 
40~04 41~14 42~24 43~ 34 


Since each of the forty single cosets has two names, the double coset [01] = [01] 


must have at most twenty distinct single cosets. 


An alternative approach for determining the order of the double coset is as follows: 
We note that NOY > N° = ((2 3), (2 4)) & S83. Therefore, |NOV| > |S3| = 6. 


Now, by Lemma 1.4, |Ntot, N| = VO < i = 20. 


Therefore, as we concluded earlier, the double coset [01] = [01] has at most twenty 


distinct single cosets. 

Now, N° has six orbits on T = {to, t1, te, ts, ta}: {0}, {1}, {2,3, 4}, {0}, {1}, and 
{2,3, 4}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length three given by w = totit#?, 4€ {0,1,2}: NtotitoN, NtotytiN, NtotitoN, 
Ntotity'N, Ntotity'N, and Ntotity'N. 

But note that Niotit]+N = NtpeN = NtoN and NtotitiN = Ntot?N = Niot;'N. 
Moreover, by relation (5.2), since tyto = to ‘t7* => totito = toto “ty => totito = ty! 
implies that Ntgtitp = NGS we have that NtotityN = Ntj'N. That is, [0] = 
[010]. 
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Similarly, by relation (5.2), since tity = tpt]! > [Arto] ) 

= [tp lt7 ©) => tot, = tp ttt = totito! = tyltg to! = totitg’ = t7'to implies 
that Ntot)ty’ = Nty‘to, we have that Ntotitg'N = Ntp'ti:N. That is, [01] 
[010]. 


I] 


Likewise, by relation (5.1), since (0 2 1)titotz = tot, ' > 

[(O 2 1)tytotg]© Y = fests OY > (0 1 2)totite = ty 4p} implies that Ntotite = 
Ntj1t>+ we have that NtotitgN = Ntj‘ty'N. That is, [01] = [012]. 

Similarly, by relation (5.4), since (0 2 1)t7 ‘to = ty to => te(0 2 1)t7 te 

= tot; ty > (02 1)(0 1 2)to(0 2 1)ty ty = tatp to > (02 1)10 ? Yep Me = tetT Mp > 
(0 2 1)tyt7 tte = tot] to > (0 2 1)ety = tety tp > (0 2 1)te = tot] to > (0 2 1)te = 
tot; ‘to > (0 2 1)tetp* = tety tot’ > (0 2 1)tety! 

= tot; te > (02 1)tatp! = tot? => [(0 2 1)tety JO 2) = ftotp 2) > (01 2)tt7* = 
ty tz) > to(0 1 2)tytp! = totity? > 

(0 1 2)(0 2 1)to(0 1 2)tyto! = totity! > (0.1 2)10 + 4,45! = totitg! = 

(0 1 2)tytytg* = totity! > (0 1 2)t71t9* = totity* implies that Ntotity’ 

= Nt{ltp1, we have that Ntotity1N = Nto't7'N. That is, [01] = [012]. 

Since Ntotit;|N = NtoN, NtotitiN = Ntot,'N, NtotitoN = Ntp1N, Ntotito'N 
= Nto't,N, NtotiteN = Ntolt{N, and Ntotitz'N = Ntg't7'N, we need not 
consider additional double cosets of the form N totyte1N ,4€ {0,1, 2,3, 4}. 


. We next consider the double coset Nt 1. 
Let [01] denote the double coset Ntj/tiN. 
Now, by relation (5.4), (0 2 1)tytt. = t7'4o => [(0 2 1)tyttaJ@ Y = [ey te] Y = 
(0 1 2)tp"te = tg ‘t and, by conjugation with elements of N = Ss, 
[(O 1 2)tp tt2]@ 9) = ftotty]@ 9 => (01 3)totts = tp't: and [(0 1 2)tp tt]? 4 = 
[ttt]? % => (0 1 4)tg tts = tpt. 
Therefore, by relation (5.4), (0 1 2)t ‘te = tp ‘ti = (0 1 3)tp ‘ts = (0 1 4)ty ‘ta. 
That is, using our short-hand notation, we have 

01 ~02~ 03 ~ 04 
By conjugating the above relationship, we have also that 


10~12~ 13 ~ 14, 20 ~ 21 ~ 23 ~ 24, 
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30 ~ 31 ~ 32 ~ 34, 40 ~ 41 ~ 42 ~ 43 
Since each of the twenty single cosets has four names, the double coset [01] must 


have at most five distinct single cosets. 

Now, N°! has four orbits on T = {to,t1,to,t3,ta}: {0}, {1,2,3,4}, {0}, and 
{1, 2, 3, 4}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length three given by w = tht i € {0,1}: Nip titoN, Nip ttiN, 
Nt ltytg'N, and Nig ‘ty N. 

But note that Ntj!titiN = Ntg'#?N = Nip lt,1N and Nig !tity'N = Ntp’eN = 
Nig. 

Moreover, by relation (5.2), since tit) = tp 1 => to lito = to cm sis 

= tpltito = toty! implies that Ntp‘tito = Ntot]', we have that Ntp‘titoN = 
Ntot;'N. That is, [01] = [010]. 

Similarly, by relation (5.2), since tito = tg ‘#71 = tp ltito = toto ‘ty: 

=> toltito = toty’ => to titoto = toty'to > to'titg’ = toty‘to implies that 
Nto tity’ = Ntot] ‘to we have that Ntj‘tito'N = Ntot;‘toN. That is, [010] = 
(010). 

Since Nijltjt:N = Niplz2N = Ntp't]1N, Ntp tit;(N = Ntj'eN = Niz‘N, 
Ntp‘titoN a Ntoty'N, and Ntp'tito'N = Ntot;toN, we need not consider 
additional double cosets of the form Ntp 1it#'N , 4 € {0,1, 2,3, 4}. 


. We finally consider the double coset Nto “tite IN. 

Let (010] denote the double coset Ntj ‘tito ‘NV. 

Note again that, by relation (5.2), since tytp = ig tee => ty tito = ee a => 
tp tite = tot, | => to ltitote = tot] ‘to > tg tito! = tot; ‘to implies that Ntg‘ttg* 
= Ntoty to we have that Ntp‘tit7'N = Ntot;‘toN. That is, [010] = 010). 

Note that Ntgtiitg'N = {Ntpttitgin | n € N} = {Nn-l'ptttp'n | n e€ 
N} = {N(to*tito*)" | n € N} = {Ntz'tjty* | 4,5 € {0,1,2,3,4},4 A J} = 
(Nits INE, tate | tp tala Nig tata NY on NE oh IN ae 
Ntyttaty1, Ntytoty!, Ntzltity!, Ntz taty', Ntpltaty’, Nt tots’, Ntz‘tit3’, 
Ntz tatz1, Ntzltaty', Ntp totz!, Ntz'tity!, Ntqtetz', Ntz tasty’, Ntot] ‘to, 
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Ntotz ‘to, Ntotz ‘to, Ntotz ‘to, Ntitg‘t1, Ntitgt, Ntitz ‘ti, Ntity!t1, Ntotp ‘te, 
Ntoty te, Ntotz ‘to, Ntoty te, Ntgtp ‘tz, Ntgty ‘ts, Ntgty ‘ts, Ntst ‘ts, Ntato ‘ta, 
Ntgty ta, Ntqtg ‘ta, Ntgty 't4} = {Neitz 't; | i, 7 € {0,1,2,3,4},1 4 9} 

= {N(tot[ to)" | n € N} = {Nn“ltoty ton |[n € N} = {Ntot] “ton | n € N} 

= Ntoty'toN. 

Now, by relation (5.4), (0 2 1)t('te = t7'to = (0 3 1)tz*ts = (0 4 1)t71ty and 
(0 2 1)t;ttety* = ty toty? = (0 3 1)tp’tsty? = (0 4 1)ty'tat]*. Similarly, by 
conjugation of these relations, (0 1 2)tgtetg* = to'titg’ = (0 1 3)tottstp* = 
(0 1 4)tpttyty+ and (0 1 2)tz1tt71 = tyttoty+ = (0 3 2)tz taty* = (0 4 2)tz tata" 
and (0 2 3)tz ‘tots! = tz tots} = (0 1 3)tz 'tt3 = (0 4 3)tz+tgtz! and 

(0 2 4)tzttetz? = tz totz? = (0 3 4tzttgtz = (0 1 4)ty tt7*. Finally, by rela- 
tion (5.3), tp’titg?-= ty toty? and [é7ttytp 7] 2 = ferteptyt] 2 => etney? = 
ty lets? and [tp http {]© 9) = fey tpt 1] 9 = tyttes! = ey tegty! and 

[to teity tO 4 = [ep ttt O49 = tetas? = ep teeyt. 

Therefore, the following single cosets, expressed in our short-hand notation, are 


equivalent: 


010 ~ 020 ~ 030 ~ 040 ~ 101 ~ 121 ~ 131 ~ 141 ~ 202 ~ 212 ~ 
232 ~ 242 ~ 303 ~ 313 ~ 323 ~ 343 ~ 404 ~ 414 ~ 424 ~ 434 
010 ~ 020 ~ 030 ~ 040 ~ 101 ~ 121 ~ 131 ~ 141 ~ 202 ~ 212 ~ 
232 ~ 242 ~ 303 ~ 313 ~ 323 ~ 343 ~ 404 ~ 414 ~ 424 ~ 434 


Since each of the forty singe cosets has forty names, the double coset [010] = [010] 


must have one distinct single coset. 


An alternative approach for determining the order of the double coset is as follows: 
We note that N(10) > yy010 — ((2 3), (2 4)) & S3. In fact, by relations (5.2), (5.3), 
and (5.4), N(to!tt9!)© ) = NtyMoty! = Ntjtttp! implies that (0 1) ¢ N09, 
and N(tp1ttp')© 1234) = Neyttoty+ = Ntp1titp' implies that (0 1 2 3 4) € 
N(0), Therefore, (0 1), (0123 4) € N@9, and so N9 > ((0 1), (0123 4))& 


Ss. Therefore, [noo > |S5| = 120. Now, by Lemma 1.4, |Ntg "tity ‘| = es < 
120 
a = I, 


120 
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Therefore, as we concluded earlier, the double coset [010] = [010] has at most one 


distinct single coset. 


Therefore, there are at most two double cosets of the form NwN, where w is a word 
of length four given by w = tte 4=0: Ntg tito toN and Nto ‘tito to +N. 
But note that Ntj‘tity‘toN = Ntp'tieN = Nig'tN. 

Moreover, by relation (5.2), since tyto = to‘t] + => tp ‘tito = to ‘tp tty * 

= toltito = tot’ > toltito’to’ = to tito = tot]! implies that Ntp*titj*tg* = 
Nto tito = Ntot,1, we have that Nto‘titpto'N = Ntp‘titoN = Ntoty'N. That 
is, [01] = {0100}. 

Since Ntp ‘tito ‘toN = Nip*tiN and Nig'titg1t7'N = Ntot;'N, we need not 
consider additional double cosets of the form Ntj ‘tito ara 4 € {0, 1, 2,3, 4}. 

In fact, since N (910) is transitive on the symmetric generators and since 

Nt ltito‘toN = Nto'titN and Ntg‘titgtj’N = Ntot] N imply that the double 
coset [0100] = [01] and the double coset [0100] = [01], we have completed the double 


coset enumeration of G over Ss. 


In total, therefore, there are at most 7 distinct double cosets of N in G and at most 42 
distinct right (single) cosets of N in G. The double cosets of N in G are as follows: [+], 
[0], [0], [01], [01] = [01], [01], and [010] = [010]. 


5.3 Cayley Diagram of G Over S55 


The Cayley diagram of G over Ss is illustrated in Figure 5.1. For a detailed explanation 


of the meaning of the component parts of a Cayley diagram, see Section 2.3. 
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Figure 5.1: Cayley Diagram of G Over Ss 


5.4 Action of the Symmetric Generators and the Genera- 
tors of Ss on the Right Cosets of G Over S5 


Let X denote the set of all (42) distinct right cosets of N in G, that is, let X = 
{N, Nto, Nti, Nto, Nts, Nts, Nto', Nty?, Ntz1, Ntz1, Ntz', Nto'ti, Nt, ‘to, Ntz ‘to, 

Nt3 ‘to, Nty1to, Ntot;!, Ntito’, Ntetp’, Ntsto', Ntato’, Ntoti, Ntote, Ntots, Ntota, 
Ntito, Ntite, Ntits, Ntita, Ntoto, Ntoti, Ntot3, Ntots, Ntsto, Ntgt1, Ntsto, Ntgta, Ntato, 
Ntgt1, Ntate, Ntatz, Ntot;‘to}. We define a mapping ¢: G —+ Sx so that ¢ maps a 
generator g € G to its action (by right multiplication) on X. That is, we define ¢ so that 
¢(9) = ¢(g) : X — X. Then the action ¢(t) ~ (to) of the symmetric generator t ~ to 


on the right cosets of N in G may be expressed as 
o(t) ~ $(to) = (* 0 0)(1 10 10)(2 20 20)(3 30 30)(4 40 40)(1 10 01) 
(2 50 02)(3 30 03)(4 40 04)(01 010 61), 


and the action ¢(z) ~ $((0 1 2 3 4)) of the generator x ~ (0 1 2 3 4) of Ss on the right 
cosets of N in G may be expressed as 


o(x) ~ $((01234)) = (0123 4)(6 123 4)(O1 12 33 34 40) (01 13 23 34 40)(01 12 23 34 40) 
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(02 13 24 30-41)(03 14 20 31 42)(04 10 21 32 43), 


and the action ¢(y) ~ $((0 1 2 3 4)) of the generator y ~ (3 4) of Ss on the right cosets 


of N in G may be expressed as 
o(y) ~ o((0 1 2 3 4)) = (3 4)(3 4)(30 40)(30 40)(03 04)(13 14)(23 24) 


(30 40)(31 41)(32 42)(34 43). 


Since there are 42 distinct right cosets of N in G, these actions may be written as permu- 
tations on 42 letters. In fact, the actions of the generators on the set of right cosets of N 
in G are equivalent to the permutation representations of the generators in their action 
on the right cosets of N in G. To better manipulate the permutation representations of 
the symmetric generators t; and the generators x and y, it is helpful to label the distinct 


single cosets of N in G as follows: 


(42) « (7) I (14) 30 (21) O1 (28) 14 (35) 32 
(1) O (8) & . (15) 40 (22) 02 (29) 20 (36) 34 
(2) 1 (9) 3 (16) OF (23) 08 (30) 21 (37) 40 
(3) 2 (10) 4 (17) 10 (24) 04 (31) 23 (38) 41 
(4) 3 (11) 01 (18) 26 (25) 10 (82) 24 (39) 42 
(5) 4 (12) Io (19) 30 (26) 12 (33) 30 (40) 43 
(6) O (13) 30 (20) 40 (27) 13 (34) 31 (41) O70 


Having labeled each of the 42 distinct right cosets of N in G, we may express the permu- 
tation representation of the symmetric generators t ~ to, t” ~ t, Poin to, wn tz, and 
t*" ~ tg, and the generators z ~ (0 1 2 3 4) and y ~ (3 4), in their action on the right 


cosets of NV in G as, respectively, 
d(t) ~ (to) : (42 1 6)(2 25 17)(3 29 18)(4 33 19)(5 37 20)(7 12 21) 


(8 13 22)(9 14 23)(10 15 24)(16 41 11), 

p(t”) ~ O(tr) : (42 2 7)(1 21 16)(3 30 18)(4 34 19)(5 38 20)(6 11 25) 
(8 13 26)(9 14 27)(10 15 28)(12 17 41), 

b(t®) ~ H(t) : (42 3 8)(1 22 16)(2 26 17)(4 35 19)(5 39 20)(6 11 29) 
(7 12 30)(9 14 31)(10 15 32)(13 18 41), 


o(t® ) ~ (ts) : (42 4 9)(1 23 16)(2 27 17)(3 31 18)(5 40 20)(6 11 33) 
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(7 12 34)(8 13 35)(10 15 36)(14 19 41), 
p(t) ~ (ta) : (42 5 10)(1 24 16)(2 28 17)(3 32 18)(4 36 19)(6 11 37) 
(7 12 38)(8 13 39)(9 14 40)(15 20 41), 
(x) ~ $((0 123 4)):(12345)(6 789 10)(11 12 13 14 15)(16 17 18 19 20) 
(21 26 31 36 37)(22 27 32 33 38)(23 28 29 34 39)(24 25 30 35 40), 
o(y) ~ $(3 4) + (4.5)(9 10)(14 15)(19 20)(23 24)(27 28)(31 32): 


(33 37)(34 38)(35 39)(36 40) 


5.5 Proof of Isomorphism between G and $7 


We now demonstrate that G & S7. 


Proof. To prove that G & S7, we must first show that (¢(z), d(y), d(t)) is a 
homomorphic image of G and that |G| = |(¢(z), é(y), (£))| = 5040 (from which we can 
conclude G & (4(x),¢(y), ¢(t))), and we must next show that (6(x),¢(y), ¢(t)) 

(from which we can conclude S7 is a homomorphic image of G and G = $7). 

We first show (¢(z), 6(y), (£)) is a homomorphic image of G and 
|IG| = |(¢(xz), o(y), o(t))| = 5040. From our construction of G using manual double coset 
enumeration of G' over Ss, illustrated by the Cayley Diagram in Figure 5.1, we concluded 
that group G defined by the symmetric presentation must contain a homomorphic image 
of N © Ss whose index [G : N] is at most 42: 
TIT ss IT ig cS a dN 
IN@} — [NO] [NO] — [NOD] 


LV | 
N(01) | 


LN | 


IN|. 
[nr] 


|.W(010) | = 


+ + 


[G: N]= + a +1 +) 


120 , 120 , 120 , 120 120, 120 , 120 
120 24 24 24 6 24" 120 
Since the index of N in G is at most 42, and since |G] = o -|N|, the order of the 
homomorphic image group G is at most 5040: 
IG) 
IN] 
We now consider (¢(x), d(y), d(t)). Note that (d(x), d(y), o(t)) is a group gen- 


erated by the permutation representations of the generators x, y, and t and, as such, it 


=14+5+5+5+20+5+1= 42 


IG] = Fy“ INI S42 IN| = 42-120 = 5040 = [G| < 5040 
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is a subgroup of the symmetric group S42 acting on the forty-two right cosets of N in G. 
We now show that (6(z), 6(y), 6(¢)) is a homomorphic image of G and, therefore, that 
IG| > |(d(x), 6(y), o(£))| = 5040. To show that (¢(x), (y), o(t)) is a homomorphic image 
of G, we first demonstrate that (¢(x),¢(y),¢(t)) < S42 is a homomorphic image of G. 
Now, recall that G = (a, y,t) is a homomorphic image of the progenitor 3*° : 55, and its 
presentation is given by 


G = (2,y,t| 2° =y? = (ye) = [zy = 8 = hy] = 9) = yl =e), 


where z ~ (01234), y~ (34), and t~ to, and N = (z,y) = Ss. Let 

a:G — ((x), 6(y), o(t)) be a mapping from G to (¢(z), o(y), o(¢)). We note first that 
the mapping a : G — (¢(z), d(y), &(t)) is well defined. The generators ¢(z), ¢(y), and 
g(t) are the permutation representations of z ~ (0 1 2 3 4), y ~ (3 4), and t ~ to on 42 
letters. Since the order of ¢(z) is 5, the order of ¢(y) is 2, and the order of $(z)$(y) is 4, 
we conclude (¢(x), d(y)) = N & Ss. Moreover, we can demonstrate that ¢(¢) has exactly 
five conjugates under conjugation by the elements of (¢(z), ¢(y)) = N = Ss. Now, since 


t ~ to, we have that 
$(t)9) ~ (to) MO 1 2 3 4) — [(42 1 6)(2 25 17)(3 29 18)(4 33 19)(5 37 20)(7 12 21) 


(8 13 22)(9 14 23)(10 15 24)(16 41 11)}*(( 128 4) — 
(123 45)(6 789 10)(11 12 13 14 15)(16 17 18 19 20)(21 26 31 36 37) 
(22 27 32 33 38)(23 28 29 34 39)(24 25 30 35 40)][(42 1 6)(2 25 17) 

(3 29 18)(4 33 19)(5 37 20)(7 12 21)(8 13 22)(9 14 23)(10 15 24)(16 41 11)] 
(1 5 43 2)(6 10 9 8 7)(11 15 14 13 12)(16 20 19 18 17)(21 37 36 31 26) 
(22 38 33 32 27)(23 39 34 29 28)(24 40 35 30 25)] = 
(42 2 7)(1 21 16)(3 30 18)(4 34 19)(5 38 20)(6 11 25) 

(8 13 26)(9 14 27)(10 15 28)(12 17 41) = 4(t:) ~ d(¢”) 


and similarly, 


P(E) ~w H(to) 0 123.97) = O(ta) ~ g(e) 


H(E)PR) ~ to) OO 1299) = Sts) ~ HE) 
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HEP) vw lta) MO 273 99 = b(t) ~ HE) 
Therefore, ¢(t) has exactly five conjugates under conjugation by the elements of 
(4(2), 6(y)) & N & Sp; these conjugates are, namely, d(t) ~ o(to), o(t?) ~ (tr); 
o(t”) ~ (te), H(t?) ~ P(tg), and g(t") ~ O(t4). Since (d(x), ¢(y)) & N & Ss and since 
@(t) has exactly five eotifugates under conjugation by the elements of (¢(x), (y)) = N, 
we conclude that (¢(x), 6(y), $(t)) is a homomorphic image of G = (z,y,t). That is, 
(b(x), 6(y), o(t)) is a homomorphic image of the progenitor 3*° : S5. 

Next, to show that (¢(z), @(y), (¢)) is a homomorphic image of G, we show that 
(d(x), 6(y), $(t)) is a homomorphic image of G factored by the relations (ryx~!yzt)® = e, 
(a~?yar7t)* = e, (t-47)? = e, and (ryxlyart-'t")? = e; that is, we we show that 
(d(x), ¢(y), ¢(t)) is a homomorphic image of the progenitor 3*° : $5 factored by the 
relations [(0 1 2)to]® = e, [(0 1)to]* = e, [tptti]? = e, and [(0 1 2)tp/ti]? = e. Let 
&:G — (¢(z), o(y), o(t)) be a mapping from G to (¢(zx), o(y), d(t)). We note first 
that the mapping & : G —> (¢(x), o(y), d(t)) is well-defined, and we know already that 
(¢(z), o(y), ¢(t)) is a homomorphic image of the progenitor 3*° : S5. Now, to show 
that (¢(z), 6(y), o(¢)) is a homomorphic image of G, we need only demonstrate that the 
relations [(0 1 2)to]® = e, [(0 1)to]|* =e, [tp ‘ti]® = e, and [(0 1 2)t>'t;]? = e, which hold 
true in G, also hold true in (¢(z), o(y), o(t)) < Sag. 

To demonstrate that the relation [(0 1 2)to]> = e, or, equivalently, the relation 
tytotetitg = (0 1 2), holds true in (¢(x), d(y), d(t)) < S42, we show that 
b(t1)b(to) (te) b(t1)b(to) ~ b(t?) $(t) b(t” )d(t®)(t) € Sag acts on the five symmetric 
generators ¢(to), $(t1), o(t2), (tz), and ¢(t4) by conjugation in the same way that 
#((0 1 2)) ~ ¢(zyx1yz) acts on the five symmetric generators ¢(to), P(ti), P(t2), (ts), 
and ¢(t4) by conjugation. We first conjugate the symmetric generators ¢(to), (ti), d(t2), 


(ts), and (ta) by $(t1)6(to)o(t2)$(t1)d(to). This gives us 


(ty) P02) (to) (ta) b(t )O(t0) = $(t1), 


(ty) PC) P(t) b(t2)O(ts (to) — O(ty), 
(ty) 90) 9 (to) H(t2) b(t OC) — B(tg), 
(tg) P(t )O(t0) b(t2)O(t1 )H(to) — p(t), 


b(t) PP (40) b (42) O42 )O(t0) = o(ts) 
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We next conjugate the symmetric generators (to), o(t1), d(te), o(t3), and (ta) by 
#((0 1 2)). This gives us 
Bto)MO 2?) = ot), 


(t,)© 1) = o(ty), 
(tg) 1 2)) — 4(to), 
(t3)% 1 2)) — g(ts), 
(tg) 12 = $(t4) 


Since $(t1)(to)o(t2)b(t1)P(to) ~ P(t*)O(t)O(#”) (7) P(E) € Sag acts on the five sym- 
metric generators ¢(to), o(t1), d(te), d(t3), and d(t4) by conjugation in the same way 
that ¢((0 1 2)) ~ d(xyxlyx) acts on the five symmetric generators $(to), o(t1), (te), 
@(tz), and ¢(t4) by conjugation, we conclude that the relation [(0 1 2)to]> = e, which 
holds true in G, also holds true in (¢(x), o(y), o(t)) < S42. By way of a similar process, 
we find that the relations {(0 1)to|* = e, [tj 7ti]? = e, and ((0 1 2)tp*ti]? = e also hold 
true in (6(x), 6(y), P(t)) < Sar. 

Since (¢(z), 6(y), ¢(t)) is a homomorphic image of the progenitor 3*° : S3, and 
since the relations [(0 1 2)to]> = e, [(0 1)to|* = e, [tp *ti]? = e, and [(0 1 2)tj'h]? = e 
hold true in (¢(z), &(y), 6(£)) < S42, we conclude that (¢(x), d(y), o(t)) is a homomorphic 
image of the progenitor 3*° : Ss factored by the relations [(0 1 2)to]° = e, [(0 1)to|* = e, 
[to’tiJ® = e, and [(0 1 2)t>'ti]? = e; that is, we conclude that (¢(zx), d(y), o(t)) is a 
homomorphic image of G. 

More importantly, since (¢(x), 6(y), ¢(¢)) is a homomorphic image of G, we 
have that (6(x), (y), é(t)) < G. In fact, since (¢(x), d(y), d(t)) < G, we have that 
|G] > |(d(a), o(y), O(t))|. Since it is easily demonstrated, with MAGMA or by hand, that 
\(d(x), (y), (t))| = 5040, we conclude finally that |G| > |(@(x), (y), o(t))| = 5040, that 
is, |G| > 5040. Given |G| < 5040 and |G| > 5040, we conclude |G| = 5040. Moreover, 
since |(¢(z), o(y), o(t))| = 5040 = |G| and since (¢(z), (y), o(¢)) is a homomorphic image 


of G, we conclude 


(o(z), $(y), ()) = G. 


We finally show that (d(x), d(y), 6(t)) = S7. Let Gy = (6(z), d(y), o(t)). Now, 
' with the help of MAGMA (see [BCP97]), we know that the elements a = (1 4 22 36 33 19 3) 
(2 6 27 41 39 24 13)(5 16 14 31 35 20 25)(7 29 10 8 34 42 32)(9 21 11 38 28 17 18) 
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(12 23 37 15 30 40 26), b = (5 11)(7 17)(12 24)(13 25)(18 31)(19 32) (26 33)(34 38)(35 41) 
(36 42)(39 40), and c= (1 23)(49 10)(5 12 13)(6 15 16)(7 18 19)(8 20 21)(11 24 25) 

(14 27 28)(17 31 32)(23 37 29) belong to G,. (Note: The labels for the right cosets in 
this case were assigned by MAGMA and are different from the labels that we assigned 
earlier.) Therefore, (a,b,c) < G1, a permutation group on 42 letters, is a permutation 
representation of G and, further, |G,| = 5040. But |(a, 6,c)| = 5040 = |G|. Therefore, 
G, = (a,b,c). Moreover, (a,b,c) & S7 & (a,b,cla? = b? = (ab)® = (a-7(ab)*)> = 
(a-bab)? = 3 = [e,b] = [c*,b] = [c*’,b] = e). Therefore, G, & Sz and, since 


G, = (6(z), o(y), o(t)) & G, we conclude G & Sy. 


5.6 Converting an Element of G from its Permutation Rep- 


resentation to its Symmetric Representation 


To illustrate how a permutation representation of an element of S7 on 42 letters may be 


converted to its symmetric representation form, we consider the following example: 


Example 5.1. Let g € G & Sy and let p = ¢(g) = (1 28 22 17 23 2 24 26 16 27) 

(3 10 35 42 40)(4 15 39 18 9)(5 32 8 19 14)(6 34 11 38 29 7 33 12 37 30)(13 20 31 41 36) 
(21 25) be the permutation representation of g on 42 letters. Then 42? = 40 implies 
NP = Ntgt3, since 42 and 40 are labels for the right cosets N and Nt4t3, respectively. 
Moreover, since N? = Np and N? = Ntatz, we have that Np = Nigt3. Now, Np = Ntatg3 
implies that p € Nt4gtz which implies that p ~ mt4tz3 for some 7 € N = Ss or, more 
precisely, p = b(rtats3) = $(1)b(ta)O(t3) for some  € N & Ss. To determine 7 € N, we 
note first that p = $(n)4(ta)b(ts) > p(d(ts)) (lta)! = pdlts)b(tz?) = d(m). We 
then calculate the action of 7 ~ $(7) = p¢(tz')$(t7") on the symmetric generators tj, 
where i € {0,1,2,3,4}. Now, o(x) = pd(tz*)d(t7') = 


[(1 28 22 17 23 2 24 26 16 27)(3 10 35 42 40)(4 15 39 18 9)(5 32 819 14) 


(6 34 11 38 29 7 33 12 37 30)(13 20 31 41 36)(21 25)][(42 4 9)(1 23 16) 


(2 27 17)(3 31 18)(5 40 20)(6 11 33)(7 12 34)(8 13 35)(10°15 36)(14 19 41)]~! 
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((42 5 10)(1 24 16)(2 28 17)(3 32 18)(4 36 19)(6 11 37)(7 12 38)(8 13 39) 
(9 14 40)(15 20 41)]~? 
= (1 2)(3 45)(6 7)(8 9 10)(11 12)(13 14 15)(16 17)(18 19 20)(21 25) 
(22 27 24 26 23 28)(29 34 37 30 33 38)(31 36 39)(32 35 40). 


The element a ~ (1) = po(tz!)o(tz*) = (1 2)(3 45)(6 7)(8 9 10)(11 12)(13 14 15)(16 17) 
(18 19 20)(21 25)(22 27 24 26 23 28)(29 34 37 30 33 38)(31 36 39)(32 35 40) acts on the 
right cosets Ntp, Nt, Nte, Nt3, and Nt, via the mapping ¢ : G —> Sx defined by 
o(x, Nw) = Nw”. The mappings below illustrate this action: 


Nig = 1 1? =2= Nt, Nt, =21 2? =1= Nobo, 


Ntz = 31 3? =4= Ni, Ntg = 4 4? =5 = Nia, 
Ntg =5+ 5? = 3 = Nto 
Therefore, the element ¢(7) acts as (0 1)(2 3 4) on the right cosets Nip, Nt1, Nto, Nts, 
and Nt4, and so ¢(m) is the permutation representation of m = (0 1)(2 3 4) € Ss on 42 


letters. Therefore, 7 = (0 1)(2 3 4) and w = tats, and so the symmetric representation of 
g is (0 1)(2 3 4)tats. 


5.7 Converting an Element of G from its Symmetric Rep- 


resentation to its Permutation Representation 


To illustrate how an element of S7 in symmetric representation form may be converted 


to its permutation representation on 42 letters, we consider the following example: 


Example 5.2. Let g € G & S7 have the symmetric representation g = (0 1)(2 3 4)tgts. 
To determine the permutation representation p= ¢(g) of g, we first calculate the action 
of x = (0 1)(2 3 4) on the right cosets of N in G. Now, the element a = (0 1)(2 3 4) acts 
on the right cosets N in G via the mapping ¢: G —> Sx defined by ¢(7, Nw) = Nw”. 


The mappings below illustrate this action: 


42=NiwHNODE34) — N= 42 


1= Nip NP VO3% — Nt =2 
2= Nt NEO VE349 — ney =1 
3=NipH NiO VEC34 — ne =4 
4= Nig NiO VER49 — ny =5 
5 = Ntgo NO VOC39 — Nb =3 
6= Nitti N(tp)© VC389 — NE =7 
7 = Ney! om N(tz71)@ 1)(2 3 4) _ Nts! 6 
8 = Ntyl N(tz1)@ VE34) = Nts! =9 
9 = Nts? 6 N(tz1)O VE 34 — Net! = 10 
10 = Ntz?  N(tz1)© VE 34 — nez =8 
11 = Ntptty 4 N (tpt) © VO 34 = NtT My = 12 
12 = Ntjhtp H N(tz1to)© VE 34) = Neoty = 11 
13 = Ntz1to ++ N(t'to)© E34 — Nezte, = Ntz'tp = 14 
14= Ntztto > N(tzttp)© V@34) = Nezt, = Ntzlty = 15 
15 = Ntz!tp + N(tz1tg)© VE 34 = Ntzte, = Ntz Mp = 13 
16 = Nigty + N(tot71)© DE 34) = Nett =17 
17 = Ntitp'  N(titp!)© YC 3 4) = Neptz7t = 16 
18 = Ntgty! + N(totp1)© VG 34 = Nesey! = Ntgtg! = 19 
19 = Ntgtg! + N(tgtp1)© VG 3 4 — Negty = Ntgtg! = 20 
20 = Ntgtp 4 N(taty?)© V@ 34 — Ntpty! = Ntgtz} = 18 
21 = Ntoty + N(toti)© YC 3 = Netyto = 25 
25 = Ntyty H N(tytp)© Y@34 = Ntoty = 21 
22 = Ntote + N(tote)© Y@34 = Netz = 27 
27 = Nttz3 + N(tit3)© V@3 4 = Ntoty = 24 


24 = Niotate N(tot4)© N23 4) _ Ntytq = 26 
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26 = Niytz + N(tytg)© VE 34) = Ntots = 23 
23 = Ntots + N(tot3)© VO 34 = Nett, = 28 
28 = Ntyts + N(tyt4)© DC 34) = Ntot, = 22 
29 = Ntoto + N (toto) VO 34 = Ntgt, = 34 
34 = Nigt, > N(tgt,)© VC 3% = Ntgty = 37 
37 = Ntgto H N(tato)© D3 4 = Ntot, = 30 
30 = Ntgty H N(tgty)© VE 34 = Ntgty = 33 
33 = Ntgtp H N(tgtp)© VE 34 = Nett, = 38 
38 = Ntat) H N(tat))© DC 34 = Ntoty = 29 
31 = Nigts H N(tgtz)© VC 34 = Nest, = 36 
36 = Ntgts + N(tgta)© 0PO3 4) = Ntgto = 39 
39 = Ntato + N(tate)© DE 34 = Ntots = 31 
32 = Ntots 4 N(tota)© VE 34 = Ntgte = 35 
35 = Ntgta + N(tgto)© D@3 4 = Ntgts = 40 
40 = Ntatz + N(tatz)© YC 34 = Ntots = 32 
41 = Nigt[1to + N(totytig)© VG34 = Netley = Ntot[ Mo = 41 


Therefore, the permutation representation of 7 = (0 1)(2 3 4) is 
(mr) = (1 2)(3 4 5)(6 7)(8 9 10)(11 12)(13 14 15)(16 17)(18 19 20)(21 25) 
(22 27 24 26 23 28)(29 34 37 30 33 38)(31 36 39)(32 35 40). 

Similarly, we calculate the action of the symmetric generator t, on the right 
cosets of N in G. The symmetric generator t4 acts on the right cosets of N in G 
via the mapping ¢ : G —> Sx defined by ¢(t4,Nw) = Nwt4. By this mapping, 
the permutation representation of t4 in its action on the right cosets of N in G is 
b(t4) = (42 5 10)(1 24 16)(2 28 17)(3 32 18)(4 36 19)(6 11 37)(7 12 38)(8 13 39) 
(9 14 40)(15 20 41). 

Finally, we calculate the action of the symmetric generator tz on the right cosets 


of N in G. The symmetric generator t3 acts on the right cosets of N in G via the 


85 


mapping ¢: G —> Sx defined by $(t3, Nw) = Nwts. By this mapping, the permutation 
representation of ¢3 in its action on the right cosets of N in G, therefore, is ¢(t3) = 
(42 4 9)(1 23 16)(2 27 17)(3 31 18)(5 40 20)(6 11 33)(7 12 34)(8 13 35)(10 15 36) 

(14 19 41). Now, (0 1)(2 3 4)tgtz ~ 6((0 1)(2 3 4)) b(t) O(t3) = 


[(1 2)(3 4 5)(6 7)(8 9 10)(11 12)(13 14 15)(16 17)(18 19 20)(21 25) 


(22 27 24 26 23 28)(29 34 37 30 33 38)(31 36 39)(32 35 40)][(42 5 10) 
(1 24 16)(2 28 17)(3 32 18)(4 36 19)(6 11 37)(7 12 38)(8 13 39)(9 14 40) 
(15 20 41)][(42 4 9)(1 23 16)(2 27 17)(3.31 18)(5 40 20)(6 11 33) 
(7 12 34)(8 13 35)(10 15 36)(14 19 41)] 
= (1 28 22 17 23 2 24 26 16 27)(3 10 35 42 40)(4 15 39 18 9)(5 32 8 19 14) 
(6 34 11 38 29 7 33 12 37 30)(13 20 31 41 36)(21 25). 


Therefore, the permutation representation of g = (0'1)(2 3 4)tat3 is 


p = $(g) = (1 28 22 17 23 2 24 26 16 27)(3 10 35 42 40)(4 15 39 18 9)(5 32 8 19 14) 
(6 34 11 38 29 7 33 12 37 30)(13 20 31 41 36)(21 25). 
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Chapter 6 


S7 x 3 as a Homomorphic Image of 


the Progenitor 3*° : Ss 


In this chapter, we investigate S7 x 3 as a homomorphic image of the progenitor 3*° : 55. 
The group 57 x 3 is the direct product of three copies of the symmetric group on seven 
letters; its order is 7! x 3 = 15120. The progenitor 3*° : Ss is a semi-direct product of 
3*5, a free product of five copies of the cyclic group of order 3, and Ss, the symmetric 
group on five letters which permutes the five symmetric generators, to, t1, ta, t3, and ta, 


(and their inverses, #2 = t9/, t? = ty}, #3 = t71, 8 = tz, and t? = tz’) by conjugation. 


6.1 Introduction 


Let G be a homomorphic image of the infinite semi-direct product, the progenitor, 


3*5: S;. A symmetric presentation of 3*° : Ss is given by 
~ 2 
G = (z,y,t| 2° =y? = (yz)* = [2,y) = 8 = [9] = [9] = 9] =e), 


where [z, y]® = zyzyzy, [t,y] = tyty, [t,y] = tyt*y, [es yl = t®’yt®’y, and e is the 


identity. In this case, N & Ss & (2, y | 2° = y* = (yz)* = [z, y]? = e), and the action of 


ile 


N on the five symmetric generators is given by x ~ (01234), y~ (3 4), andt~ tp. 


Let G denote the group G factored by the relations (yxt)® = e, (7147)? = e, 
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(cyxzlyaxt lt")? = e, and (x~?yxt)* = e. That is, let 


G 
(yat) ee)? (eye tyete te)? Ce eyart) 


A symmetric presentation for G is given by 
2 
(x,y, ¢ | ie, y, (yx)*, fare, [t,y], [ey], [sy], (yzxt)®, 
(t-14?)°, (cya yet *47)?, (2~?yx?t)). 
We now consider the following relations: 


[(0 1 2 3)to]® =e, 


[to ti]? =e, 
[(0 1 2)to tn]? =e, 
and 


[(O 1)to]*? =e. 


According to a computer proof by [CHB96}, the progenitor 3*° : Ss, factored by the rela- 

tions {(0 1 2 3)to]® = e, [tp *ti]* =e, [(0 1 2)tp‘ti]? =e, and [(0 1)to]"? = e, is isomorphic 

to S7 x 3. In fact, factoring the progenitor 3*° : Ss by the relation [(0 1 2 3)to]® = e alone 

suffices. We will construct S7 x 3 by hand by way of manual double coset enumeration 
3*5:5, 


of GS For 2 Swell Ta (0 1 Di ALLO Leak 
S7 x 3 is isomorphic to the symmetric presentation 


= over Ss. In so doing, we will show that 


2 
(x, y,t | 2°, y”, (yx)', [z, y]®, 2, [e, y), Le, yl, es yl, (yxt)®, 


(EMP), (oye tyot1e?)?, (a Pye) ), 


6.2 Manual Double Coset Enumeration of G Over Ss 


We first determine the order of the homomorphic image, G, of the progenitor. To deter- 
mine the order of the homomorphic image G, we will determine the index of N & Ss in G. 
We determine the index of N © Ss in G first by expanding the relations [(0 1 2 3)to]® = e, 
[to ‘ta]® = e, [(0 1 2)t7*t1]? =e, and [(0 1)to}!? = e, and next by performing manual dou- 
ble coset enumeration on G over N = Ss. To begin, we expand the relations that factor 
the progenitor 3*° : Ss: 

(0 1 2 3)to]® =e (6.1) 
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[tot]? =e (6.2) 
[(0 1 2)t>1t]? =e (6.3) 
[(0 1)to]’* =e (6.4) 


As mentioned above, relation (6.1), [(0 1 2 3)to]® = e, is required to determine the 
homomorphic image, G, of the progenitor, and the other relations can be derived from 
relation (6.1). We expand relations (6.1), (6.2), (6.3), and (6.4) in detail below: 


1. Let r= (0123). 


Then [(0 1 2 3)to|® = e > (rtp) ® =e > 

Tiottontontontonty = e => atontontonton?nltonto =e> 
ntontonton®n—1n-ltor?thtp = e > ntonton aan 34m th to =e 
> mtgn on glee lym tte te th ty =e> 
nollie gly Ee Ee th ty = 6 > Ot Ee Em tty =e > 
(012 3640 12 3)° 400 12 340 12 3)° 4(0 12 3)? 4(0 12 oe ss 

= (0 2)(1 3)4{° 12 3) 4e4(0 32 40 2)(1 3)400 123), es 

(0 2)(1 3)titotgtetito = e => (0 2)(1 3)titots = to ty 'tp?. 


Thus relation (6.1) implies that (0 2)(1 3)titots = to‘ty1t;’ or, equivalently, 
Ntytot3 = Ntp tee 1 That is, using our short-hand notation, 103 ~ 012. 


2. Now [to 1ti]? = e > [to tilftg’tiJ [tg ti] = e > to titottito't: =e > to tito’ 
fe iot, 
Thus relation (6.2) implies that t> lity a tr tot; or, equivalently, Nto lito ‘ 
Ntz'tot;*. That is, using our short-hand notation, 010 ~ 101. 


3. Let 7 = (0 1 2). 
Then [(0 1 2)tj*t]? =e > (to 't1)? =e > mtp*tinty'ti =e 
> meaty typ it =e=> 7 (to ti) tg =e 
=> (to!) ty ty = e > (0 1 2)2(tp 1) 1 D401 MeO = 
=> (0 2 1)ty tety tt = e > (0 2 1)t7 te = ty" to. 
Thus relation (6.3) implies that (0 2 1)t[4t2 = t[/4o or, equivalently, Ntyj*to = 
N ty ty: That is, using our short-hand notation, 12 ~ 10. ’ 
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4. Let r= (01). 


Then [(0 1)to]!2 =e > (ato)? =e 

=> Tiontontontontontontontontontontionty = e 

=> rtontontontontontontontontonton’n tonto = € 

=> ntontontontontontontontonton aa ltont? to =e 

=> rtontontontyntyntontynton tn nla ltt tito =e 

> ntomtontontontontonton nla bala lyn t te tm tty =e 

=> rtontontontontomton on tala alae lyn te te tt tt =e 

> ntontontontomton! lta leg ote tee Ee tty =e 

=> mtomtymtomtyn®a lata algae ig ER He EE Ae a a ty =e 
> mtyntomtyn® a Sty note te tT te te tt th to =e 

> ty mignon tyne te EO ED Ee te tm tty = € 

> toma Wty lOem” em en” em? an? ex’ em? en? emt, = € 

ae ggg gr gm ame Em Em ER ER ER ER ET ty — @ 

mp op LBgtt prt gx? aa? ex! pmo ym? ym’ gm? en? ee = @ => 

(0 1)22 #0 1)" #0 10 #0 1)9 40 1)* #0 A}? 400 1/6 ne 12 ‘0 1}4 40 1)8 £0 1)? ne 1) to 
= @ => et O Deep Vye4 Veg Veg Vye4 D4, — 

=> trtotitotitotitotitotito = e 

Siietite=t5 tte to 

Thus relation (6.4) implies that tytotitotitotito = ty to ‘ty ‘tp 1 or, equivalently, 
Ntytotitotitotito = Nt{/tp't] ‘to’. That is, using our short-hand notation, 
10101010 ~ 1010. 


We now perform manual double coset enumeration of G over 55. 


1. We first note that the double coset NeN = {Nen|ne€ N}={Nn|neN}={N}. 
Let [*] denote the double coset NeN. 
The double coset [+] has one distinct right coset: the identity right coset, Ne = 
{ne|nEN}=N. 


Moreover, since N © Ss is transitive on {0,1,2,3,4}, and since N © Ss is also 
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Therefore, there are two double cosets of the form NwN, where w is a word of 
length one given by w = t#4, i € {0,1,2,3,4}: NtoN and NtjN. 


2. We next consider the double coset NtpN. 
Let [0] denote the double coset NtoN. 


Note that N() > N° = ((1 2),(1 23 4)) & S4. Thus |N©| > |S4| = 24 and, by 


Lemma 1.4, |NtoN| = wo < 10 = 5. 


Therefore, the double coset [0] has at most five distinct single cosets. 

Moreover, N) has four orbits on T = {to, t1, to, tz, ta}: {0}, {1,2,3, 4}, {0}, and 
{i, 2, 3, 4}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length two given by w = ae t€ {0, 1}: NtotoN, NtotiN, Ntoto'N, and 
Ntot, \N. 

But, since NtptgN = NBN = Nto1N, and since Ntotg'N = NeN = N, we 
conclude that there are two distinct double cosets of the form N tot#1N , where 
i € {0,1,2,3,4}: Ntot,N and Ntoty!N. 


3. We next consider the double coset Ntg/N. 
Let [6] denote the double coset Ntp!N. 
Note that N© > N®((1 2), (1 23 4)) 


Lemma 1.4, |Ntj1N| = Woy < 10 = 5. 


IIe 


Sy. Thus I) > |S4| = 24 and, by 


Therefore, the double coset [0] has at most five distinct single cosets. 

Moreover, N©) has four orbits on T = {to, ti, ta, t3, ta}: {0}, {1,2,3,4}, {0}, and 
{1, 2,3, 4}. 

Therefore, there are at most four double cosets of the form NwN, where w is a word 
of length two given by w = tp ‘t*', i € {0,1}: Ntp'toN, Nto’tiN, Nig*tg'N, 
and Nt, 't;+N. But, since Ntj'to'N = Nt,j?N = NtoN, and since Ntj'toN = 
NeN = N, we conclude that there are two distinct double cosets of the form 


Nto‘t#1N, where i € {0,1,2,3,4}: Ntp'tiN and Ntp‘ty tN. 


4. We next consider the double coset Nigty'N. 
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Let [01] denote the double coset N tot; 1N : 


Now, by relation (6.3) and left multiplication, (0 2 1)t7 "to = t7*to > te(0 2 1)ty ‘te 
= tot) ty > (02 1)(0 1 2)to(0 2 1)t7 ta = totp tp > (02 1)10 ? Pep Me = tet] Mp > 
(0 2 1)tyt7 to = toty tp > (0 2 Leto = tot] to => (0 2 1)te = tot] ‘tp and, by right 
multiplication, (0 2 1)t2 = tet; to => (0 2 1)tetg? = tet[ toto’ => (0 2 1)teto* = 
tot; le => (0 2 1)tgtp! = tet, and finally by conjugation, (0 2 1)tetg' = tet’ > 
[(O 2 1)tty*}© 2 2) = figey 2 22) = (0 2 1)tpty? = tptg? > tot7? = (0 1 2)iotz?. 
Furthermore, [tot 1]? 9 = [(0 1 2)tota*]@ 9) = toty+ = (0 1 3)totz* and 

[tot *]@ 4) = [(0 1 2)toty*]@ 9 = toty! = (0 1 4)totz?. 


Therefore, by relation (6.3), tot; = (0 1 2)totz! = (0 1 3)totz = (0 1 4)totz'. 
That is, using our short-hand notation, we have 


01 ~ 02 ~ 03 ~ 04 


By conjugating the above relationship, we also have that 
iO 1D R19 id, 20 ~ 21 + 23 ~ 2, 


30 ~ 31 ~ 32 ~ 34, 40 ~ ATW 42 ~ 43 


Since each of the twenty single cosets has four names, the double coset [01] must 


have at most five distinct single cosets. 


An alternative approach for determining the order of the double coset is as fol- 
lows: We note that N@) > N°! = ((2 3)(3 4)) & S3. In fact, by relation (6.3), 
N(totz?)@ 2) = Ntotz! = Ntoty! implies that (1 2) € NOD, and N(toty*)@ 9) = 
Ntot3! = Ntotj* implies that (1 3) € NOD, and N(toty1)@ 9 = Ntotz' = Ntoty? 
implies that (1 4) € N©). Therefore, (1 2),(1 3), (1 4) € N@), and so NOD) > 
((1 2), (1 3),(1 4)) © Sg. That is, lwo] > [Su] = 24. Now, by Lemma 14, 


—1 = N 120 _ 
|Ntoty*N| = Noy < 120 = 5, 


Therefore, as we concluded earlier, the double coset [01] has at most five distinct 


single cosets. 


Now, N©D has four orbits on T = {to, t1, to, t3, ta}: {0}, {1,2,3,4}, {0}, and 
{1, 2,3, 4}. 
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Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length three given by w = tot, lt#!, i € {0,1}: NitotyltoN, Ntoty ‘tN, 


Ntotyto1N, and Ntot, ty! N. 


But, since Ntoty tN = NtpeN = NtoN, and since Ntot, ty +N = Ntot;°N = 
Ntot:N, we conclude that there are two distinct double cosets of the form 
Ntot|1t#1N, where i € {0,1,2,3,4}: Ntot;1toN and Ntotyto1N. 


. We next consider the double coset NtotN. 
Let [01] denote the double coset NtotN. 


Note that the relations [(0 1 2 3)to]® = e, [tg*ti]? = e, [(0 1 2)tp*t1]? = e, and 
[(O 1)to]}2 = e do not apply to the single cosets in the double coset NtotiN; there- 


fore, each of the twenty single cosets has one name. 


Since each of the twenty single cosets has one name, the double coset [01] must have 


at most twenty distinct single cosets. 


An alternative approach for determining the order of the double coset is as follows: 
We note that NO) > N° & $3 = ((23), (2 4)) & S3. Therefore, |N@| > |S3| = 6. 


Now, by Lemma 1.4, |Ntot,N| = ro < 120 = 99, 


Therefore, as we concluded earlier, the double coset [01] has at most twenty distinct 


single cosets. 

Now, NY has six orbits on T = {to, t1, ta, tg, ta}: {0}, {1}, {2,3, 4}, {0}, {I}, and 
{2, 3, 4}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length three given by w = totit#’, i € {0,1,2}: NtotitoN, NtotitiN, NtotiteN, 
Ntotity'N, Ntotity'N, and Ntotitz'N. 

But note that Nigt)t;!N = NtpeN = NtoN and Niotit:N = Ntot?N = Ntoty'N. 


Moreover, by relation (6.3), (0 2 1)t7 ‘te = ty] "to > te(0 2 1)t7 ‘te = tet] ‘to 

=> (0 21)(0 1 2)t2(0 2 1)ty tte = taty lt => (0 2 14) ? Mey Me = tty Mo 

=> (02 1tityt = tot Mo => (02 L)ety = toty to = (0 2 1)te = tot Mo 

=> (0 2 1)te = toty to > (0 2 1)toty! = tety toto? = (0 2 1)tetg’ = tety"e 

=> (0 2 1)totot = tety! > [(0 2 1)tetp 4G ® = [tet pt] 2) => (0 1 2)titp? = tit" 
=> to(0 1 2)tt9 | = totity* => (0 1 2)(0 2 1)to(0 1 2)titg* = totity* 
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=> (0.1 2)10 2 452 = totyty! > (0 1 2)trtytg! = totity? > (0 1 2)t7445? = 
totity| implies that Ntotity! = Nt{'tg’, and therefore Ntotity'N = Ntp‘t7'N. 
That is, [01] = [012]. 

Since Nigtity!N = NtoN, NtotitiN = Ntot{1N, and Ntotitz'N = Ntp't;'N, 
we conclude that there are three distinct double cosets of the form N’ totyt#.N : 
where 7 € {0, 1, 2,3,4}: NtotitoN, Ntotitg'N, and Ntotit2N. 

. We next consider the double coset Nto 1tN : 

Let [61] denote the double coset Nt *tN. 


Now, by relation (6.3), and by conjugation, (0 2 1)t7*t2 = ty to 

= [(0 2 1)tp te] Y = fey tto}© Y = (0 1 2)tp tte = tp +t and, by conjugation with 
elements of N & Ss, [(0 1 2)tp+t2]@ 9) = [tgtnJ@ 9) > (01 8)tp tts = tpt and 

((O 1 2)tg tte] ? = feo te]? © = (0 1 4)tg lta = tp th. 


Thus, by relation (6.3), (0 1 2)tp te = tot: = (0 1 3)tp1ts = (0 1 4)to ‘ta. 
That is, using our short-hand notation, we have 
01 ~ 02 ~ 03 ~ 04 
By conjugating the above relationship, we also have that 
es OO I0~ 12~ 13 ~ 14, 
20 ~ 21 ~ 23 ~ 24, 30 ~ 31 ~ 32 ~ 34, 
40 ~ 41 ~ 42 ~ 43 
Since each of the twenty single cosets has four names, the double coset [01] must 


have at most five distinct single cosets. 

Now, N) has four orbits on T = {to,ti,to,t3,t4}: {0}, {1,2,3,4}, {0}, and 
(7,3, 3,4}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length three given by w = ite i € {0,1}: Ntp titoN, Nto ‘titi, 
Nto'titg'N, and Nig tity +N. 
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But note that Ntp'titiN = Ntp'#2N = Ntp't,'N and Ntj‘tity;'N = Ntp'eN = 
NtgiN. Since Ntp'titiN = Ntp't2N = Ntp't[1N and Ntp'tit;'N = Ntj'eN = 
Nto 1N, we conclude that there are two distinct double cosets of the form 


Nto‘tit#'N, where i € {0,1,2,3,4}: Ntp‘titoN and Nig ‘tity'N. 


. We next consider the double coset Ntg/t7*N. 
Let [01] denote the double coset Ntp't;'N. 


Note that the relations [(0 1 2 3)tg]® = e, [tg ‘tJ? = e, [(0 1 2)tp’t:]? = e, and 
[(O 1)to]!2 = e do not apply to the single cosets in the double coset Ntp‘t,1N; 


therefore, each of the twenty single cosets has one name. 


Since each of the twenty single cosets has one name, the double coset [01] must have 


at most twenty distinct single cosets. 


An alternative approach for determining the order of the double coset is as follows: 
We note that NOD > No = ((2 3),(2 4)) & S3. Therefore, lve > [S3| = 6. 


Now, by Lemma 1.4, |Nt9‘t7'N| = slaty < 10 = 20, 


Therefore, as we concluded earlier, the double coset [01] has at most twenty distinct 
single cosets. 

Now, N(@) has six orbits on T' = {to, t1, ta, tg, ta}: {0}, {1}, {2,3, 4}, {0}, {7}, and 
{2, 3, 4}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length three given by w = to‘t;'t#1, i © {0,1,2}: Ntp'tyltoN, Ntp ‘tytn, 
Nig tt; an NG ty ig Nitya NEG tt WN. 

But note that Ntp't7tiN = Ntj'eN = Ntj'N and 

Nto'ty'ty'N = Ntoty?N = NtotiN. 

Moreover, by relation (6.3), (0 2 1)t74te = t7 to > t71(0 2 1)t[ tte = t7 ty ‘to 

=> (0 2 1)(0 1 2)t1—-1(0 2 1)ty te = ty tty tp = (0 2 1)(4j1)O 2 Dee = ep ty ty 
=> (0 2 1)tplty te = tytty to > (0 2 1)to tty te = tity implies that Ntp*ty ‘te = 
Ntito, and therefore, Ntj‘t7*t2N = NtotiN. That is, [01] = [612]. 

Since Ntplty1tiN = Ntj'eN = Nij'N, Nto'tylty'N = Ntp'ty?N = Ntp‘tN, 
and Nip *t ltaN = NtitoN, we conclude that there are three distinct double cosets 
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of the form Ntg lt; 't#1N, where ¢ € {0,1,2,3,4}: Ntplty7ttoN, Ntp ‘ty 'to*N, and 
Nig tp ta N. 

. We next consider the double coset N tot; toN P 

Let [010] denote the double coset Nigt; ‘to. 

Now, by relation (6.3), (0 2 1)t7 +t, = t7 to = (0 3 1)ty ‘ts = (0 4 1)ty ts and, by 
left multiplication, t9(0 2 1)t[ te = tot; 1to = to(0 3 1)ty ‘ts = to(0 4 1)ty ts > 
(0 2 1)(0 1 2)tp(0 2 1)t[*te = toty ty = (0 3 1)(0 1 3)to(0 3 1)tz"ts 

= (041)(0 1 4)to(0.4 1)ty tty > 10 ? Mtr tte = tot tty = 10 > Metts = 40 * Yer tey 
=> (0 2 1)tety te = toty to = (0 3 1)tgty tts = (0 4 1)t4ty ‘ts. Similarly, by conju- 
gation of these relations, (0 1 2)tatg lh = tytp 14 =(01 3)tgtp 1ts = (0 1 4)tato ‘ta 
and (0 1 2)t,t3‘t; = toty ‘to = (0 3 2)tgty tz = (0 4 2)tgt> tq and (0 2 3)tat3t2 = 
tots to = (01 3)titz ty = (0 43)taty ty and (0 2 4)toty ‘te = tot7 to = (03 4)tgty ts 
= (0 1 4)tit7't). Furthermore, by relation (6.2), to ‘tity! = ty {toty’ > titpt = 
tot[ ito and so [toty to] 2) = [erty tty] 2) = tet[ tte = tity 4ty and [tot{ to] 9 = 
[tity tty] 9) => tgtp tts = tytg tty and [toty itp] % = fertyteJO% => tgt7 "ty = 


tity th. 


These relations imply that: 
O10 ~ 020 ~ 030 ~ 040 ~ 101 ~ 121 ~ 131 ~ 141 ~ 202 ~ 212 ~ 
232 ~ 242 ~ 303 ~ 313 ~ 323 ~ 343 ~ 404 ~ 414 ~ 424 ~ 434 


Since each of the twenty single cosets has twenty names, the double coset [010] must 


have one distinct single coset. 


Therefore, there are at most two double cosets of the form Nw, where w is a word 
of length four given by w = toty tot#?, i= 0: Ntoty MtotoN and Ntoty toto iN. 
But note that Ntot[/totg'N = Ntoty'eN = Niot;'N and note further that 
Ntoty*totoN = Ntot, t2N = Ntoty'to'N. 

Since Ntotytotg!N = Ntot;leN = Ntot;!N and Nipoty*totpN = Ntot;t2N = 
N tol ty 1N, we need not consider additional double cosets of the form 

Ntoty tot#'N, where i € {0,1,2,3, 4}. 
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9. We next consider the double coset N tot, te IN, 
Let [010] denote the double coset Ntoty't>1N. 


Recall that in step 4 of our manual double coset enumeration, we determined, by 
relation (6.3), that tot; = (0 1 2)toty’ = (0 1 3)tot3' = (0 1 4)toty*. Now, by 
right multiplication, we find that toty!tj! = (0 1 2)totz1tg1 = (0 1 3)totz "tp! = 
(0 1 4)totttp?. 


These relations imply that: 
010 ~ 020 ~ 030 ~ 040 


By conjugating the relationship above, we find also that 


Since each of the twenty single cosets has four names, the double coset [010] must 


have at most five distinct single cosets. 

Now, N!) has four orbits on T’' = {to, ti, to, ts, ta}: {0}, {1,2,3,4}, {0}, and 
£1,2/3)4%: 

Therefore, there are at most four double cosets of the form NwN, where w is a word 
of length four given by w = tot; th te a € {0,1}: Ntot] to ‘toN, Niot] ‘toto 'N, 
Ntot ‘tg'tiN, and Ntoty‘tg‘t7'N. 

But note that Ntpty*tg‘tg'N = Ntot;1(to')?N = Ntoty‘toN and note further 
that Ntgt] ‘tg toN = Ntoty'eN = Ntot,'N. 

Moreover, by relation (6.3) and by left and right multiplication and conjugation, 
(0 2 1)ty lta = ty to > to(0 2 1)t[ te = tet tp => (0 2 1)(0 1 2)t2(0 2 1)t7*te 

= toty tp > (021)10 ? Mey tte = tot] My => (02 1)tit[ ty = toty tp > (02 Let = 
tot tp => (0 2 1)te = tot] "to > (0 2 1)te = tet] ‘to > (0 2 1)tetp! = tet] ltotg! = 
(0 2 1)toto+ = tety te => (0 2 1)toto+ = tet + > (0 2 1)tetg! = tety | = 

[(0 2 1)tgtp 2] 2 2 = [tot] 1 2) > (0 2 1)toty! = toty! > tot]! = (0.1 2)toty? => 
[eats] 2) = [0.1 2)tats JOD Stig = (02 Dats Shey te = 2 Diet" 
=> tytp1t7 to = (0 2 1)titz1t7?to. Further, by relation (6.3), (0 2 1)t7*te = ty "to > 


10. 
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t5'(0 2 1th = tt) to > (0.2 DO 1 2)t5'00 2 1th = yt to 


=> (0.2: 1)(ty*) ©? Dip tte = ty lty "to => (0 2 1)tite = tpt] "to => t1(0 2 1)tite = 


tity ty tp => (0 2 1)(0 1 2)t,(0 2 1tite = tity tty tp > (0 2 1)? Mtte = 
tity tty to > (0 2 1)totite = tity {ty to. Therefore, tity ty ‘to = (0 2 1)tity‘t7"to 
and (0 2 1)totit, = tity 1¢7 to imply that tt9 ty ‘to = (0 2 1)ti tz t7 to 

= (0 1 2)totjt2 and this implies, in turn, that Ntitp teh = Ntotite. Therefore, 
Ntot] ‘to ‘t1N = NtotiteN. That is, [012] = [0101]. 


Since Ntoty1tj1t7'N = Ntoty‘toN and Ntot] ‘tp !toN = Ntot,'N and 
N tot, ts 14,N = NtotitoN , we conclude that there is one distinct double coset of 
the form Ntoty tp 't#!N, where i € {0,1,2,3,4}: Ntoty'tp‘t71N. 


We next consider the double coset NigtitoN. 
Let [010] denote the double coset NiotitoN. 


By relation (6.3) and by conujugation and right and left multiplication, (0 2 1)t;1te 
St, pS 021 hhHt ht 02 1) SH oe Se Ol = 
ty ty tote > (0 2 1)(0 1 2)t71(0 2 1)ty +t? = titote 

=> (t71)02 Dertes! = tytote > (02 1tp ley tey? = trtote => [(02 Le tey te OY = 
[trtot]© 9 = (01 2)t7 4p tty? = totite > (02 1)(0 1 2)tz*tp1ty1 = (0 2 1)totite > 
ty ltgtez! = (0 2 Ltotite => tytep ty ley! = (0 2 1)totitety! => tp "tp ‘te 

= (0 2 1)toty => tyitylteto = (0 2 1)totito => ty ttp‘tetot]’ = (0 2 1)totitoty*. 
Also, by relation (6.3), (0 2 1)tj4te = t7'to > (0 2 1)t{tteto = t[ ‘toto > 
(0 2 1)ttteto = tyltp? => (0 2 1)ty'totote = ttt tt, > (0 2 Itz "tetoteto = 
ty to tate > (0 2 1)tyMtototetot,’ = tty tototy +. Now, ty ‘to ‘tetoty’ 

= (0 2 1)totitoty’ and (0 2 1)t7Mtototatoty | = ¢] tp ‘tetot]’ imply that 

(0 2 1)ty Mototatoty | = ty tp tetoty | = (0 2 1)totitoty + > (0 2 1)t[‘tetotetoty* 
(0 2 1)totitot, 1, and so (0 2 1)ty7tototetoty+ = (0 2 1)totitoty* 

(0 2 1)ty ttetotetoty tt, = (0 2 1)totytot[ t, > (0 2 Lt] tetotato = (0 2 1)totito > 
(0 1 2)(0 2 1)ty*tetoteta = (0 1 2)(0 2 1)totito => t] ‘tetoteto = totito > tit] tetoteto 
= tytotito > tototeto = titotito > tetotetotg’ = titotitotg’ > tetote = titoti. Fi- 


nally, by conjugation, [tgtote]? 9) = [ty tot]? 9) => tgtots = titoti and, also by 
conjugation, [tatote]? 4) — [titoty]? 4) tatota = tytoti => and so totote = tytoti 
and tgtotg = tytot, and tatot, = tytot, imply that totpte = tytoty = tgtotz = tatota. 


11. 
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These relations imply that: 
101 ~ 202 ~ 303 ~ 404 
Similarly, by conjugating the above relationship, we find that: 
010 ~ 212 ~ 313 ~ 414, 020 ~ 121 ~ 323 ~ 424, 


030 ~ 131 ~ 232 ~ 434, 040 ~ 141 ~ 242 ~ 343 


Since each of the twenty single cosets has four names, the double coset [010] must 


have at most five distinct single cosets. 

Now, N(©!0) has four orbits on T = {to,t1,te,t3, ta}: {0}, {1,2,3,4}, {0}, and 
{1, 3,3, 4}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length four given by w = totitot#+, i € {0,1}: NtotitotoN, Ntotitotp N, 
NtotitotiN, and Ntotitoty N. 

But note that NtotitotogN = N totitZN = Ntotitg 1N and note further that 
Ntotitoto'N = NtotieN = Ntot,N. 

Since NtotitotyN = Ntotito'N and Ntotitoty'N = NtotiN, we conclude that 
there are two distinct double cosets of the form N’ totitott1N , where i € {0, 1, 2,3, 4}: 
NtotitotiN and Ntotitot;'N. 


We next consider the double coset Ntotito IN, 
Let [010] denote the double coset Ntotitg’N. 


Recall that in step 4 of our manual double coset enumeration, we determined, by 
relation (6.3), that toty+ = (0 1 2)toty' = (0 1 3)totz? = (0 1 4)totz?. Now, 
by conjugating this relationship, we find that [toty‘]©@) = [(0 1 2)toty JOY = 
[(0 1 3)toty JOY = [C0 1 4)totg JO) = titg* = (0 2 tity’ = (03 1)htz* = 
(0 4 1)t,tz* and, by left multiplication, totyt7! = to(0 2 1)titz! = to(0 3 1)titg? = 
to(0 4 1)titz! > totito! = (0 21)(01 2)to(0 2 1)trty* = (03 1)(013)to(03 1)tity! = 
(0 4 1)(0 1 4)to(0 41)tytz! = totito? = (0 2 110 2 Petz? = (0.3 14 9 Met51 = 
(0 4 1) 4 Met7! > totity? = (0 2 1)tetity+ = (0 3 1)tgtity? = (0 4 1)tatitz?. 
These relations imply that: 


010 ~ 212 ~ 313 ~ 414 


12. 
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Similarly, by conjugating the above relationship, we find that 
101 ~ 202 ~ 303 ~ 404, 020 ~ 121 ~ 323 ~ 424, 


030 ~ 181 + 233 ~ 434, 040. ~ 141 ~ 242 ~ 343 


Since each of the twenty single cosets has four names, the double coset [010] must 


have at most five distinct single cosets. 

Now, N(1) has four orbits on T = {to, ti, ta, ta, ta}: {0}, {1,2,3,4}, {0}, and 
{1, 2,3, 4}. 

Therefore, there are at most four double cosets of the form NwJN, where w is a word 
of length four given by w = totitott*!, i € {0,1}: Ntotito*toN, Ntotitoto'N, 
Ntotitg'tiN, and Ntotytg ty NV. 


But note that Ntgtjtp‘to'N = Ntoti(tq')?N = NtotitoN and note further that 
Ntotitg'toN = NtotieN = Ntot,N. 


Moreover, by relation (6.2), t9 ‘tito! = ty ltoty’ => toltp ‘tito’ = tolty tot] => 
totitg! = tolty toty* => totito ti = to*ty ‘tot ‘t1 => totitp ti = tot] ‘to implies 
that Ntotito‘t, = Ntjltzlto. Therefore, Ntotitp'tiN = Ntp'ty‘toN. That is, 
[010] = [0101]. 

Since Niotitg‘tj'N = NtotitoN and Ntotity‘toN = Ntot,N and Ntotito ‘tN = 
Ntg't7!toN, we conclude that there is one distinct double coset of the form 


Niotits t#'N, where i € {0,1,2,3,4}: Ntottg ty; 1N. 


tu 
We next consider the double coset NtotitgN. 
Let [012] denote the double coset NtotiteN. 


Note that, by relation (6.3), (0 2 1)t]*te = ty 4tp > (0 2 1)t7 tote = t] tote > 
O21) =F hie 4 102 Date Sa be 

=> (021)(0 1 2)¢71(0 2 Ley tty? = titote > (471) 2 DeTleg! = tytote 

=> (0 2 1)tp ty #7! = titote and, by conjugation, [(0 2 1)¢q te; 1471] Y 

= [titote]© ) = (01 2)t7 "tp 1t7* = totite. This implies that Nt] *tgtz’ = Ntotite 
and, therefore, Ntj1t)1t7'N = NtotiteN Thus, NtotiteN = Ntp't;'t7'N. That 
is, [012] = [013]. . 
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Thus, note that NiotitaN = {Ntotiten | n € N} = {Nn-ltotiten | n € N} = 
{N(totite)” | n € N} = {Ntgtyt, | ,9,k € {0,1,2,3,4},i #7 AK} = {Nz ty *t;7 | 
i,j,k € {0,1,2,3,4},6¢ j Ak} = {M(t ty 'ty*)” | 2 © N} = {Nap ey "47 *0 | 
n€ N}={Nto'tytg'n| ne N}=Ntp'ty ty N. 


Now, by relation (6.3) and by right and left multiplication, (0 2 1)t[ te = t7to 

= (0-2 Dt tits = ty oie > 0-2 Dit =f bh = 202 Dey = 
t, ty Mote => (0 2 1)(0 1 2)é72(0 2 1)t7 ty? = trtote > (71) @ 2 Vel ey? = titote 
=> (0 2 1)tp tty lt? = titote > tp'tyty+ = (0 1 2)titote. Moreover, by rela- 
tion (6.1), (0 2)(1 3)titots = tp ltylty+, and so to+é[ tz’ = (0 1 2)titote and 
(0 2)(1 3)titots = tp ‘t7/tz1 imply that (0 2)(1 3)titot3 = (0 1 2)ti tote. Therefore, 
by conjugation, [(0 2)(1 3)titot3]© ) = [(0 1 2)titot,]© ) = (1 2)(0 3)totits = 
(0 2 1)totyte. By further conjugation, [(1 2)(0 3)totits]@ % = [(0 2 L)totyt2]8 9 => 
(1 2)(0 4)totits = (0 2 1)totite. Therefore, by relations (6.1) and (6.3), 

(1 2)(0 3)totytz = (0 2 1)totite = (1 2)(0 4)totits. 


Thererfore, in terms of our short-hand notation, these relations imply that: 
012 ~ 013 ~ 014 


Similarly, by conjugation, we have 


021 ~ 023 ~ 024, 031 ~ 032 ~ 034, 041 ~ 042 ~ 043, 

102 ~ 103 ~ 104, 120 ~ 123 ~ 124, 130 ~ 132 ~ 134, 

140 ~ 142 ~ 143, 201 ~ 203 ~ 204, 210 ~ 213 ~ 214, 

230 ~ 231 ~ 234, 240 ~ 241 ~ 243, 301 ~ 302 ~ 304, 

310 ~ 312 ~ 314, 320 ~ 321 ~ 324, 340 ~ 341 ~ 342, 

401 ~ 402 ~ 403, 410 ~ 412 ~ 413, 420 ~ 421 ~ 423, 
430 ~ 431 ~ 432, 430 ~ 431 ~ 432 


Since each of the sixty single cosets has three names, the double coset [012] = [012] 


must have at most twenty distinct single cosets. 
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Now, N(@!2) has six orbits on T = {to, ti, ta, t3, ta}: {0}, {1}, {2,3,4}, {0}, {T}, 
and {2, 3, 4}. 

Therefore, there are at most six double cosets of the form NwN, where w is a 
word of length four given by w = totytot#?, 4 € {0,1,2}: NtotitetoN, Ntotiteto LN, 
NtotitetiN, Ntotitet;N, NtotiteteN, and Ntotitety*N. 


But note that Ntotitet, 1N = NtotieN = Niot,N and, by relation (6.3), 
NtotitoteN = Ntotyt3N = Ntotitz'N = Ntp't;1N. 


Moreover, by relation (6.3) and by left and right multiplication, (0 2 1)t7*te = t7 to 
S(O Di hi =, ti > O2e by He Se 02h a = 
tot S02 1)0 12) O25 ty = eS 0 21) C2 eee = 
ist S02 Dh ah Se eS Oe hin, He Sa Da 
= tyty tty! > (02 1)(0 1 2)t (0 2 1)tytety! = tytg tty? > (0 2 1)(t1)© 2 Yiqtgtg? = 
tity tty! > (0 2 1)totitetg? = titg #71. This implies that Ntotitety! = Ntity*t{? 
and, therefore, Ntotitetg'N = Ntoty ‘tp N. That is, [010] = [0120]. 


Similarly, by relation (6.3) and by left and right multiplication and conjugation, 
(0 2 1)t7 te = ty to => te(0 2 1)t[ tte = tety ty > (0 2 1)(0 1 2)te(0 2 1)t7*te = 
toty}ty > (0 2 110 ? Mp Me = taty Mo > (0 2 1)tity te = tot? to = (0 2 Let = 
tot tig > (0 2 1)ta = tety tty > (0 2 1)te = tety ito > (0 2 toto’ = tet] ‘toto’ > 
(02 Lit; = tty eS 02 Lmty) St) (0 2 ets Sat = 

[(O.2 1)toty*] 22) = [ee tj t 2? S (0.2 1)tpty = pty! => tty’ = (01 2)toty* => 
[tot 1 ) = [(0 1 2)toty 4] YD => tty! = (02 tity? => htgtey? = (0.2 1)tity 7? 
= tytplt[tto = (0 2 1)tytz tz, and also by relation (6.3), (0 2 1)t]+te 
tr tty => #7 1(0 2 1)ty tte = tpt] to => (0 2 1)(0 1 2)87*(0 2 1)ty tte = tp tty > 
(0 2 1)(ty!)© 2 Vert, = ty ty1to > (0 2 1)tite = tht] to > t1(0 2 1)tite 
tyty tpt > (0 2 1)(0 1 2)ts(0 2 l)tite = tytp to > (0 2 11? Mato = 
tty ty to > (0 2 Itotit, = tity 4] to. Now, tytpt¢ytto = (0 2 Itty té7 to and 
(0 2 1)totite = tity #714 imply that tytglty to = (0 1 2)totite > titg ty tp! = 
(0 1 2)totiteto. This implies that Nt,tjty tp! = Ntotiteto and, therefore, 
Ntot; ‘to t7'N = NtotitotoN. That is, [0101] = [0120]. 


ll 


Similarly, by relation (6.3) and by left and right multiplication and conjugation, 
tytp ty lto = (02 1)titz ty to and (0 2 1)totite = tity ty ‘tp imply that tytp‘t71to = 


13. 
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(0 1 2)totite > tito ‘ty ‘tot; + = (0 1 2)totitet; 1. Now, by relation (6.2), tg tity’ = 
tyltoty) > totitg’ = to ty tot | > titotitot = tity ‘ty tot] '. Therefore, 
tytp ty tot; = (0 1 2)totitety! and tytotytp! = titg 47 ttoty! imply that tytotit>? 
= tytg1t[ttot7! = (0 1 2)totitety! and this implies, in turn, that Ntitotitg’ = 
Ntotitoty'. Therefore, Ntotitot;1N = Ntotitot;1N. That is, (0101] = [0121]. 


Finally, by relation (6.3) and by conjugation and right and left multiplication, 
(0 2 1)t[tte = ty tp > [(0 2 1)ty tt] ) = ft pttorbrack ) => (0 1 2)tp te = 
ig ty => tg} (0 1 Q)tp ht, = toteg te => (0 1 2)(0 2 1)tp1(0 1 2)ép te = tot 

=> (0 1 2)(t71)© 1 Dtotte = tot: > (0 1 2)t7 tp te = tot: > (0 1 2)t7tp tote = 
totit, => (0 1 2)tttp tty? = totite => (0 1 2)t7 {tg 1ty*t, = totrtet, and, also by 
relation (6.3) and conjugation and left and right multiplication, (0 2 1)t['t, = 
tyltp => t2(0 2 1)tytte = tot to > (0 2 1)(0 1 2)to(0 2 1)t[ tte = tety to > 
(0 2 1/10 ? Mer Mty = toty to + (0 2 1)tity te = toty tp > (0 2 Leto = tety to = 
(0 2 1)to = tot{ to > (0 2 1)tg = tot] to > (0 2 1)tetp! = tetytotp’ = 
(0 2 1)tots! = toty te => (0 2 1)tatg? = taty! => [(0 2 1tety 1] 1) = [toe 1 9) 
=> (0 2 1)toty! = totg? > tot[? = (0 1 2)toty! > tetoty’ = to(0 1 2)toty? = 
totot;! = (0 1 2)(0 2 1)ta(0 1 2)toty! > tototy! = (0 1 2)te 1 4toty! = tototy! = 
(0 1 2)totots! = tototy? = (0 1 2)tg ty’ => tetoty tt: = (0 1 2)tg ty *t => toto = 
(0 1 2)to tty ht, > to tate = t91(0 1 2)tp ty t = to tato 

= (01 3)0 2 1)tg (Gl Day ts tke et SO 1 2G Oe a a SS 
ig tteto = (0 1 2)tyttptég ti. Now, (0 1 2)¢7*to't> "ti = totitet, and tj ‘toto = 
(0 1 2)¢7+¢>1t3+t1 imply that t7teto = (0 1 2)ty ‘tp tty *t: = totitet: => ty teto = 
totitgt; which implies that Nt> ‘toto = Ntotiteti. Therefore, Ntotit2t:N 

= Ntj'titoN. That is, [010] = [0121]. 

Since NtotitetazN = Ntotit3N = Ntotity'N = Ntj't;'N and 

Ntotitety'N = Ntot,N and Ntotitetp'N = Ntotytp'N and 

NtotitatoyN = Ntoty*tg ‘ty 'N and Ntotitet:N = Ntp'titoN and 

N totitet; 'N = N totitot; 'N , we need not consider additional double cosets of the 
form Ntotitet*'N, where i € {0, 1, 2,3, 4}. 


We next consider the double coset Ntp ‘ty ttoN. 


Let [010] denote the double coset Nig*ty ‘tol. 
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Now, by relation (6.3), and by left multiplication, (0 2 1)t7+t2 = t[1to > 

ig (0.2 Lite te = ty ty to S 2 1)(0:12)457(02 Dee = b= 

(0 2 1)(t77)@ 2 Dertte = totes to > (0 2 1tzlty tt, = tp 47 to. Note further 
that [(0 2 1)tz tty toJ@ 3) = feptey tt}? 3) => (0 3 1)tgttytts = t7tt]"to and 
(O-2 Tete e| A = Tipe tol S04 De ea Se tg, Thay by 
relation (6.3), (0 2 1)t;1t[ ‘te = toltylto = (0 3 1)tz{ty ts = (0 4 tg ty ts. 
These relations imply that: 


010 ~ 212 ~ 313 ~ 414 

Similarly, by conjugation, we find that 

101 ~ 202 ~ 303 ~ 404, 020 ~ 121 ~ 323 ~ 424, 

030 ~ 131 ~ 232 ~ 434, 040 ~ 141 ~ 242 ~ 343 
Since each of the twenty single cosets has four names, the double coset [010] must 
have at most five distinct single cosets. 
Now, N(19) has four orbits on T = {to,t1,to,t3, ta}: {0}, {1,2,3,4}, {0}, and 
{1, 2, 3, 4}. 
Therefore, there are at most four double cosets of the form NwN, where w is a word 


of length four given by w = fig tate 4 € {0, 1}: Ntp ty 'totoN, Ni, te tote Ns 
Nto ty totiN, and Ntp ‘ty tot; NV. 

But note that Ntj1tytotoN = Ntg ley ZN = Ntp'ty'to'N and 

Nt ty ligt 'N = Nip ltjteN = Nip liy Nn. 

Moreover, by relation (6.2), tj ‘titj! = ty tot; => totitg’ = to 1¢7‘toty’ implies 
that Ntp lt; ltot; 1 = Ntotitg!. Therefore, Ntg‘t;ttoty*N = Ntotitj'N. That is, 
[010] = [0107]. 

Similarly, by relation (6.2), tp tito? = ty ‘toty’ => totito* = tp 1ty tot; 

=> totitp ty’ = tp’ty tot: implies that Ntj‘t7 ‘tot, = Ntotitg‘t,’. Therefore, 
Nto'ty ‘tot: N = Ntotitp't71N. That is, [0101] = [0101]. 

Since Nig ltyltotoN = Ntpltyttg!N and Nto‘ty"totg'N = Ntg't7'N and 
Ntg ty tot[1N = Ntotitg'N and Nto't]*totiN = Ntotito't;'N, we need not 


14, 


104 


consider additional double cosets of the form Nto 1 EY ; 
where i € {0,1, 2,3, 4}. 


We next consider the double coset Ntj!ty"tp1N. 


Let [010] denote the double coset Ntg'ty71to1N. 


Now, by relation (6.3) and by left and right multiplication and conjugation, 

(0 2 1)t[ te = ty tty => to(0 2 1)tp tte = tet ttp > (0 2 1)(0 1 2)te(0 2 1)tp "te 
toty ito > (0.2 1)te ? Mt Me = tot] to > (0,2 1)tyt] My = tot] Mo => (0 2 lets 
tot; ito => (0 2 1)to = tet] to > (0 2 1)te = tety to > (0 2 1)teto’ = tety ‘top’ > 
(0 2 1)totg? = tety te => (0 2 1)totp’ = tot, + => (0 2 1)tetg* = tet] => 

[(O 2 1)taty 1 + 2) = fegee tO 12) = (0 2 1)toty! = toty! => toty* = (0.1 2)toty! > 
tots OD [Ot Q)tats JO) tity S02 Dh SS ay es = C2 Da 
=> tty tt{ to = (0 2 1)titz ty tt. Also by relation (6.3), (0 2 1)t7'te = t[ ‘to > 
t31(0 2 1)t[ tte = tp 1t[ tp > (0 2 1)(0 1 2)t71(0 2 1)ty te = tty tp > 

(02 1)@1)0 7 Me tt — ty ep te => (02 tits = ty tt S HO 2 Dat = 
tty ty Mp => (0 2 1)(0 1 2)t(0 2 1)tite = tty lep'tp > (0 2 110? Mate = 
tty ltplto => (0 2 1)totite = tytyty'to. Now, tito‘ty'to = (0 2 1)titz ‘ty "to 
and (0 2 1)totitg = tit>/t]%o imply that tytj‘¢]+to = (0 1 2)totite. Moreover, 
by relation (6.3), tit91t71to = (0 1 2)totite > tito ty ltoto = (0 1 2)totiteto > 
tito ley tpt = (0 1 2)totiteto, and tytitp*¢7 to = t1(0 1 2)totite > t7 tpt] ‘to = 
(0 1 2)(0 2 1)t1(0 1 2)totite > tp ttp tty tty = (0.1 2)tO? Ptotite => e7teg ty tty = 
(0 1 2)tototite > [tp tty tty +tp]© 1 2) = [(0 1 2)tatotite]© 12 > tyttp tig thy = 

(0 1 2)totitato. Therefore, tytp ‘ty +tj = (0 1 2)totiteto and tat; ty 1t = 

(0 1 2)totyteto imply that t,t>1¢+#p! = (0 1 2)totiteto = tpt, tz1t1. Now, by 
conjugation, we have that [t,tp't71tj+]© 9) = fegteptegte|O 9 => testey ty? = 
Bee end it, te eC Sia ef ol Ste tt Se 
andsotjis tt ts St fb heh fe St ye mally tity ty 
= tot ipth = népleplg? = meqleytey) and tép lt lp? = (0 1 2)totiteto = 
ts ty ty ¢1 imply that t:t;‘t7'tz' = (0 1 2)totiteto and so, by conjugation, 
[tats ‘ty tz *]@ 9 = [(0 1 2)totrteto]® 3) = tity ty ty’ = (0 1 3)totitsto > 

(0 3 1)tyty*t7"#>? = (0 3.1)(0 1 3)totitsto > (0 3 1)tity ty ty’ = totitsto > 
(03 2)(03 1)tity tt, tty" = (0 3 2)totitsto > (0 2)(1 3)tity tty? = (03 2)totitsto. 
Now, by relation (6.3) and by right and left multiplication, (0 2 1)t[1te = t71to > 
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(O02 1)ty tote = 27 ‘tote > (0 2 Dey ty! Hep tote S 4710 2 tp Sty ty tote 
=> (0 21)(0 1 2)t71(0 2 1)ty tty = tytote > (t77)© 2 Dep ty = titote 
=> (0 2 ltt; ty" = trtote => tpty7t7’ = (0 1 2)tztote. By relation (6.1), 
(0 2)(1 3)titots = tot] ‘tp 1, and so tot; 4ty+ = (0 1 2)titote and (0 2)(1 3)titots = 
to cee 1 imply that (0 2)(1 3)tztotz = (0 1 2)tytota. Therefore, by conjugation and 
right multiplication, [(0 2)(1 3)t:tots]© 2) = [(0 1 2)tytote] ) => (1 2)(0 3)totit3 = 
(0 2 1)totit2 > (1 2)(0 3)totitsto = (0 2 1)totiteto > (0 2 1)(1 2)(0 3)totitsto = 
(0 2 1)(0'2 1)totitato > (0 3 2)totitgto = (0 1 2)totiteto. Therefore, 
(0 2)(1 3)tt>ttpte7+ = (0 3 2)totitgto and (0 3 2)totitsto = (0 1 2)totiteto im- 
ply that (0 2)(1 3)tit7ty'ty’ = (0 1 2)totitato, and (0 2)(1 3)ttg ty "ty = 
(0 1 2)totytotp and tytpltyttp? = (0 1 2)totiteto = to tty tty ty, = tity tty tt3) = 
tit) tt, ) imply thettytg tp tp? = (0 2)(1 Bits te ey Stites tp tg = 
tity ty ty. Wherefore; tit, tr tf SOD te eh Hh ty te ty 
=H i Now ity ig ES ht ee Sa eh 
ty ltptty tty! > tito tyttp ty? = ty 't71t7' and so, by conjugation, 
[step tes] 2) = [este tegtep © 2 = eteyteg? = tity yey tty. 
Since tito t¢y to t4y! = (0 2)(1 3)tity ey 1t7't7+, we have that (0 2)(1 3)tg*ty1tg* 
= (0 2)(1 3)tytg tty ttgtey? = ep teytep ey? = epteytey!. Similarly, by conjuga- 
tion; [tse] ty CS laity hy tp ee Se ee Sto tp ta ‘Since 
tip tg tf St tee we havethat A ty ty Stith ty ty = ae 
Finally, by conjugation, [tz'tytty]@ © = [itp ty tp yp GY => tpt tty? 
= ttoleyplep ttyl. Since tip ty ttptey’ = tg eytty', we have that ty*¢y't," = 
tito ty ‘tp ty! = ty1t, 1491. By further conjugation, [(1 2)(0 3)totits]% 4 = 
[(O 2 1)totyte]@ => (1 2)(0 4)totitg = (0 2 1)totite. Therefore, by relations (6.1) 
and (6.3), (1 2)(0 3)totitg = (0 2 L)totit2 That is, by relations (6.1) and (6.3), 
(0 2)(1 8)totty "to? = ty ty; tty’ = tyttyttgt = tyt) ty". These relations imply 
that: 

O10 ~ 219 ~ 313 ~ 4d 


Similarly, by conjugation, we find that 
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Since each of the twenty single cosets has four names, the double coset [010] must 


have at most five distinct single cosets. 


Now, N19 has four orbits on T = {to,t1,to,t3, ta}: {0}, {1,2,3,4}, {0}, and 
{1,2,3,4)- 

Therefore, there are at most four double cosets of the form NwN, where w is 
a word of length four given by w = iy te tote i € {0,1}: Ntpltytig ton, 
Nts tt ty NANG eh tN, and Nig ey apes: 

But note that Ntp‘tyttgttg’N = Nig't7)(to')?N = Nto't]‘toN and note further 
that: Nin ty ty oN Bi ep eN SNS tN. 

Moreover, by relation (6.3) and by left and right multiplication and conjugation, 
(0 2 1)t[ tte = ty 1tp => to(0 2 1)t[ te = tety tp > (0 2 1)(0 1 2)to(0 2 1)ty +t, = 
tot tty => (0 2 1)t0 ? YeT My = toty to > (0 2 1)tyt7 lta = tot] Mo > (0 2 Leta = 
tot; to => (0 2 1)to = tot to => (0 2 1)te = tety to > (0 2 1)teto! = tet totp’ > 
(0 2 1)tety’ = tetyte => (0 2 1)tato’ = tet[! > (0 2 1)tetg* = tety' = 

[(O 2 1)toty 1] 1 2) = fegey 7] 12) = (0 2 1)toty | = toty’ = toty' = (01 2)toty* > 
[tot *]© Y = [(0 1 2)toty]© YD = trtp? = (02 Itty! > title t = (02 Ltitzt7" 
=> tytp lt] to = (0 2 1)tyty1t71to. Also by relation (6.3), (0 2 1)t{+te = ty tp > 
#57(0.2 1)t) “ta = tht to > (0 2 10 1 2)e77(0 2 Ley te = ty ey to > 

(0:2 10,7) 07 Ete = ite. (0:2 hits = t) 147 to S 002 Die = 
tyty ty tp => (0 2 1)(0 1 2)t1(0 2 1tite = tty t7tp > (0 2 1)C 7? Mt = 
tity ty to > (0 2 1)totite = tity *t) ‘to. Now, tito ty+to = (0 2 1)tity*t7 "to and 
(0 2 1)totyte = tity 1t¢[4to imply that tytj1¢7to = (0 1 2)totite > tititp ty "to = 
t1(0 1 2)totita > typ tty tte = (0 1 2)(0 2 1) (0 1 2)iptite => tp leg ley tt 
(0 1 2)t 0 > totite = #715147 to = (0 1 2)tototite and this implies, in turn, that 
Nt tg tito = Ntototit2. Therefore, Nto‘ty‘tp't1N = NtotitotoN; therefore, 
since Ntot; ‘tp 1t;1N = NtotitotoN and since Ntpty'tg'tiN = NtotitetoN, we 
conclude that Nto't71tg‘t1N = Ntoty'tp't71N. That is, [0101] = [0101]. 


I 


Since Ntp‘ty'to'tg'N = Nto't7*toN and Ntpty1tp'toN = Ntg'ty1N and 
Nto'ty'to'tiN = Ntoty'to‘t,'N, we conclude that there is one distinct double 
coset of the form Ntpltyttg##1N, where i € {0,1,2,3,4}: Ntgley totes’. 


15. We next consider the double coset Nt lhtoN : 
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Let [610] denote the double coset Nig *titoN. 


Now, by relation (6.3), (0 2 1)t7t2 = t7 to = (0 3 1)t7+ts = (0 4 1)t7 44 and, by 
right multiplication, (0 2 1)t] ‘tet, = t[*tot: = (03 1)t[ttsti = (04 1)t7 tat). Sim- 
ilarly, by conjugation of these relations, (0 1 2)tp ‘toto = to ‘tito = (0 1 3)tpttsto = 
(0 1 4)tpttato and (0 1 2)tz*tite = ty ltote = (0 3 2)tz+tgte = (0 4 2)tz tate and 
(0 2 3)tz+tot3 = tg tots = (01 3)tz*tits = (0 4 3)tz tats and (0 2 4)tz tots = 
tz tots = (0 3 4)tz1t3tq = (0 1 4)t71tyt4. These relations imply that: 


010 ~ 020 ~ 030 ~ 040 
Similarly, by further conjugation, we find that 
101 ~ 121 ~ 131 ~ 141, 202 ~ 212 ~ 232 ~ 242, 


303 ~ 313 ~ 323 ~ 343, 404 ~ 414 ~ 424 ~ 434 


Since each of the twenty single cosets has four names, the double coset [010] must 


have at most five distinct single cosets. 


Now, N©!) has four orbits on T = {to,t1, to, t3, ta}: {0}, {1,2,3,4}, {0}, and 
241, 2:3.4a¥: 

Therefore, there are at most four double cosets of the form NwN, where w is a word 
of length four given by w = te titgte 4 € {0,1}: Nto‘titotoN, Nis titots NV, 
Nto‘titotiN, and Nt titotyN. 


But note that Ntp‘titotoN = Ntj'tit2N = Ntp'tito'N and note further that 
Ntp'titoto 'N = Ntp'tieN = Nt ‘tN. 


Moreover, by relation (6.3) and by conjugation and left and right multiplication, 
(0 2 1)t[ +t, = ty tp => to(0 2 1)t[ te = tet] ‘to > (0 2 1)(0 1 2)to(0 2 1)ty “te 
toty tp > (0 2 1)te ? Yep tte = tot ty > (0 2 1)tity te = tot] to => (0 2 1)ety 
tot; to => (0 2 1)te = tot tp => (0 2 1)te = taty to > (0 2 1)teto’ = tety toto’ > 
(0 2 1)toto? = tety*e > (0 2 1)teto? = tot; + > (0 2 1)tetp’ = tet] > 

[(O 2 1)toty]@ 1 2) = fees} 1) = (0.2 L)toty! = totg! = tot’ = (01 2)éptz! => 
tytot;? = t1(0 1 2)toty’ => titoty? = (0 1 2)(0 2 1)t1(0 1 2)toty* > titoty? = 
(0 1:2)? apts? = trtoty! = (0 1 2)tototy! > to ltitoty? = t71(0 1 2)tetotg? > 
ty ttytoty! = (01 2)(0 2:1)tp1(0 1 2)tatoty ? => tp titoty! = (01 2)(tg*)© + tototz? 


HT 
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=> tylytoty! = (0 1 2)tyMtetots? > (0 1 2)tptatoty’ = (0 1 2)(0 1 2)ty7*tototy* => 
(0 1 2)to +t tot; = (0 2 1)t7*tetots? and, also by relation (6.3) and right multipli- 
cation, (0 2 1)t7 tg = t, tp > (02 1)tytteto = t7 toto > (02 1)t7 toto = tp tg! > 
(0 2 1)ty‘tetoty? = ty tp ‘tz! and, also by relation (6.3) and by conjugation and 
left and right multiplication, (0 2 1)ty te = ti to => (02 1)ty tate = ty tote > 
(02 Depts = af tote S 27002 ayy = tf PhS 

(0 2 1)(0 1 2)t,*(0 2 1)é7 ty? = tytote > (t7')© ? Yep ty! = titote > 

(02 1)t5 ey tt! = titpte => [(02 tp ttz ty 1] © Y = [ertote]© Y => (01 2)t [Teg h ey? 
= totyte > (02 1)(0 1 2)t,ttp ty = (0 2 1)totite => ty tp ty’ = (0 2 1)totite and, 
therefore, (0 1 2)tj1titot;? = (0 2 1)ty7{tetotg! and (0 2 1)t)“tetoty* = ty tp ‘ty’ 
and t,ttp #3! = (0 2 1)totite imply that (0 1 2)tj*titoty’ = (0 2 1)t7tototy* = 
ty tots! = (0 2 1)totite = (0 1 2)tp'titoty’ = (0 2 1)totite which implies 
that Ntp ltitoty + = Niot ite and which implies, in turn, that the double cosets 
Nto‘titot; N = Ntotit2N. That is, [012] = [0101]. 

Similarly, by relation (6.4), ty¢otitotitotito = t, to tity, 1 and, by relation (6.2) 
and by left and right multiplication, tg+tt7? = t7*toty? > to tito +t = ty toty ti 
=> tolntolt: = t[ to > toto tito tt = toty to > tito ty, = tot[ to > titito’h = 
tytot; to => tptigtth. = titoty tp > tp olint: = titoty toh: => t7tiptey’ = 
tytot] Mot, > tplepleplg? = tytoty Utotity}. Now, titotitotitotito = ty ‘tg ty tg’ 
and tyltjteyttg! = titoty totitp? imply that titotitotitotito = ty to t7'to* = 
tytot| ttotitp! which implies that titotitotitotito = titoty ‘totitp > > 

ty tytotitotitotito = ty titot] ltotito | => totitotitotito = tot; totitg’ > 

to totitotitotito = to tot] ‘totity) => titotitotito = t[ totitg’ => tytitotitotito = 
ty My lotitp! => totitotito = titotito? => totitotitoto’ = titotitg ‘to? => totitotr 
tytotito > totitotity! = titotytoty | > totito = titotitoty | => t]‘totito = 

ty tytotitoty' => ty ltotito = totitoty!, and so this implies that Nt]‘totito 
Ntotitot;*. Therefore, Nt{‘totitoN = Ntotitot;'N. That is, [0101] = [0101]. 


Since Ntj‘ttotoN = Ntp1tyt2N = Ntjltitp1N and Ntp‘titoto'N = Ntp‘tieN = 
Ntg'tiN and Ntp'titoty'N = NtotiteN and Ntp‘titotiN = Ntotitoty'N, we 
need not consider additional double cosets of the form Nt tt tote N , where 7 € 
{0, 1, 2,3, 4}. 


16. We next: consider the double coset Ntg*tytg'N. 


17. 
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Let [010] denote the double coset Ntg*tity'N. 


Recall that in step 6 of our manual double coset enumeration, we determined, by 
relation (6.3), that (0 2 1)t;'te = ty'to = (0 3 1)tj ‘ts = (0 4 1)t[ ts. Now, 
by right multiplication, we have (0 2 1)t7 Metz! = ty ltoty+ = (0 3 1)tyttsty} = 
(0 4 1)¢7 ‘gt. Similarly, by conjugation of these relations, (0 1 2)to*tetj? 
tptyto? = (0 1 3)tp testo? = (0 1 4)épltgtg! and (0 1 2)tp +H e571 = ty +toty! 
(03.2)t5 tata | = (0.4 2)t5 tata and (0 2 3)t5 tety! = ty tots ' = (01 3)tz tt! = 
(0 4 3)t3 ‘tats! and (0 2 4)tz ‘tet’ = tz totz! = (0 8 4)tz'tatz! = (0 1 ez tyez!. 
Finally, by relation (6.2), tj 'tito’ = ty {toty]! and [tg ttitp 1] 9 = [eg toty]© 9 => 
tality? = ty toty! and jeg tty] ® = [epee] {© 9 = tp tues! = ty tgt7? and 


[tg tity} 9 = [ey *tot J 9 = tytttz! = t71tat7’. These relations imply that: 


I] 


Since each of the twenty single cosets has twenty names, the double coset [010] must 


have one distinct single coset. 


Therefore, there are at most two double cosets of the form NwN, where w is a word 
of length four given by w = to ‘titgt#1, i= 0: Ntp*titptoN and Ney tity th: 
But note that Ntp'titg'tgN = Ntj'tieN = Ntj't,N and note further that 
Ntoltitgttg1N = NtptitoN. Since NtgttitgltoN = NtjltieN = Nip'tiN and 
Nig tit, ea IN=N to letoN , we need not consider additional double cosets of the 
form Ntjltito‘t*#1N, where i € {0, 1,2, 3, 4}. 


We next consider the double coset Ntoty ‘tp t+. 
Let [0101] denote the double coset Ntoty ‘tg ‘ty7'N. 


Note first that, by relation (6.3) and by left and right multiplication and conjuga- 
tion, (02 1)t7 tt, = ty to => to(0 2 1)ty te = tety to => (021)(0 1 2)t2(0 2 L)t7 "te = 
tot to => (02 1)10 > Me My = toty to > (0 2 Ltity te = tot] to > (0 2 Lets = 
tot; to => (0 2 1)te = tot to => (0 2 1)te = tet +to > (0 2 1)tetp’ = tety totg' > 
(0 2 1)totp? = tety te > (0 2 1)tetp! = tet{! => (0 2 1)tetp! = tet]! > 
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[(0 2 1)tgt5 1] } 2) = [tot *]© 12) > (0 2 1)toty! = toty! > tot] = (01 2)toty’ > 
[toty 2] D = [(0 1 Q)toty 1] Y > tyep? = (02 1)tity? => eto ley? = (02 Ltty ey! 
=> tytplty to = (0 2 1)tit>lty1to, and also by relation (6.3), (0 2 1)t]‘t2 = 
tp lto > t71(0 2 Lip tte = tp tey tg > (0 2 1)(0 1 2)tg1(0 2 Dep te = ty ey ty > 
(0 2 1)(t71)© 2 Verte = tyre lig > (0 2 Ltite = tylty tp > t1(0 2 tite = 
tytyltyMto > (0 2 1)(0 1 2)ti(0 2 l)tite = tty pp > (0 2 1/10? Paty = 
tity tt{ tp > (0 2 1)totite = tity ty ‘to, and so tity ‘ty ttp = (0 2 1)titz*t]+to and 
(02 1)totite = tity {ty ‘to imply that tytg ty "to = (0 2 1)tity ty ‘to = (01 2)totite > 
tito tt[ to = (0 1 2)totite => ttp ty 1tg+ = (0 1 2)totiteto and this implies, in turn, 
that Nt,to't71t91 = Ntotiteto and thus Ntot, ‘tp ty 1N = NtotitetoN. 


Similarly, by relation (6.3) and by left and right multiplication and conjugation, 
(0 2 1)t7 tte = ty tty => to(0 2 1)t[ tte = tety tp > (0 2 1)(0 1 2)te(0 2 Ltz7 te = 
toty tty > (0 2 1)te ? Pep "te = tot7 Mo > (0 2 tity My = tety to > (0 2 Leta = 
toty tp => (0 2 1)to = tet to > (0 2 1)te = tot tp > (0 2 1)toto! = tet] toto’ > 
(0 2 1)totp! = toty le = (0 2 1)toto’ = tot’ > (0 2 1)tetp! = tet; => 

[(0 2 1)toty 1] 2 2) = [tote 01 2) = (02 1)toty = toty! > tot7? = (01 2)toty! > 
[toty 2] = [01 2)toty 4] ) > tty = (02 Ltitg! > nto tey! = (02 Ltitz ty? 
=> tito ty to = (0 2 1)titz1¢7"to, and also by relation (6.3), (0 2 1)tj'te = 
to => t71(0 2 1t7 te = ty tey tg => (0 2 1)(0 1 2)tz1(0 2 1)tp tte = 4 tty => 
(0 2 1)(t3")@ 2 Ytrtte = tytty to > (0 2 1)tite = ty t7"to => t1(0 2 1)tite = 
tyt typo > (0 2 1)(0 1 2)t(0 2 1)tite = tty epto > (0 2 1)t0? Mate = 
tity t[hto > (0 2 1)totite = tyt74t] to, and so tytg ty 4to = (0 2 1)titz't] "to and 
(0 2 1)totit, = tity ‘ty to imply that titplt71to = (0 1 2)totite => tititg ty 'to = 
t1(0 1 2)totyte > ty ttptty to = (0 1 2)(0 2 1)ti(0 1 2)totite > ty tot] to = 
(0 1 2)t0 + totite => t7 M4747 Mo = (0 1 2)tototrte and this implies, in turn, that 
Ntylto'ty1to = Ntetotite and thus Nig*ty'to'tN = NtotitetoN. 

Therefore, since Nigt; tp t71N = NtotitetoN and since Ntplty1tg‘tiN = 
NtotitatoN, we have that Ntjlt['to't1N = Ntot;‘to't71N. We conclude there- 
fore that Ntot]‘tp't;'N = Ntg't('to'tiN = NtotitoetoN. That is, [0101] = 
[0101] = [0120]. 

Hence note that Nigt7 tj tty1N = {Ntotyttptyin | ne N} = {Nn-Moty tp lty'n 
| n € N} = {N(toty ty ty*)” | n EN} = {Ntity?t; 457 | 4,7 € {0,1,2,3,4},1 A 
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J} = {Nt ey tey ty | 4,7 © {0,1,2,3,4},6 A J} = {N (tp ey 'tp ti)” | ne N} = 
{Nn-lpltyltottin | n € N} = {Ntpltyttpttin | n © N} = Ntp ty tp'tiN 
{Ntjtytyti ijk € {0, 1, 2,3, 4}, AGF k} = {N (totiteto)” | ne N} 
{Nn7ltotitaton | n € N} = {Ntotiteaton | n € N} = NtotitotoN. 


Il 


Now, by relation (6.3) and by left and right multiplication and conjugation, 

(0 2 1)ty ht, = ty to => to(0 2 1)tp te = tety tty > (0 2 1)(0 1 2)te(0 2 1)t7*te 
tot tty > (0 2 1)10 2 Me My = toty ty S (0 2 1)tity te = tot] to > (0 2 Leto = 
tot{ tp > (0 2 1)te = toty tp > (0 2 1)te = tat] to > (0 2 1)tetp’ = tety toto’ > 
(0 2 1)toty! = tet be > (0 2 L)taty! = taty! = (0 2 1)tetg! = tet]? = 

[0.2 L)tgtyt]@ 2 2 = fege sty 1 2) => (0.2 L)totyt = toty) > toty! = (0.1 2)toty! = 
[tot 0 D = [(0 1 2)toty]© YD = tity! = (0 2 1)tity! > wep ey? = (02 Ditz +e? 
=> tytplty to = (0 2 1)titz!t714to, and also by relation (6.3), (0 2 1)t71te = 
ty itp => t71(0 2 Lty tte = ty lty to => (0 2 1)(0 1 2)tg1(0 2 Leyte = ty #7 to > 
(0 2 1)(t52)@ 2 Dep tte = typ ttn => (0 2 Ltite = tp lty to > t1(0 2 1)tite 
tity ty tp > (0 2 1)(0 1 2)t(0 2 Itt, = tty tty to > (0 2 10? MA = 
tity ty to => (0 2 1totite = tity t,t, and so tito ty to = (0 2 1)titz*t7 ‘to 
and (0 2 1)totitg = tity‘ty'to imply that titp‘t[+to = (0 1 2)totite. Moreover, 
by relation (6.3), titg‘ty+to = (0 1 2)totite > titg ty toto = (0 1 2)totiteto > 
tyto lez tig? = (0 1 2)totiteto and tytitot71to = t1(0 1 2)totite = tp ‘tp ty] ‘to 
(0 1 2)(0 2 1)t(0 1 2)totrte => tty tty to = (0 1 2)t 0? Ptotyte => tp leg te Mo 
(0 1 2)tototite > [ty tep testo} 12 = [(0 1 2)tatotrte] 12 => eptey tp hh = 
(0 1 2)totytato. Now, tit t7 to’ = (0 1 2)totiteto and ty*t] ‘ty ‘ty = (0 1 2)totitato 
imply that t,¢j‘ty+tg+ = (0 1 2)totiteto = tyty'tg’t. By conjugation, we 
see that [tt5 t,t) 19) = [ey OS ae ee ea es and 
eta te a Oe = ee OS te Sas ee ean So 
bie te Stet, i hat, t,t Shir Ge Pinal, ity et 
iis nS hi ty eS i tp en fit tt SO Te Dini 
tyt7ty‘t, imply that t,t3/t7/tz’ = (0 1 2)totiteto. Therefore, by conjuga- 
tion, [tty tty tts]? 9) = [C0 1 2)totiteto]? 2) => wtp teytty’ = (0 1 3)totitsto > 
(0 3 1)tsty4t7 445? = (0 3 1)(0 1 3)totitsto > (0 3 1tity't[ tp! = totitsts > 
(03 2)(0 3 1)tyty ty ‘ty’ = (0 3 2)totitsto > (0 2)(1 3)tity ty] 'ty* = (0 3 2)totitsto. 
Now, by relation (6.3) and by right and left multiplication, (0 2 1)t[ te = t] tp > 


Il 


Il 
l] 


II 
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(0 2 1)t[ tate = ty tote => (0 2 1)tplty = tp Mote > t71(0 2 1)ty tg’ = ty 4] ‘tote 
=> (0 21)(0 1 2)t74(0 2 1)ty tty) = tytote > (t71)© 2 Vel tegt = titote > 

(0 2 1)totty #51 = titote > tp ltytez! = (0 1 2)titote and, by relation (6.1), 
(0 2)(1 3)titotg = tot, ‘ty’, and so to t7 #51 = (0 1 2)titote and (0 2)(1 3)titots = 
tot; 1ty1 imply that (0 2)(1 3)titotz = (0 1 2)ti tote, and so, by conjugation and 
right multiplication, [(0 2)(1 3)tytotg]© ) = [(0 1 2)tytot2] ) > (1 2)(0 3)totits = 
(0 2 1)totite => (1 2)(0 3)totitsto = (0 2 1)totitets > (0 2 1)(1 2)(0 3)totitsto = 
(0 2 1)(0 2 1)totytoto > (0 3 2)totitgto = (0 1 2)totitoto. Therefore, 

(0 2)(1 3)ttztey tty? = (0 3 2)totitgto and (0 3 2)totitsto = (0 1 2)totiteto im- 
ply that (0 2)(1 3)tityt#y1451 = (0 1 2)totiteto, and (0 2)(1 3)titpttptty* = 
(0 1 2)totitety and titpey4t>1 = (0 1 2)totiteto = tyltp light: = ttgley'tg* = 
ity ty ty? imply that’ tits 4)4to* = (0 201 Sata tte ey tity ee 


= t,t; 't7 1471. These relations imply that: 
1010 ~ 1212 ~ 1313 ~ 1414 


Similiarly, by conjugation, we find that 


Since each of the twenty single cosets has four names, the double coset [0101] = 


[0101] = [0120] must have at most five distinct single cosets. 


Now, N(!0l) has four orbits on T’ = {to,t1, to, tg, ta}: {0}, {1,2,3,4}, {0}, and 
{i, 2,3, 4}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length five given by w = hie ts tty i € {0,1}: Ntoty'to ‘ty ‘toN, 
Ntoty to ‘ty to’ N, Ntotyttg ty tN, and Niotyttgtey "ty 1N. 

But note that Nioty'tp1t;'tiN = Ntoty’to'eN = Ntoty;'to'N, and note fur- 
ther that, by relation (6.3) and by left and right multiplication and conjugation, 
(0 2 1)t[*t. = t[+to > to(O 2 1)t [tte = tety tp > (0 2 1)(0 1 2)t2(0 2 Ltp*te = 
tot ty > (0 2 1)10 ? Mt Me = tot] to > (0 2 1)tity te = tat[ tp > (0 2 Nets = 
tot[ tp > (0 2 1)te = tot ttp > (0 2 1)te = tety tp > (0 2 1)totg’ = tet] ttotg? => 
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(0 2 1)tety’ = tet; te > (0 2 1)tety’ = tet] ’ => (0 2 1)tetp' = tety* => 

[(O 2 1)toty*}© 2 2 = ftot 1} 1 2) = (0 2 L)toty! = tty! > toty! = (01 2)toty? > 
[tot ]© Y = [0.1 2)toty JOD S tg? = (02 Daty! > utp lteyt = (02 Ititz*ty! 
=> tytoty'to = (0 2 1)tity't7'to, and also by relation (6.3), (0 2 1)t}‘t2 = 
tytty => t71(0 2 1jty te = ty tty tp > (0 2 1)(0 1 2)t52(0 2 1)t[ tte = ty lty to = 
(0 2 1)(ty')© 2 Yetta = tye ttp => (0 2 1tite = ty ltytto > t1(0 2 1)tite 
tity tty Mtp = (0 2 1)(0 1 2)t(0 2 1tite = tityleplto > (0 2 110? tte = 
trtz ty lto => (0 2 1)totyte = tity 1471p, and so tito ‘ty to = (0 2 1)titz ty ‘tp 
and (0 2 1)tptite = tytg4t] ‘to imply that tytj1t>4to = (0 1 2)totite. Therefore, 
Ntoty ig ty 'ty1N = Ntoty!to't:N = NtotitoN. That is, [012] = [01011] = 
(0701). 


Moreover, by relation (6.3), tits tr to = (0 1 2)totit2 > tty ty toto = 

(0 1 2)totitety > tito ty ttg! = (0 1 2)totytoto and titty ty to = t1(0 1 2)totite => 
tle ley to = (0 1 2)(0 2 1)ti(0 1 2)totite > ty tp ley ty = (01 2)¢0* Petite > 
trltgltptto = (0 1 2)tatotite => [ty ito tty tte] 12) = [(0 1 2)tototr ta] 1?) = 
ty ity tty 't: = (01 2)totiteto, and so t1to 147149? = (0 1 2)totiteto and ty ty ty "ty = 
(0 1 2)totitoto imply that tytot¢y4t>1 = (0 1 2)totiteto = tpt, 1ty‘t, which im- 
plies, in turn, that tito ‘¢;+#p! = (0 1 2)totiteto = tytty ty tty => titotty told = 
(01 2)totytetot, = tp tty leg ttt, > titg ty ltp lt, = (0 1 2)tptitetots = tpt 'tpt7?. 
Therefore, tytj1t) ‘tg ti = tp {ty ‘tz ‘t7* implies that Ntytg/t74to ‘ti = 
Ntztyty't,'. Therefore, Ntoty ‘tj 1t71toN = Ntp‘t) ‘tp 'ty’N. That is, [0101] = 
[01010]. 

Similarly, by relation (6.3), tity ‘ty ‘to’ = (0 1 2)totiteto = ty ty ty hh => 
His th SOL hth Sot a i Shits EG = 

(0 1 2)totitetot; | = ty *t71ty1. Therefore, ttt; ‘tp t;+ = ty‘t]1t7* implies that 
Nits ttt, = Nts ty ty Therefore, Nigt) iy tig NS NE tT tN 
That is, [010] = (01010). 

Since Nigt; to ‘ty *toN = Ntp't]*to't7'N and Ntoty‘to‘tyto'N = Ntj'ty'tg‘N 
and Ntot;‘to‘t7'tiN = Ntoty'to'N and Ntoty‘to‘t7't]'N = Ntoty'tj'tiN = 
NtotiteN, we need not consider additional double cosets of the form 
Ntoty‘to'tyt#1N, where i € {0, 1,2, 3, 4}. 


114 


18. We next consider the double coset NtotitotiN. 
Let [0101] denote the double coset Ntotitoti N. 


By relation (6.3) and by conujugation and right and left multiplication, (02 1)t7 tz = 
ty lto => (0 2 1)t[ tote = tp tote > (0 2 1)tp leg! = ty tote > #770 2 Dep ey = 
tt tts SS 0 2 Ol Det Oe Stitt SG ee = 
titote > (0 2 1)tpteyttg? = titote > [(0 2 1)eptete OY = [ertoty]O0 => 
(0 1 2)ty tp 45) = totite > (0 2 1)(0 1 2)t7 tp ty! = (0 2 1)totite > ty tp ty’ = 
(02 1)totit, => (021)(01 2)t7 "tp tty ty* = (0 2 1)totatetz’ > (021)(01 2)t71tp te 
= (0 2 I)toti + (0 2 1)(0 1 2)t7 tptteto = (0 2 I)totito > t] tp tetot]’ = 
(0 2 1)toti tot; !. Also by relation (6.3), (0 2 1)t7'te = ty tp > (0 2 1)ty7+teto = 
ty toto => (02 1)ty toto = t7 tp! > (02 L)tytetote = ty tp te > (02 1)t7 ‘tototeto 
ty to ltoto > (0 2 1)tltetotetoty! = ty ltpttetoty!. Now, t7 ‘tp tetoty? = 
(0 2 1)totitoty* and (0 2 1)ty+tetotetoty | = t[ tp ‘tetot’ imply that 

(0 2 1)t7 {tototetoty! = ty tp tetoty* = (0 2 1)totitoty! > (0 2 1)t7tetotetot]+ 

(0 2 1)totitoty 1, and so (0 2 1)ty*tetotetoty? = (0 2 1)totitoty? > 

(0 2 1)t7ltototatoty tr = (0 2 1)totytoty +t, => (0 2 1)t7tetoteto = (0 2 1)totito > 
(0 12)(0 2 1)t7*tototaty = (0 1 2)(0 2 1)totito > t]tatoteto = totito > tit] tototato 


= titotito = tetoteto = titotito. Moreover, by conjugation, [tatoteto]? 9) = 

[titotito]@ %) = tgtotsto = titotyty and, also by conjugation, [tetoteto]@ “) = 

[titotito]@ “) => tytotaty = titotyto. Therefore, tetgtaty = titotito and t3totsto = 
ttotito and t4totaty = trtotito imply that tetoteto = titotito = tgtotsto = tatotato. 
Therefore, by conjugation, we see that [tototeto|© ) = [tytotrto]© Y = [tgtotsto]© Y 
= [égtotato]© ) => totytoty = totitot, = tgtitst, = tatytat, and [tototety] 2? = 
[tytotyto]© 2) = [tgtotgto]© 2) = [tatotaty]© 2) > totetote = titotite = tgtotgt, = 
igtotate and [tgtoteto]© 8) = [tytoty to] 3) = [tgtotgto]© 3) = [tatotato]© §) = totgtets 
= tytgt)tg = totgtots = tatgtgtz and [tgtoteto]© *) = [tytotito]© © = [tgtotgto]° ? = 
[tatotato]© %) => totatots = tytatits = tatatgty = totatpts. Finally, by relation (6.4), 
ttotitotitotito = t7*tp*ty to’ and, by relation (6.2) and by left and right multi- 
plication, to*titj’ = t]*toty) => to titott: = ty toty tt, => to tito t = t7'to > 
toty ‘tito iti = toty to => tito 't: = tot] to > titito t, = titot] to > t] tg ts = 
tytoty ‘to => ty to ltiti = titoty tot: => ty tot] = titoty tot => t] ‘tg ty tp’ = 


tytoty ‘totitg +. Now, titotitotitotito = t7 tpt ttg! and ty to‘ ty "to* = 


19. 
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titoty Mtotity’ imply that tytotitotitotito = t] ‘tp ‘ty to = titot] ‘totitg + which im- 
plies that tytotitotitotito = titoty ‘totito! > ty ltitotitotitotito = ty titoty totitg* 
= totitotitotito = tot, ‘totitp) => to totitotitotito = to tot; totitg’ => titotitotito 
= ty Mtotitg! => ty trtotitotito = tL ty totitg | > totitotito = titotito’ > 

totytotitotp! = tytotitg to! => totitot, = titotito. Therefore, by conjugation, we 
see that [totytot;|“ 2) = [tytotyto]@ 2) => totetote = tetoteto and [totitpt,]@ 9») = 
[ttotito]“ ®) => totgtotz = tgtotgto and [tptytots]" © = [tytoti to] 4) => totatota 


ll 


tatotatg. Therefore, the relations tetotetg = titotito = tstotsto = tatotato and 
totytot, = totitoty = tgtitgty = tat tat, and totetote = tytotite = tatetste = tytetate 
and totgtet3 = titgtitg = totstots = tatgtatg and totateta = titatyt, = tstatst, = 
totatota, and totitoty = tytotyto and totetote = tototeto and totgtot3 = tgtotstg and 


totatota = tatgtatg imply, in terms of our short-hand notation, that: 
1010 ~ 2020 ~ 3030 ~ 4040 ~ 0101 ~ 2121 ~ 3131 ~ 4141 ~ 1212 ~ 0202 ~ 


3232 ~ 4242 ~ 1313 ~ 2323 ~ 0303 ~ 4343 ~ 1414 ~ 2424 ~ 3434 ~ 0404 


Since each of the twenty single cosets has twenty names, the double coset [0101] 


must have at most one distinct single coset. 


Therefore, there are at most two double cosets of the form NwN, where w is a word 
of length five given by w = totytoti t??, 4=0: NtotitotitoN and Ntotitotito N. 
But note that, by relations (6.2) and (6.4), totitot, = titotito => totitotito = 
titotitoto => totitotito = tytotitg’ implies that Ntotitotito = Ntitotitp’. There- 
fore, NtotitotitoN = Ntotitot;'N. That is, [0101] = [01010]. 

Similarly, by relations (6.2) and (6.4), totitoti = titotito => totitotitp’ = titotitoty! 
=> totitotity! = titot: implies that Ntotitotity' = Ntitoti. Therefore, 
Ntotitotitg'N = NitotitpN. That is, [010] = [01010]. 

Since NigtytotitgpN = Ntotitot; -N and Ntotitotito‘N = NtotitoN, we need not 
consider additional double cosets of the form N totitotit?*N , where i € {0,1,2,3, 4}. 


We next consider the double coset Ntotjtp tN. : 


Let [0101] denote the double coset Ntotito/t)'N. 
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Note that by relation (6.2), to‘tito’ = tp'toty’ => tgttp’ty! = tytot: = 
totity‘t7? = to ‘ty ‘tot implies that Ntotitg ‘tz! = Ntp lt] tot: which implies that 
Ntotit't71N = Nto‘ty ‘tot N. Therefore, Ntgtytg t71N = Ntp'ty!tot,N. That 
is, [0101] = [0701]. 

Hence note that Niotity't7/N = {Ntotitpt7'n | n € N} = {Nn7ltotito tty ¢n | 
n € N} = {N(totitot7')” | n € N} = {Netty 't7* | 4,7 € {0,1,2,3,4},¢ F 
i} = {tz ty tty | 4,9 € {0,1,2,3,4},4 A a} = {N (tg ty tots)” | n € N} = 
{Nn7ltp ty‘ totin | n € N} = {Nip ty Mtotin |n € N} = Ntolty tot N. 

Recall that in step 4 of our manual double coset enumeration, we determined, by 
relation (6.3), that tot; + = (01 2)tots 1 = (0 1 3)tptz! = (0 1 4)tot,! and so, by con- 
jugation, [tp¢y 1] ) = [(0 1 2)toty+]© Y = [(0 1 8)totz 4] Y = [01 4)totg JOY > 
tity! = (0 2 1)titz+ = (0 3 1)titz? = (0 4 1)titz! and finally, by left multi- 
plication, totitg’ = to(0 2 1)tity? = to(0 3 1)tits* = to(0 4 1)titz’ > totito’ = 
(02 1)(0 1 2)to(0 2 1)tytz+ = (03 1)(01 3)tp(0 3 1)t tg? = (041)(01 4)to(0 4 1)titz* 
=> totity? = (0 2 110? Paez? = 0 3 108 Maes? = C0 4 1tO 4 Menez! > 
totitg! = (0 2 1)tetity’ = (0 3 1)tgtits’ = (0 4 1)tatity! and, by right multipli- 
cation, totito t+ = (0 2 1)totyty t+ = (0 3 1)tstitytey? = (0 4 1)tatity ty. By 
conjugation, we find that [fotitg tty *]© Y = [(0 2 1)tetity ttt] Y = 

[(O 3 1)tgtity 4t7 4] Y = [(0 4 1)tatitz ep] Y = tytot[ tty? = (0 1 2)tetoty tp? = 
(01 3)tgtoty 1tp 1 = (01 4)tatotz ‘tp! and [totyto tty 7] 2) = [(0 2 1)tetity tty JO 2 = 
[(0 3 1)tgty tg tep*]% 2 = [(0 4 1)tgtrty ty 1]¢ 2) = toteto tg? = (0 1 2)titety "ty" = 
(03 2)tgtets ty) = (0.4 2)tataty tty! and [totitp 147 "]¢ 9 = [(0 2 1)tatity tJ D) = 
[(0 3 1)tgtyty tt] 1 ]@ ® = [(0 4 1)tgtity t7 7] 9) = totgty ttg* = (0 2 3)tatgty tz+ = 
(01 3)tytgt; ‘t31 = (04 3)tgtgtz ‘tz! and [totytp ty 1]@ 9 = [(0 2 1)tetyty tty 0 % = 
[(0 3 1)tgtitz tp {J 4 = [(0 4 1)tati ty ty 4G 4 = totatp tz = (0 2 4)tetaty‘t7* = 
(0 3 4)tstatg ‘tz’ = (0 1 4)tytgt[ 1471. Now, by relation (6.2) and by right and 
left multiplication, tj'titg' = ty'tot]’ => toto ‘tito! = totytoty! > tito! = 
tot; tot + => tito t = tot] tot; t: > tito ti = tot] to > tito tito = toty ‘toto > 
tito tito = toty to => tititoltito = titoty to’ => ty tt tito = titoty tp’ and, 
by relation (6.4), tytotitotitotito = t] tg t]1tg* and, finally, by relation (6.2) and 
by left and right multiplication, tp‘titg’ = ty tot; => toltito’t = ty tot[ th => 
to ltytp lt = t7 to => toto titolt: = tot] to > tito lt = tot] to > titity th = 
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tytot to > tyltg tt: = titot[ to > tptptiit: = titoty tot, => tp ttiptey’ = 
tytoty toty => tytép ey ttg? = tytoty ttotitp+. Now titotitotitotito = ty tt ‘ty tp? 
and tyltgtey to! = titoty totitg+ imply that tytotytotitotito = tp tto‘tytg+ = 
tytot; ‘totity' which implies that titotitotitotito = titoty ‘totitp ’ > 

ty titotitotitotito = ty titoty ‘totity + > totitotitotito = totytotito? > 

to totitotitotito = tp tot; ‘totity | > titotitotito = ty totitg’ > ty ttitotitotito 
ty ty ltotity’ > totitotito = titotito’ > totitotitoto! = titotitg ‘tg+ => totitoti 
tytotito => totitotit] | = titotitot]’ => totito = titotitoty | => totitoto’ = 
tytotitot; tg! => tot, = titotitoty tg? => ty tot: = ty 'titotitoty to’ => ty totr 
totitoty tg? > tolty tots = tp totitoty to? => tty ‘tots = titty to’ => 

[tp tty ttoty]© Y = [tytoty tp 1] Y = [tty ltito = totitp ‘ty’; therefore, ty *tp "tito 
= tytot; tg) and ty tp ‘tito = totitg ty’ imply that tytoty to? = ty tt tits = 
igtitg ‘ty; | => titoty tot = totitp ‘#71. By conjugation, we find that [titoty lt) 4] 2) 
= [totity ty 7]@ ® = tetoty tg! = totetg tty and [titoty ttp 1]% 8) = feotatgtey yO 9) 
= tgtotz ‘tp! = totstp tts} and [titoty tp] 4) = [totatgtep GY = tatoty tp? 


ll 


I 


I 


== totato ae These relations imply that: 
O1OL ~ 2121 ~ 3131 ~ 4141 ~ 1010 ~ 2020 ~ 3030 ~ 4040 ~ 0202 ~ 1212 ~ 
3232 ~ 4242 ~ 0303 ~ 1313 ~ 2323 ~ 4343 ~ 0404 ~ 1414 ~ 2424 ~ 3434 
Since each of the twenty single cosets has twenty names, the double coset [0101] = 


[0101] must have at most one distinct single coset. 


Therefore, there are at most two double cosets of the form NwN, where w is 
a word of length five given by w = totit ‘ty +e", a= 0: Niotit ‘ty toN and 
Ntotito ‘ty tg. 

But note that, by relations (6.2), (6.3), and (6.4), totitg‘t7’ = titoty+tg’ => 
totity ty to = titoty tty to > totito ‘ty to = titot] + and this implies that 
Ntotitg'ty to = Ntitoty*. Therefore, Ntotitg'ty‘toN = Ntotito'N. That is, 
[010] = [01010)}. 

Similarly, by relations (6.2) and (6.4), t7/to‘tito = totitg tt)’ > ty ‘to titotp’ = 
totity ‘ty ttg* => typ ti = totito‘t7/to+ and this implies that Ntotitg‘t) tg’ = 
Nt 1to't:. Therefore, Ntotitg tt] tg’N = Ntg'ty‘toN. That is, [010] = (01010). 


20. 
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Since Ntotit) ‘ty; 1toN = Ntotity'N and Ntotitp ‘t]'tp'N = Nt ‘ty to, we need 
not consider additional double cosets of the form Niéot to ei , where i € 
{0, 1, 2,3, 4}. 


We next consider the double coset Nto*ty tp 1t71N. 
Let [0101] denote the double coset Nig ‘ty tg tty N. 


Now, by relation (6.3) and by left and right multiplication and conjugation, 

(0 2 1)ty te = t] to => to(0 2 1)t[ tte = tety to => (0 2 1)(0 1 2)to(0 2 1)t7 "te = 
tot to > (0.2 110 ? MtP Me = toty to > (0 2 1)tity te = tot] to > (0 2 Leto = 
tot to => (0 2 1)te = tot] to > (0 2 1)te = tty to > (0 2 1)tety? = tet] totg’ > 
(0 2 1)totg! = toty'e => (0 2 1)totp* = tat] * = (0 2 1)tetg* = tety* > 

[(0 2 1)taty Ot 2 = [tot 1] 12) > (0.2 1)toty* = toty’ => tot] = (01 2)toty' > 
[toty 2] Y = [(0 1 2)toty | Y => tyt9? = (02 1)tity’ = titg ty? = (02 Itz t+ 
=> titptty to = (0 2 1)titz't71to, and also by relation (6.3), (0 2 1)t]*te 
tp Mo => t71(0 2 1)ty te = tp 1t[ tp > (0 2 1)(0 1 2)ty*(0 2 1ty tte = ty tp tp > 
(0 2 1)(t1)@ 2 Veptte = tlt tte > (0 2 1)tite = ty lt tto > t1(0 2 l)tite 
tytylt7 to => (0 2 1)(0 1 2)t (0 2 1)tyte = tty tpt > (0 2 1)? Pye, = 
tity ty to => (0 2 1)totite = titp ty 1to, and so tytp'ty tty = (0 2 1)tity +t] to 
and (0 2 1)totit2 = tity't{ to imply that titpty7'to = (0 1 2)totite. Moreover, 
by relation (6.3), tit9 t7tto = (0 1 2)totite => titty toto = (0 1 2)totiteto > 
tytp tt tp! = (0 1 2)totiteto and tytito tty to = t1(0 1 2)totite => ty 'to ty] ‘to = 
(0 1 2)(0 2 1)tz(0 1 2)totrte > tp 4p tp Mt = (0 1 2)te? totyte > t[ plz tty = 
(0 1 2)tototite > [ty tp ttyteo]@ 12 = [(0 1 2)tototrte]}@ 12) > tpteptigty = 
(0 1 2)totytoto, and thus t,t9 '#74tg+ = (0 1 2)totiteto and tylty #544 = 

(0 1 2)totitgto imply that tytotty'tp! = (0 1 2)totiteto = ty ty tp ‘ti. Now, by 
conjugation, we see that [t,t 1t7!tp‘]© 9) = [egttytey JO) = ntzteyteyt = 
tty ep and (tity ty ty OO Se ee Sat et Se ee 
and sot ts te ty ty ty ty th tity ty te Sty ey ty imal tty th 
= tp leptigtt, = tty ty lig! = nity {eyez and tito ty7tp’ = (0 1 Q)totiteto = 
ty ty; ty !t, imply that t)tz‘¢[‘ts+ = (0 1 2)totiteto and so, by conjugation, 
[tity ty +43 1) %) = [(0 1 2)totatato]®? 9 = tyt3*t7 "ty! = (0 1 3)totitste > 

(0 3 1)tity*t71ty* = (0 3 1)(0 1 3)totitsto => (0 3 1)tity't7'tZ* = totitsto => 
(03 2)(0 3 1)tytyt]1tg* = (0 3 2)totitsto > (0 2)(1 3)tity ty 'ty) = (0 3 2)totitsto. 
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Now, by relation (6.3) and by right and left multiplication, (0 2 Lt te =t) tp > 
(0 2 1)ty tote = t] tote => (0 2 1)tptty* = ty tot > #710 2 Dep ig! = ey hey tote 
=> (0 21)(0 1 2)t71(0 2 1)é7 1451 = tutote > (¢71)© 2 Dey ey! = trtote > 

(0 2 1)to*ty tty’ = titote > tot7*ty’ = (0 1 2)titote and, by relation (6.1), 
(0 2)(1 3)titots = to tty ty 4, and so tg'ty1ty+ = (0 1 2)titote and (0 2)(1 3)titots = 
toty't5 imply that (0 2)(1 3)titots = (0 1 2)titot2, and so, by conjugation and 
right multiplication, [(0 2)(1 3)titot3}© ) = [(0 1 2)tytoty]© Y => (1 2)(0 3)totits = 
(0 2 1)totite > (1 2)(0 3)totytato = (0 2 1)totyteto > (0 2 1)(1 2)(0 3)totitstp = 
(0 2 1)(0 2 1)tptitaty => (0 3 2)totrtsto = (0 1 2)totitoto. Therefore, 

(0 2)(1 3)titytytty* = (0 3 2)totitsto and (0 3 2)totitsto = (0 1 2)totiteto im- 
ply that (0 2)(1 3)t¢ytty #5? = (0 1 2)totiteto, and (0 2)(1 3)titytt74ty1 = 
(0 1 2)totitety and ttp ‘ty tp! = (0 1 2)totiteto = tplty[ ttt = tity ty ty) = 
hip i ty imply that tit, t,t = COD ShG he Hit, fh = 

t,t, 1t,1t7 which implies that t)t9 ‘¢[1¢)t7! = (0 2)(1 3)titg ey tp tt! = 

id tte aa, Ge a te Now, 2, ts 

ip bets fo St eG a SS a, a te Se ee ty ed a0, by conju: 
pation: ji57h tg (Ot Shits ep ig OS ie te ig Kab te ee tp ond 
since tit) 1¢; 1#) 14,1 = (0 2)(1 3)titg!¢, 145 1t71, we see that (0 2)(1 3)tj1¢/ ‘tp! = 
(0 2)(1 3)titg tty ty ty) = tito tty ltp tty! = ty1ty1tZ1. Similarly, by conjugation, 
fi tee = fete ey ts eS ee = ti pt and“ amnce 
bits te ty Ge St ty tay we see that to ty Sth te Se 
and, finally, by conjugation, [é;1¢#, #7 "]@ 9 = fae tee 9 = ete! = 
tity tp tt; and “since titp te, tp 4? = tpt] 1, we see that t 474, = 
ito ley ttptey! = ty'yltg?. And, by further conjugation, [(1 2)(0 3)totits]° 9 = 
[(O 2 1)totyte] “) = (1 2)(0 4)totit, = (0 2 1)totite. Thus, by relations (6.1) and 
(6.3), (1 2)(0 3)totitz = (0 2 1)totite. Thus, by relations (6.1) and (6.3), 

OQ eh Soh hb Ht he Siz tt and, by ceht multi 
plication, (0 O\(1 St t,t ee Se et Se ee 
Note that, by relation (6.3), (0 2 1)t71te = t] ‘to => to (0 2 Iti te = to‘ ty to > 
(0 2 1)(0 1 2)t57(0 2 1)t[ tte = totty to => (0 2 1)(tp1)C 2 Misty = tptty "to > 
(021i ty bat tf S02 te Sn ee to 021 eS 
it et, SOlD02e eG fh S01G yy oe, Se 8 6 a 
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(0 1 2)t5 Lert totet]*. Also, by relation (6.3) and by left and right multiplication 
and conjugation, (0 2 1)ty +t. = ty to => te(0 2 1)tp'te = tot; ‘tp > 

(0 2 1)(0 1 2)to(0 2 1)ty4to = toty tp > (0 2 1)0 ? Mette = tet7 My > 

(0 2 1jtit7 Me = toty to > (0 2 l)eto = toty tp > (0 2 1)te = tet[1ty => 
(0 2 1)tg = foty to => (0 2 1)jtetg? = tetytotp' > (0 2 1)tetp’ = tetyle = 
(0 2 1)totyt = toty? => (0 1 2)(0 2 1)tetgt = (0 1 2)tot] + => toto! = (01 2)tety* > 
tototp! = to(0 1 2)tety? = tytegt = (0 1 2)(0 2 1)te(0 1 2)tety* > tyltg? = 
(0 1 2) to¢71 = tp 14D) = (0 1 2)tototy! => ep ley hg! = t51(0 1 2)totety! > 
ip ttg ep! = (0.1 2)(0 2 1)tg (0 1 Q)totgty? => tp ty 14g? = (0.1 2)(¢91)© | Meotaty? 
Ste te ig SO De, tote, Ste Ge to ES ty Oe hae S 
ite ty S40 1-20.21 )e, 0 1 Die tetas SS is ts ts = 

(0 1 2)(t31)© 1 Dt ttotetyt = ty tp tty tp! = (0 1 2)tp1t7+totety +. Now 

ty ty ti SO De tote” and th te tp SH 1 te ey hot, 
imply that t;'tj't7l#g? = tglt;ltyt;). Therefore, (0 2)(1 3)tg*t;{tp*ty* = 
tgtty ty tpt = tg ty tg ty = ty ty ty ty = ttt ty tg! = 

(LOVOe) ite i Sis to ts tg Ste ta Sy le 

(O12 ities ats ty ig tp St hs eS lig 

(O21 th a Sie th te Sir ie i, St, ite = 

(0 1)(3 4))t(tegteytey? = ty ty ljly’ = tye lty1t7+. These relations imply 
that: 


Since each of the twenty single cosets has twenty names, the double coset [0101] 


must have at most one distinct single coset. 


Thus there are at most two double cosets of the form NwN, where w is a word 
of length five given by w = to ‘tp tote; Ft, i = 0: Néplt;ltpltyttpN and 
Nis tie ie te 

But note that, by relations (6.1) and (6.3), (0 2)(1 3)to tty ‘tp tey! = 

(1 2)(0 3)t71tG+t7 1451 and so, by right multiplication, (0 2)(1 3)tg*t71t9 tty to = 
(1 2)(0 8)¢z tp tty tg to => (0 2)(1 3)tptéy tp tty to = (1 2)(0 3)¢7*tp ty which 


21. 


tot; to => (0 2 1)te = tetp to > (0 2 1)tetp = tetytotg! > (0 2 1tet>* = 


121 


implies that Ntp'tltp'ty/to = Nty'tolty'. Therefore, Ntp'ty'tp’ty‘toN = 
Ntp't7'to'N. That is, [010] = [01010]. 

Similarly, by relations (6.1) and (6.3), (0 2)(1 3)to/t71t9‘t7? = 

(1 2)(0 3); 19 1¢, 445! and so, by right multiplication, (0 2)(1 3)to‘¢y*tottytig* = © 
(DO iti te SS ODA eee ee = DO Be ts 7 to 
which implies that Nij't;lto‘tyttg* = Nt tq ty] ‘to. Therefore, 

Nto ty to ltyttg'N = Ntplty'tptN = Ntoty/to‘t{1N. That is, [0101] = [0101] 
Since Ntp'tyttg tty toN = Ntpley'p'N and Ntp’tytp‘tytp1N = 
Ntoty'totiN = Ntot]'tj't7'N, we need not consider additional double cosets 


of the form Ntg'ty'to‘ty't?'N, where i € {0,1, 2,3, 4}. 


We next consider the double coset N totitot; (N ‘ 
Let [0101] denote the double coset Ntotitoty'N. 


Now, by relation (6.4), titotitotitotito = ty 1to ‘ty; ‘tp and, by relation (6.2) and 
by left and right multiplication, tito! = tp ltoty! = tp tito’ = ty toty hh = 
toltitott = tp ito => toto ltitolt: = tot[ tp > tito’t: = toty to => tatitg’t = 
titott to => tplig’t: = titty = tplig tit: = tifoty tot: => epply’ = 
titoty tot: > tpltgleytto = titoty Mtotito’. Now titotitotitotito = ty ‘tp ty to° 
and ty 'tp1t[lto! = titotytotitg+ imply that titotitotitotito = t7tp'ty tg! = 
titot, {totitg | which implies that titotitotitotito = titot] ‘totitp | > 

t7 titotitotrtotito = ty titot] ‘totity ’ => totitotitotito = tot] ‘totitp’ > 

tp Mtotitotitotito = to tot; totity! => titotitotito = ty totitg’ => ty titotitotito 
ty 147 1totitp! = totrtotito = titotitp! = totitotitoto! = titotitp ‘tp? > totitoti 
tytotito > totitotity + = titoti tot]? > totito = titotitoty’ > ty ttotito = 

ty ttotitoty! > t[Motito = totitoty’, and this implies that Ntotitot]’ = 
Nto‘titoti which implies that Ntotitoty'N = Nt ‘titotiN. Therefore, 
Ntotitot;'N = Ntjtitot:N and so [0101] = [0101]. Also, by relation (6.3) 
and by conjugation and left and right multiplication, (0 2 1)t[t2 = t[/to > 
to(021)ty to = tot My => (02 1)(0 1 2)to(0.2 1)t7 te = tot typ > (02 1)t0 ? Mette 
= tot; to > (0 2 l)tity te = tet to > (0 2 Leto = tot] to > (0 2 Ite 
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igtj7e > (0 2:1)tgtp? = tet]! > (02 Dty! = Ht’ = [C0 2 Dep |C 1? = 
[pte OPS S02 let SH hig S te SOL Dts Stitt, = 
t1(012)toty! => tytoty! = (01 2)(0 2 1)t,(0 1 2)toty? => tytoty? = (012) t eqt7} 
=> tytot; | = (0 1 2)tetoty + => totytot] = to(0 1 2)tetoty) > totitoty? = 

(0 1 2)(0 2 1)to(0 1 2)tototy! > totitoty? = (0 1 2/0? > tototy! > totitoty! = 
(0 1 2)tytototy 1 and this implies that N totitoty+ = Ntitotots 1 Therefore, 
Ntotitot; 1N = Ntotitet['N; that is, Ntotytot;1N = Ntotitet;+N and so [0101] = 
[0127]. Therefore, we conclude that Ntotytot;'N = Ntg'titotiN = Ntotitety'N. 
That is, [0101] = [0101] = [0121]. 

Hence note that Ntgtytot; +N = Ntptitot:N = Ntotitet{'N. 


Now, by relation (6.3) and by conjugation and right and left multiplication, 

(0 2 ltr, = to > (0 2 1tT Mote = tote > (0 2 1p? = tp Mote > 
O21) Sth tote: S02 DOL O02 ee = nie 
(#72) © 2 Dertes? = tyiote > (0 2 Dig ley lig! = titote => [(0 2 Dep ete OY = 
[titote]© ) = (01 2)t[4tp #5! = totite > (021)(01 2)tytp'ty! = (0 2 1)totite > 
Hi eS 02 hhh SO 2 D012 he a S02 Dane SS 
(0 2 1)(0 1 2)t; tp +t, = (0 2 1)tot: > (0 2 1)(0 1 2)t7 tp toto = (0 2 1)totito > 
ty ltp ‘tetoty? = (0 2 1)totitoty?. Also, by relation (6.3), (0 2 1)t7'te = t7'to > 
(0 2 1)ty toto = t7 toto > (0 2 1)t[ tet = ty tp! > (0 2 1)tyMtotote = ty tpt > 
(0 2 1)t7 tetoteto = ty ltg teto > (0 2 1)tytetotetoty’ = ty'tpttetot;’. Now, 
tyltgtetot[? = (0 2 1)totitoty’ and (0 2 1)ty*tetotetoty? = t7 tp ttetot]* imply 
that (0 2 1)¢]tototetoty + = ty] ‘to ttatoty* = (0 2 1)totitoty | > (0 2 1)t7tetotetoty* 
= (0 2 1)totitoty', and so (0 2 1)t7*tetotetoty > = (0 2 1)totitoty* > 

(0 2 1)ty tototetoty tt, = (0 2 1)totitoty ‘t, => (0 2 1)t[‘tetoteto = (0 2 1)totito > 
(0 12)(0 2 1)ty*tototato = (0 1 2)(0 2 1)totito > t]‘tetoteto = totito > tit] ‘tetoteto 
== tytotito > tototeto = titotito > tetotetoto = titotitoto => tetotetg’ = titotito'. 
Moreover, by conjugation, [tatotetg +] 9) = [trtotitp 1]? 9 = tgtotstp! = titotito* 
and, also by conjugation, [tetotets*]@ *) = [titotitg |? 9 => tatotaty* = titotity’, 
and so tototetp | = titotito and tgtotsto | = titotity! and tatotatp’ = titotitg’ im- 
ply that tetoteto — tytotito 1 tgtot3to es tatotaty ys Therefore, by conjugation, 
we see that [tototety 1] ) = [ertotitp 1] = [tstotstg*]© Y = [tatotatot]O 9 > 
totytet[ } = totitot, + = tgtytgty! = tatitat[ and [tototaty *]© 2) = [titotytp 1] 2 = 
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[tstotaty 1] 2 = [tatotaty *]© 2) = totototy’ = titatits | = tgtetgty | = tatetaty* and 
[tatotaty +] 9) = [tytoti ty 1]© 9) = [tatotgty 1] ) = [tatotaty 1]© 9 = tetstety! = 
ty tgtytg | = totgtotz 1 = tatgtats! and [tototetot]© 9 = [titotitg]© % = 
[tgtotsty *]© 4 = [tatotaty *]© ) = totatoty! = titatity) = tgtatgty’ = totatoty'. 


Therefore, in terms of our short-hand notation, these relations imply that: 
1010 ~ 2020 ~ 3030 ~ 4040 
Similiarly, by. conjugation, we find that 
0101 ~ 2121 ~ 3131 ~ 4141, 0202 ~ 1212 ~ 3232 ~ 4243, 


0303 ~ 1313 ~ 2323 ~ 4343, 0404 ~ 1414 ~ 2424 ~ 3434 


Since each of the twenty single cosets has four names, the double coset [0101] = 


[0101] = [0121] must have at most five distinct single cosets. 


Now, N(0l) has four orbits on T’ = {to,¢1, to, t3,ta}: {0}, {1,2,3,4}, {0}, and 
{1, 2, 3, 4}. 

Therefore, there are at most four double cosets of the form NwN, where w is 
a word of length five given by w = totitot] t*!, i € {0,1}: Niotitot] ‘toN, 
Niotitot; 'tg1N, Ntotstot; tN, and Ntotitot; ty 1N. 

But note that Niotitoty’t;'N = Ntotito(t7+)?2N = NtotitotiN and note further 
that Ntotitoty‘tiN = NtotitoeN = NitotitoN. 


Moreover, by relations (6.2) and (6.4), ty liotita = totitoty* > ty \totitoty — 
totitoty 14g! => t7toti = totitoty to+, and this implies that Nt[‘tot; = 
Ntotitot, ‘to’. Therefore, Ntotitot;'tg'N = Nto'titoN. That is, [010] = [01010]. 


Similarly, by relations (6.2) and (6.4), ty‘totito = totitoty’ => ty ltotitoto = 
totitoty ‘to > ty totito 1 _ totitoty to and, by relation (6.3) and by conjugation 
and left and right multiplication, (0 2 1)t[ te = tty => to(0 2 1)t, lig= tot; to => 
(0 2 1)(0 1 2)to(0 2 1)t; te = tot to > (0 2 110 ? Me te = toty to > 

(0 2 1)tit[ttg = tety to > (0 2 Leto = tot] ‘to > (0 2 1)te = tet] ‘tp > 
(0 2 1)te = tety*to => (0 2 1)tety’ = tetyttotg’ => (0 2 1)tetg’ = tety'e => 
(0.2 1)toty? = toty! => (02 1)teto? = tety? = [(0 2 1)taetg*]© 1% = [tet O17 => 
(0 2 1)toty + = totg? => toty’ = (0 1 2)toty’ > titoty’ = t1(0 1 2)toty’ > 
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tytoty? = (0 1 2)(0 2 1)t:(0 1 2)toty! => tytoty! = (0.1 2)0? M4oty! > tytoty! = 
(0 1 D)intgty => ty hitot] | = tp 10 L 2)tatoty? = t5 titoty? = 

(01 2)(0 2:1)t) *(0 1 Q)totots => ty eitot] = (01 2)(t5 1) 1 Meatots? = tp atoty 
= (0 1 2)tytetoty’ > (0 1 2)tp‘titoty? = (0 1 2)(0 1 2)tytetotst > 

(0 1 2)t> lttoty! = (02 1)ty tototy 1 and, also by relation (6.3) and right multipli- 
cation, (0 2 1)t74te = ty 1tp > (02 1)t7 toto = ty toto > (0 2 1)t[ toto = ty tp* > 
(0 2 1)t7 Metots? = t71tp'tz1 and, also by relation (6.3) and by conjugation and 
left and right multiplication, (0 2 1)t7 te = ty tp > (0 2 1)ty Mote = ty tote > 
(02 1)t;tég) = t] tote > 4710 2 Dey) = 4 tbh > 

(0 2 1)(0 1 2)t71(0 2 1)épt4y} = tytote => (t71)© 2 Yep ty! = titote > 

(02 1)tj1¢7 1452 = titote => [(02 Leg tep ey ]© YD = fertota]© Y => (0.1 2)e7tep 47? 
= totyt, > (0 21)(0 1 2)tp tatty = (0 2 1)totite > t7 4p 145) = (0 2 1)totrte and, 
therefore, (0 1 2)tj tt tot7? = (0 2 1)tyttetoty? and (0 2 1)ty tetotg? = ty ttp1t5+ 
and tyt> ‘ts = (0 2 1)totite imply that (0 1 2)tj‘ttot;+ = (0 2 1)t7 tototy’ = 
ty ltglty? = (02 Ltotite > (012)t> titoty? = (0 2 1)totite; therefore, t7ttptitg* = 
totitot; ‘to and (0 1 2)to‘titoty’ = (0 2 1)totite imply that (0 1 2)totitot7 to = 
(0 2 1)totita and this implies that Ntotitot{ ‘to = Ntotite. Therefore, 
Ntotitot;toN = NtotiteN. That is, [012] = [01010]. 

Since Ntotitot, ‘tN = Ntotitot:N and Ntotitot; ‘tiN = NtotitoN and 
Ntotitot; ‘tj'N = Ntp‘titoN and Ntotitot]'toN = Ntotit,N, we need not con- 
sider additional double cosets of the form N totitot, t#1.N , where i € {0, 1, 2,3, 4}. 


In fact, since NV (0101) is transitive on the symmetric generators and since 

Ntotytot; ‘t7'N = NtotitotiN and Ntotitot;'tiN = NtotitoN and 

Ntotitoty ‘tg'N = Ntp'titoN and Ntotitot]‘toN = NitotiteN imply that the dou- 
ble coset [01011] = [0101] and the double coset [01011] = [010] and the double coset 
[01010] = [010] and the double coset [01010] = [012], we have effectively completed 


the double coset enumeration of G over Ss. 


In total, therefore, there are at most 21 distinct double cosets of N in G and at most 126 


distinct right (single) cosets of N in G. The double cosets of N in G are as follows: [x], 


[0], [0], [02}, {04}, [02], [02], {020}, [010], [010}, [010}, [012] = [012], [010}, [010], (010), (010), 


[0101] = [0101] = [0120], [0101], [0101] = [0101], [0101], and [0101] = [0101] = [0121]. 
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\ [oot =[0101 £0127] 


Figure 6.1: Cayley Diagram of G Over S5 


6.3. Cayley Diagram of G Over Ss 


The Cayley diagram of G over Ss is illustrated in Figure 6.1. For a detailed explanation 


of the meaning of the component parts of a Cayley diagram, see Section 2.3. 


6.4 Action of the Symmetric Generators and the Genera- 
tors of Ss; on the Right Cosets of G Over Ss 
Let X denote the set of all (126) distinct right cosets of N in G. We define a mapping 


¢@: G — Sx so that ¢ maps a generator g € G to its action (by right multiplication) on 
X. That is, we define ¢ so that ¢(g) = 4(9) : X — X. Then the action ¢(t) ~ (to) of 
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the symmetric generator t ~ to on the right cosets of N in G may be expressed as 
b(t) ~ (to) = (* 0 0)(1 10 10)(2 20 20)(3 30 30)(4 40 40)(1 10 10)(2 20 20)(3 30 30) 
(4 40 40)(01 010 010)(01 010 010)(01 010 016)(02 020 020) (03 030 030)(04 040 040) 
(12 120 21)(13 130 31)(14 140 41)(21 210 12)(23 230 32) (24 240 42)(31 310 13)(32 320 23) 
(34 340 43)(41 410 14)(42 420 24)(43 430 34)(01 010 010)(02 020 020)(03 030 030) 
(04 040 040) (101 012 1010)(202 021 2020) (303 031 3030)(404 041 4040)(101 0101 1010) 


(101 101 0101)(102 101 0107)(201 202 0202)(301 303 0303)(401 404 0404) (101 0101 0101), 


— 


and the action ¢(z) ~ ¢((0 1 2 3 4)) of the generator x ~ (0 1 2 3 4) of Ss on the right 


cosets of N in G may be expressed as 
b(z) ~ o((0123 4)) = (0123 4)(01 23 4)(01 10 20 30 40)(01 10 20 30 40) (01 12 23 34 40) 


(02 13 24 30 41)(03 14 20 31 42)(04 10 21 32 43)(01 12 33 34 40)(02 13 34 30 Ai) 
(08 14 30 31 45)(04 16 37 38 43)(010 101 203 303 404)(010 020 030 040 101) 
(016 020 036 040 101)(010 620 630 640 161)(012 120 230 340 401)(021 130 240 301 410) 
(031 140 201 310 420)(041 102 210 320 430)(010 020 630 640 i107) 


and the action $(y) ~ $((3 4)) of the generator y ~ (3 4) of Ss on the right cosets of N 


in G may be expressed as 


b(y) ~ 6((3 4)) = (3 4)(3 4)(30 40)(30 40)(03 04)(13 14)(23 24)(30 40)(31 41)(82 42) 


(303 404) (3036 4040)(0303 0404). 


Since there are 126 distinct right cosets of N in G, these actions may be written as per- 
mutations on 126 letters. In fact, the actions of the generators on the set of right cosets of 
N in G are equivalent to the permutation representations of the generators in their action 


on the right cosets of N in G. To better manipulate the permutation representations of 
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the symmetric generators ¢; and the generators x and y, it is helpful to label the distinct 


single cosets of N in G as follows: 


(126) * (21) O1 (42) 02 (63) 101 (84) 140 (105) 030 
(1) O (22) 02 (43) 03 (64) 202 (85) 201 (106) 040 
(2) 1 (23) 03 (44) 04 (65) 303 (86) 210 (107) 010 
(3) 2 (24) 04 (45) 10 (66) 404 (87) 230 (108) 101 
(4) 3 (25) 10 (46) 12 (67) 010 (88) 240 (109) 202 
(5) 4 (26) 12 (47) 13 (68) 020 (89) 301 (110) 303 
(6) O (27) 13 (48) 14 (69) 030 (90) 310 (111) 404 
(7) T (28) 14 (49) 20 (70) 040 (91) 320 (112) 010 
(8) 2 (29) 20 (50) 21 (71) 101 (92) 340 (113) oi01 
(9) 3 (30) 21 (51) 23 (72) 010 (93) 401 (114) 1010 
(10) 4 (81) 23 (52) 24 (78) 020 (94) 410 (115) 2020 
(11) OL (32) 24 (53) 30 (74) 030 (95) 420 (116) 3030 
(12) 10 (33) 30 (54) 31 (75) 040 (96) 430 (117) 4040 
(13) 20 (34) 31 (55) 32 (76) 101 (97) O10 (118) 0101 
(14) 30 (35) 32 (56) 34 (77) 012 (98) 020 (119) 0101 
(15) 40 (36) 34 (57) 40 (78) 021 (99) 0380 (120) 0101 
(16) O01 (37). 40 (58) 41 (79) 081 (100) 040 (121) 0101 
(17) 10 (38) 41 (59) 42 (80) 041 (101) 101 (122) 1010 
(18) 20 (39) 42 (60) 43 (81) 102 (102) O10 (123) 0202 
(19) 380 (40) 43 (61) O10 (82) 120 (103) 101 (124) 0303 
(20) 40 (41) OF (62) O10 (83) 180 (104) 020 (125) 0404 


Having labeled each of the 126 distinct right cosets of N in G, we may express the 
permutation representation of the symmetric generator t ~ to in its action on the right 


cosets of NV in G' as 
b(t) ~ (to) : (126 1 6)(2 25 12)(3 29 13)(4 33 14)(5 37 15)(7 17 45)(8 18 49)(9 19 53) 
(10 20 57)(11 61 62)(16 107 112)(21 67 72)(22 68 73)(23 69 74)(24 70 75)(26 82 50) 
(27 83 54)(28 84 58)(30 86 46)(31 87 55)(32 88 59)(34 90 47)(35 91 51)(36 92 60) 
(38 94 48)(39 95 52)(40 96 56)(41 97 102)(42 98 104)(43 99 105)(44 100 106)(63 77 114) 
(64 78 115)(65 79 116)(66 80 117)(71 118 122)(76 101 119)(81 108 121)(85 109 123) 
(89 110 124)(93 111 125)(103 113 120), 


we may express the permutation representation of the symmetric generator t®” ~ ¢, in its 


action on the right cosets of N in Gas 


f(t)? ~ (ty) : (126 2 '7)(1 21 11)(3 30 13)(4 34 14)(5 38 15)(6 16 41)(8 18 50)(9 19 54) 
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(10 20 58)(12 61 63)(17 108 112)(25 71 76)(26 68 73)(27 69 74)(28 70 75)(22 78 49) 
(23 79 53)(24 80 57)(29 85 42)(31 87 55)(32 88 59)(33 89 43)(35 91 51)(36 92 60) 
(37 93 44)(39 95 52)(40 96 56)(45 101 103)(46 98 104)(47 99 105)(48 100 106)(62 81 113) 
(64 82 115)(65 83 116)(66 84 117)(67 118 121)(72 97 119)(77 107 122)(86 109 123) 
(90 110 124)(94 111 125)(102 114 120), 


we may express the permutation representation of the symmetric generator win ég in 


its action on the right cosets of N in G as 
b(t)?” ~ P(te) : (126 3 8)(1 22 11)(2 26 12)(4 35 14)(5 39 15)(6 16 42)(7 17 46)(9 19 55) 


(10 20 59)(13 61 64)(18 109 112)(29 71 76)(30 67 72)(31 69 74)(32 70 75)(21 77 45) 
(23 79 53)(24 80 57)(25 81 41)(27 83 54)(28 84 58)(33 89 43)(34 90 47)(36 92 60) 
(37 98 44)(38 94 48)(40 96 56)(49 101 103)(50 97 102)(51 99 105)(52 100 106)(62 85 113) 
(63 86 114)(65 87 116)(66 88 117)(68 118 123)(73 98 119)(78 107 122)(82 108 121) 
(91 110 124)(95 111 125)(104 115 120), 


we may express the permutation representation of the symmetric generator iw tg in 


its action on the right cosets of N in G as 
g(t)” ~ G(tg) : (126 4 9)(1 23 11)(2 27 12)(3 31 13)(5 40 15)(6 16 48)(7 17 47)(8 18 51) 


(10 20 60)(14 61 65)(19 110 112)(33 71 76)(34 67 72)(35 68 73)(36 70 75)(21 77 45) 
(22 78 49)(24 80 57)(25 81 41)(26 82 50)(28 $4 58)(29 85 42)(30 86 46)(32 88 59) 
(37 93 44)(38 94 48)(39 95 52)(53 101 103)(54 97 102)(55 98 104)(56 100 106) 
(62 89 113)(63 90 114)(64 91 115)(66 92 117)(69 118 124)(74 99 119)(79 107 122) 
(83 108 121)(87 109 123)(96 111 125)(105 116 120), 


we may express the permutation representation of the symmetric generator nw tq in 


its action on the right cosets of N in G as 


b(t) Pe)" ~ $(ta) : (126 5 10)(1 24 11) (2 28 12)(3 32 13)(4 36 14)(6 16 44) (7 17 48)(8 18 52) 
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(9 19 56)(15 61 66)(20 111 112)(37 71 76)(38 67 72)(39 68 73)(40 69 74)(21 77 45) 
(22 78 49)(23 79 58)(25 81 41)(26 82 50)(27 83 54)(29 85 42)(30 86 46)(31 87 55) 
(33 89 43)(34 90 47)(35 91 51)(57 101 103)(58 97 102)(59 98 104)(60 99 105)(62 93 113) 
(63 94 114)(64 95 115)(65 96 116)(70 118 125)(75 100 119)(80 107 122)(84 108 121) 
(88 109 123)(92 110 124)(106 117 120), 


we may express the permutation representation of the generator x ~ (0 1 2 3 4) in its 


action on the right cosets of N in G as 
$(x) ~ $((01234)) : (123 45)(67 89 10)(11 12 13 14 15)(16 17 18 19 20) (21 26 31 36 37) 


(22 27 32 33 38)(23 28 29 34 39)(24 25 30 35 40)(41 46 51 56 57)(42 47 52 53 58) 
(43 48 49 54 59)(44 45 50 55 60)(62 63 64 65 66)(67 68 69 70 71)(72 73 74 75 76) 
(97 98 99 100 101)(77 82 87 92 93)(78 83 88 89 94)(79 84 85 90 95)(80 81 86 91 96) 
(102 104 105 106 103)(107 108 109 110 111)(113 114 115 116 117)(121 123 124 125 122), 


and we may express the permutation representation of the generator y ~ (3 4) in its 


action on the right cosets of N in G as 
é(y) ~ d((8 4)) : (45)(9 10)(19 20)(14 15)(23 24)(27 28)(31 32)(33 37) (34 38)(35 39) 


(36 40)(43 44)(47 48)(51 52)(53 57)(54 58)(55 59)(56 60)(65 66)(69 70)(74 75)(99 100) 


(79 80)(83 84)(87 88)(89 93)(90 94)(91 95)(92 96)(105 106)(110 111)(116 117)(124 125). 


6.5 Proof of Isomorphism between G and 3S; x 3 


We now demonstrate that G & S7 x 3. 


Proof. To prove that G & S7 x 3, we must first show that (¢(z), d(y), d(t)) is a 
homomorphic image of G and that |G| = |(¢(x), $(y), o(¢))| = 15120 (from which we can 
conclude G = (¢(x), $(y), @(t))), and we must next show that (¢(x), o(y), d(t)) = S7 x 3 


(from which -we can conclude $7 x 3 is a homomorphic image of G and G & S7 x 3). 
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We first show (6(z), (y), é(t)) is a homomorphic image of G and 
|G| = |(¢(x), o(y), @(¢))| = 15120. From our construction of G using manual double coset 
enumeration of G over Ss, illustrated by the Cayley Diagram in Figure 6.1, we concluded 
that group G defined by the symmetric presentation must contain a homomorphic image 
of N & Ss whose index [G': N] is at most 126: 
[| LN | [N| 
[NG] || || 


[NI 
Even 


IG: N]= + So “P 


|| |N’| LN | IN| 
[NID] [NOI] * [WOO]  [O20)| 
INL |N| [N| LN | || || 


+ Tweoy * [NGO] © |v (0102) re | 0101) a [NGO] * | W101) | 


_ IN| 120 | 120, 120, 120 120 220, 120 | 120 120 , 120 
[NG] = 120" 24 ° 24° 24° 6 6 24 ° 120° 2 24 
120 | 120 | 120 | 120 | 120, 120 120 | 120, 120 , 120, 120 
24° 6 © 24 ° 24° 24 ' 120" 24 ' 120° 120 ° 120° 24 


=145+54+5+4+ 20+ 2045414545454 204+54+54+54+14+5+1+141+4+5 = 126 


|N| 
| (012) | 


LN 
N(@10)| 


LN | 
Nid) 


+ + + ~ + + 


Since the index of N in G is at most 126, and since |G] = ee -|N|, the order of the 


homomorphic image group G is at most 15120: 


IG 
IN| 


We now consider (¢(z), é(y), @(t)). Note that (d(x), 6(y), o(t)) is a group gen- 


erated by the permutation representations of the generators x, y, and t and, as such, it 


|G] = 21 -|N] < 126 - |N| = 126 - 120 = 15120 = |G] < 15120 


is a subgroup of the symmetric group Sj, acting on the one hundred twenty-six right 
cosets of N in G. We now show that (¢(x), é(y), d(¢)) is a homomorphic image of G 
and, therefore, that |G| > |(¢(x), é(y), o(4))| = 15120. To show that (d(x), }(y), o(t)) 
is a homomorphic image of G, we first demonstrate that (¢(x), o(y), d(t)) < S126 is a 
homomorphic image of G. Now, recall that G = (x,y, t) is a homomorphic image of the 


progenitor 3*° : Ss, and its presentation is given by 


G = (2,y,t| 2° =y? = (ye)* = [zy =2 = [t,y] = 9] = 9) =), 


where x ~ (0 1 2 3 4), y~ (3 4), andt~ fo, and N = (z,y) & Ss. Let 
a: G— (¢(zx), o(y), (t)) be a mapping from G to (¢(z), (y), (t)). We note first that 
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the mapping a : G — (d(x), ¢(y), 6(¢)) is well defined. The generators $(z), 6(y), and 
g(t) are the permutation representations of x ~ (0 1 2 3 4), y ~ (3 4), and t ~ tp on 
126 letters. Since the order of $(z) is 5, the order of $(y) is 2, and the order of (x) ¢(y) 
is 4, we conclude (d(x), d(y)) = N & Ss. Moreover, we demonstrate below that ¢(¢) 
has exactly five conjugates under conjugation by the elements of (#(x), d(y)) = N & Ss. 


Now, given t ~ to, we see that 
b(t) ~ P(to) MO 123 4)) — [(126 1 6)(2 25 12)(3 29 13)(4 33 14)(5 37 15)(7 17 45) 


(8 18 49)(9 19 53)(10 20 57)(11 61 62)(16 107 112)(21 67 72)(22 68 73)(23 69 74)(24 70 75) 
(26 82 50)(27 83 54)(28 84 58)(30 86 46)(31 87 55)(32 88 59)(34 90 47)(35 91 51) 
(36 92 60)(38 94 48)(39 95 52)(40 96 56)(41 97 102)(42 98 104)(43 99 105)(44 100 106) 
(63 77 114)(64 78 115)(65 79 116)(66 80 117)(71 118 122)(76 101 119)(81 108 121) 

(85 109 123)(89 110 124)(93 111 125)(103 113 120)}@ 1734) — 
= [(12345)(6 789 10)(11 12 13 14 15)(16 17 18 19 20)(21 26 31 36 37) 

(22 27 32 33 38)(23 28 29 34 39)(24 25 30 35 40)(41 46 51 56 57)(42 47 52 53 58) 
(43 48 49 54 59)(44 45 50 55 60)(62 63 64 65 66)(67 68 69 70 71)(72 73 74 75 76) 
(97 98 99 100 101)(77 82 87 92 93)(78 83 88 89 94)(79 84 85 90 95)(80 81 86 91 96) 
(102 104 105 106 103)(107 108 109 110 111)(113 114 115 116 117)(121 123 124 125 122)] 
(126 1 6) (2 25 12)(3 29 13)(4 33 14)(5 37 15)(7 17 45)(8 18 49) (9 19 53)(10 20 57)(11 61 62) 
(16 107 112)(21 67 72)(22 68 73)(23 69 74)(24 70 75)(26 82 50)(27 83 54)(28 84 58) 
(30 86 46)(31 87 55)(32 88 59)(34 90 47)(35 91 51)(36 92 60)(38 94 48) (39 95 52) 
(40 96 56)(41 97 102)(42 98 104)(43 99 105)(44 100 106)(63 77 114)(64 78 115)(65 79 116) 
(66 80 117)(71 118 122)(76 101 119)(81 108 121)(85 109 123)(89 110 124)(93 111 125) 
(103 113 120)][(1 5 43 2)(6 10 9 8 7)(11 15 14 13 12)(16 20 19 18 17)(21 37 36 31 26) 
(22 38 33 32 27)(23 39 34 29 28)(24 40 35 30 25)(41 57 56 51 46)(42 58 53 52 47) 


(43 59 54 49 48)(44 60 55 50 45)(62 66 65 64 63)(67 71 70 69 68)(72 76 75 74 73) 
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(97 101 100 99 98)(77 93 92 87 82)(78 94 89 88 83)(79 95 90 85 84)(80 96 91 86 81) 
(102 103 106 105 104)(107 111 110 109 108)(113 117 116 115 114)(121 122 125 124 123) 
= (126 2 7)(1 21 11)(3 30 13)(4 34 14)(5 38 15)(6 16 41)(8 18 50)(9 19 54)(10 20 58) 
(12 61 63)(17 108 112)(25 71 76)(26 68 73)(27 69 74)(28 70 75)(22 78 49)(23 79 53) 
(24 80 57)(29 85 42)(31 87 55)(32 88 59)(33 89 43)(35 91 51)(36 92 60)(37 93 44) 

(39 95 52)(40 96 56)(45 101 103)(46 98 104)(47 99 105)(48 100 106) (62 81 113) (64 82 115) 
(65 83 116)(66 84 117)(67 118 121)(72 97 119)(77 107 122)(86 109 123)(90 110 124) 


(94 111 125)(102 114 120) = $(t,) ~ ¢(#), 
and further that 


b(t)P@) ~ b(to)@O 123 4) — [(126 1 6)(2 25 12)(3 29 13)(4 33 14)(5 37 15)(7 17 45) 


(8 18 49)(9 19 53)(10 20 57)(11 61 62)(16 107 112)(21 67 72)(22 68 73)(23 69 74) 
(24 70 75)(26 82 50)(27 83 54)(28 84 58)(30 86 46)(31 87 55)(32 88 59)(34 90 47) 
(35 91 51)(36 92 60) (38 94 48)(39 95 52)(40 96 56)(41 97 102)(42 98 104)(43 99 105) 
(44 100 106)(63 77 114)(64 78 115)(65 79 116)(66 80 117)(71 118 122)(76 101 119) 
(81 108 121)(85 109 123)(89 110 124)(93 111 125)(103 113 120)]* 1 2 3 4)”) 
= [(135 2.4)(6 8 10 7 9)(11 13 15 12 14)(16 18 20 17 19)(21 31 37 26 36)(22 32 38 27 33) 
(23 29 39 28 34)(24 30 40 25 35)(41 51 57 46 56)(42 52 58 47 53)(43 49 59 48 54) 
(44 50 60 45 55)(62 64 66 63 65)(67 69 71 68 70)(72 74 76 73 75)(97 99 101 98 100) 
(77 87 93 82 92)(78 88 94 83 89)(79 85 95 84 90)(80 86 96 81 91)(102 105 103 104 106) 
(107 109 111 108 110)(113 115 117 114 116)(121 124 122 123 125)][(126 1 6)(2 25 12) 
(3 29 13)(4 33 14)(5 37 15)(7 17 45)(8 18 49)(9 19 53)(10 20 57)(11 61 62)(16 107 112) 
(21 67 72)(22 68 73)(23 69 74)(24 70 75)(26 82 50)(27 83 54)(28 84 58)(30 86 46) 
(31 87 55)(32 88 59)(34 90 47)(35 91 51)(36 92 60)(38 94 48)(39 95 52)(40 96 56) 


(41 97 102)(42 98 104)(43 99 105)(44 100 106)(63 77 114)(64 78 115)(65 79 116)(66 80 117) 
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(71 118 122)(76 101 119)(81 108 121)(85 109 123)(89 110 124)(93 111 125)(103 113 120)] 
[(1 425 3)(697 10 8)(11 14 12 15 13)(16 19 17 20 18)(21 36 26 37 31) 

(22 33 27 38 32)(23 34 28 39 29)(24 35 25 40 30)(41 56 46 57 51)(42 53 47 58 52) 
(43 54 48 59 49)(44 55 45 60 50) (62 65 63 66 64)(67 70 68 71 69)(72 75 73 76 74) 
(97 100 98 101 99)(77 92 82 93 87)(78 89 83 94 88)(79 90 84 95 85)(80 91 81 96 86) 
(102 106 104 103 105)(107 110 108 111 109)(113 116 114 117 115)(121 125 123 122 124)] 
= (126 3 8)(1 22 11)(2 26 12)(4 35 14)(5 39 15)(6 16 42)(7 17 46)(9 19 55)(10 20 59) 
(13 61 64)(18 109 112)(29 71 76)(30 67 72)(31 69 74)(32 70 75)(21 77 45)(23 79 53) 
(24 80 57)(25 81 41)(27 83 54)(28 84 58)(33 89 43)(34 90 47)(36 92 60)(37 93 44) 
(38 94 48)(40 96 56)(49 101 103)(50 97 102)(51 99 105)(52 100 106) (62 85 113) 

(63 86 114)(65 87 116)(66 88 117)(68 118 123)(73 98 119)(78 107 122)(82 108 121) 
(91 110 124)(95 111 125)(104 115 120) = (te) ~ o(t”), 


and further that 
(t)?@) ~ H(ty) PO 123 4)*) — (126 1 6)(2 25 12)(3 29 13)(4 33 14)(5 37 15)(7 17 45) 


(8 18 49)(9 19 53)(10 20 57)(11 61 62)(16 107 112)(21 67 72)(22 68 73)(23 69 74) 
(24 70 75)(26 82 50)(27 83 54)(28 84 58)(30 86 46)(31 87 55)(32 88 59)(34 90 47) 
(35 91 51)(36 92 60)(38 94 48)(39 95 52)(40 96 56)(41 97 102)(42 98 104)(43 99 105) 
(44 100 106)(63 77 114)(64 78 115)(65 79 116)(66 80 117)(71 118 122)(76 101 119) 
(81 108 121)(85 109 123)(89 110 124)(93 111 125)(103 113 120)}@ 1 23 4)°) 
= [(1 425 3)(6 9 7 10 8)(11 14 12 15 13)(16 19 17 20 18)(21 36 26 37 31) 

(22 33 27 38 32)(23 34 28 39 29)(24 35 25 40 30)(41 56 46 57 51)(42 53 47 58 52) 
(43 54 48 59 49)(44 55 45 60 50)(62 65 63 66 64)(67 70 68 71 69)(72 75 73 76 74) 
(97 100 98 101 99)(77 92 82 93 87)(78 89 83 94 88)(79 90 84 95 85)(80 91 81 96 86) 


(102 106 104 103 105)(107 110 108 111 109)(113 116 114 117 115)(121 125 123 122 124)} 
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[(126 1 6)(2 25 12)(3 29 13)(4 33 14)(5 37 15)(7 17 45)(8 18 49)(9 19 53)(10 20 57) 
(11 61 62)(16 107 112)(21 67 72)(22 68 73)(23 69 74)(24 70 75)(26 82 50)(27 83 54) 
(28 84 58)(30 86 46)(31 87 55)(32 88 59)(34 90 47)(35 91 51)(36 92 60)(38 94 48) 
(39 95 52)(40 96 56)(41 97 102)(42 98 104)(43 99 105)(44 100 106)(63 77 114)(64 78 115) 
(65 79 116)(66 80 117)(71 118 122)(76 101 119)(81 108 121)(85 109 123)(89 110 124) 
(93 111 125)(103 113 120)][(1 35 2 4)(6 8 10 7 9)(11 13 15 12 14)(16 18 20 17 19) 
(21 31 37 26 36)(22 32 38 27 33)(23 29 39 28 34)(24 30 40 25 35)(41 51 57 46 56) 
(42 52 58 47 53)(43 49 59 48 54)(44 50 60 45 55)(62 64 66 63 65)(67 69 71 68 70) 
(72 74 76 73 75)(97 99 101 98 100)(77 87 93 82 92)(78 88 94 83 89)(79 85 95 84 90) 
(30 86 96 81 91)(102 105 103 104 106)(107 109 111 108 110)(113 115 117 114 116) 
(121 124 122 123 125)] = (126 4 9)(1 23 11)(2 27 12)(3 31 13)(5 40 15)(6 16 43) 

(7 17 47)(8 18 51)(10 20 60)(14 61 65)(19 110 112)(33 71 76)(34 67 72)(35 68 73) (36 70 75) 
(21 77 45)(22 78 49)(24 80 57)(25 81 41)(26 82 50)(28 84 58)(29 85 42)(30 86 46) 
(32 88 59)(37 93 44)(38 94 48)(39 95 52)(53 101 103)(54 97 102)(55 98 104)(56 100 106) 
(62 89 113)(63 90 114)(64 91 115)(66 92 117)(69 118 124)(74 99 119)(79 107 122) 
(83 108 121)(87 109 123)(96 111 125)(105 116 120) = (ts) ~ ¢(t*’), 


and further that 
$(t)PO) ~ b(ty) MO 123 4") — [(126 1 6)(2 25 12)(3 29 13)(4 33 14)(5 37 15)(7 17 45) 


(8 18 49)(9 19 53)(10 20 57)(11 61 62)(16 107 112)(21 67 72)(22 68 73)(23 69 74) (24 70 75) 
(26 82 50)(27 83 54)(28 84 58)(30 86 46)(31 87 55)(32 88 59)(34 90 47)(35 91 51) 
(36 92 60)(38 94 48)(39 95 52)(40 96 56)(41 97 102)(42 98 104)(43 99 105)(44 100 106) 
(63 77 114)(64 78 115)(65 79 116)(66 80 117)(71 118 122)(76 101 119)(81 108 121) 
(85 109 123)(89 110 124)(93 111 125)(103 113 120))%@ 1 2 3 4)°) 


= [(1 543 2)(6 109 8 7)(11 15 14 13 12)(16 20 19 18 17)(21 37 36 31 26)(22 38 33 32 27) 
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(23 39 34 29 28)(24 40 35 30 25)(41 57 56 51 46)(42 58 53 52 47)(43 59 54 49 48) 
(44 60 55 50 45)(62 66 65 64 63)(67 71 70 69 68)(72 76 75 74 73)(97 101 100 99 98) 
(77 93 92 87 82)(78 94 89 88 83)(79 95 90 85 84)(80 96 91 86 81)(102 103 106 105 104) 
(107 111 110 109 108)(113 117 116 115 114)(121 122 125 124 123)][(126 1 6)(2 25 12) 
(3 29 13)(4 33 14)(5 37 15)(7 17 45)(8 18 49)(9 19 53)(10 20 57)(11 61 62)(16 107 112) 
(21 67 72)(22 68 73)(23 69 74)(24 70 75)(26 82 50)(27 83 54)(28 84 58)(30 86 46) 
(31 87 55)(32 88 59)(34 90 47)(35 91 51)(36 92 60)(38 94 48)(39 95 52)(40 96 56) 
(41 97 102)(42 98 104)(43 99 105)(44 100 106) (63 77 114)(64 78 115) (65 79 116)(66 80 117) 
(71 118 122)(76 101 119)(81 108 121)(85 109 123)(89 110 124)(98 111 125)(103 113 120)] 
[(1 23 45)(6 789 10)(11 12 13 14 15)(16 17 18 19 20)(21 26 31 36 37) 

(22 27 32 33 38)(23 28 29.34 39)(24 25 30 35 40)(41 46 51 56 57)(42 47 52 53 58) 
(43 48 49 54 59)(44 45 50 55 60)(62 63 64 65 66)(67 68 69 70 71)(72 73 74 75 76) 
(97 98 99 100 101)(77 82 87 92 93)(78 83 88 89 94)(79 84 85 90 95)(80 81 86 91 96) 
(102 104 105 106 103)(107 108 109 110 111)(113 114 115 116 117)(121 123 124 125 122)] 
= (126 5 10)(1 24 11)(2 28 12)(3 32 13)(4 36 14)(6 16 44)(7 17 48)(8 18 52)(9 19 56) 
(15 61 66)(20 111 112)(37 71 76)(38 67 72)(39 68 73)(40 69 74)(21 77 45) (22 78 49) 
(23 79 53)(25 81 41)(26 82 50)(27 83 54)(29 85 42)(30 86 46)(31 87 55)(33 89 43) 

(34 90 47)(35 91 51)(57 101 103)(58 97 102)(59 98 104)(60 99 105) (62 93 113) 
(63 94 114)(64 95 115)(65 96 116)(70 118 125)(75 100 119)(80 107 122)(84 108 121) 
(88 109 123)(92 110 124)(106 117 120) = ¢(t4) ~ o(t™). 


Therefore, ¢(t) has exactly five conjugates under conjugation by the elements of 

(o(2), 6(y)) & N & So; these conjugates are, namely, $(t) ~ (to), ot) ~ o(th); 
$(t®”) ~ (te), H(t) ~ o(tg), and G(t*") ~ $(t4). Since (d(x), (y)) & N & Ss and since 
@(t) has exactly five conjugates under conjugation by the elements of (¢(x), d(y)) = N, 
we conclude that (4(x), $(y), o(t)) is a homomorphic image of G = (z,y,t). That is, 
(6(x), (y), 6(€)) is a homomorphic image of the progenitor 3*° : Ss. - 
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Next, to show that (¢(x), 6(y), é(t)) is a homomorphic image of G, we must show 
that (4(x), 6(y), ¢(¢)) is a homomorphic image of G factored by the relations (yzt)® = e, 
(t-147)3 = e, (wyx-lyat 4”)? = e, and (a~?yzx?t)!? = e; that is, we must show that 
(¢(z), 6(y), ¢(t)) is a homomorphic image of the progenitor 3*° : Ss factored by the 
relations [(0 1 2 3)to]® = e, [t/t]? = e, [(0 1 2)tp'ti]? = e, and [(0 1)to]'? = e. Let 
a: G — (d(x), o(y), ¢(t)) be a mapping from G to (¢(z), o(y), ¢(¢)). We note that 
the mapping @ : G —> (¢(z), ¢(y), O(t)) is well-defined, and we know already that 
(¢(x), (y), (t)) is a homomorphic image of the progenitor 3*° : Ss. Now, to show 
that (d(x), o(y), $(t)) is a homomorphic image of G, we need only demonstrate that the 
relations [(0 1 2 3)to]® = e, [tp 1ti]® = e, [(0 1 2)tp‘ti]? = e, and [(0 1)to]!? = e, which 
hold true in G, also hold true in (¢(x), d(y), o(£)) < Si26. 

To demonstrate that the relation [(0 1 2 3)to]® = e, or, equivalently, the relation 
titotgtetito = (0 2)(1 3), holds true in (¢(z), 6(y), o(¢)) < S126, we show that 
$(t1) P(to) P(t) b(t2)6(t1) P(to) ~ P(t*)4(t)(E™ OE” )O(E*)H(#) € Siz6 acts on the five 
symmetric generators $(to), ¢(t1), $(t2), o(tz), and ¢(t4) by conjugation in the same way 
that ¢((0 2)(1 3)) ~ ((yzx)*) acts on the five symmetric generators (to), o(t1), (ta), 
o(t3), and ¢(t4) by conjugation. We first conjugate the symmetric generators ¢(to), 
$(t1), (tz), P(ts), and H(t) by O(t1) (to) d(ts) d(t2) P(t1) (to). This gives us 


(tp) #2) #(to) lta) (ta) H(t) (to) — (ty), 


(ty) 91) 9 (to) b(t) H(t2) b(t) (to) — $(t3), 
4( in) P(t1) #(t0) O(t3) (2) (tx ) OCC) = ¢(to), 
$( ty) 04 ) (to) }(ts)$(t2)b(t1) (to) — é(t1), 


b(tq) Pt) P40) b (ta) (ta) b(t )O(to) = $(t4) 


We next conjugate the symmetric generators $(to), (t1), d(t2), d(t3), and P(t4) by 
$((0 2)(1 3)). This gives us 
b(to) HO 2)(1 3)) — (te), 


b(t) © 2)(1 3)) o(ts), 
(ta) KO 2)(1 3)) (to), 


(tz) 2)(1 3)) — (t1), 
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(ta) 2)(1 3)) — (ta) 


Since $(t1)4(to)}(ts)b(ta)o(t1) (to) ~ H(t*)S(E)S(E™)O(E™ )O(*) O(E) € Size acts on the 
five symmetric generators (to), O(t1), (t2), o(tz), and $(t4) by conjugation in the same 
way that ¢((0 2)(1 3)) ~ ¢((yz)”) acts on the five symmetric generators (to), (ti), 
(tz), ¢(t3), and $(t4) by conjugation, we conclude that the relation [(0 1 2 3)to]® = e, 
which holds true in G, also holds true in (¢(x), 6(y), d(t)) < Si26- 

To dernonstrate that the relation [t> 14,)® = e, or, equivalently, the relation 
to lt tp ‘tito ‘ti = e, holds true in (¢(x), 6(y), O(€)) < Size, we must show that 
HES) )OED S(O) ~ HEYA} S(E*) OEY 4() € Size acts on 
the five symmetric generators (to), (t1), O(t2), d(t3), and ¢(t4) by conjugation in 
the same way that the identity element ¢(e) acts on the five symmetric generators (to), 


$(t1), (te), d(t3), and $(t4) by conjugation. We first conjugate the symmetric generators 
(to), (t1), O(t2), (ts), and (ta) by 4(tp')O(t1)$(to)d(t1)O(to') (41). This gives us 


(to) Po PE) IOs) OES ")4(4) — Y(tg), 


p(t) Pte Ct) OLES “(tO “)O(4) = Bt), 
(ty) Pte (tI OES OCH) OES ")O(4) — P(ty), 
(tg) Pt ot) Ot )OC) OVO) = B(tg), 


(tq) Po IPC) lt ")O() Ot ")64) = $(t4) 


We next conjugate the symmetric generators (to), 6(t1), (te), d(t3), and (ta) by (e). 
This gives us 
P(to)* = d(to), 


$(t1)%) = 9(t1), 
$(t2)* = o(t2), 
(ta) = o(ta), 
(ta) = (ta) 


Since (ty *)P(t1) O(to ')b(t1) O(to*) O(a) ~ $(E™)O(E*) OE) OH) H(E) OE”) € Si26 acts 
on the five symmetric generators ¢(to), }(t1), O(t2), o(t3), and (ts) by conjugation in 


the-same way that the identity element ¢(e) acts on the five symmetric generators (to), 
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P(t1), O(te), (ts), and d(t4) by conjugation, we conclude that the relation [t> 1B =e, 
which holds true in G, also holds true in (¢(x), 6(y), d(t)) < S16. 

To demonstrate that the relation [(0 1 2)t>+t:]? = e, or, equivalently, the relation 
ty Moto ‘t: = (0 1 2), holds true in (A(z), 6(y), $(t)) < S126, we show that 
(te) (ta) O(to*) b(t) ~ O((#*)1)G(E") OE!) G(E*) € Size acts on the five symmetric 
generators ¢(to), $(t1), O(t2), O(ts), and (t4) by conjugation in the same way that 
$((0 1 2)) ~ ¢(xyz—lyzxt~1) acts on the five symmetric generators ¢(to), o(t1), o(t2), 
@(tz), and ¢(t4) by conjugation. We first conjugate the symmetric generators $(to), 
$(t1), d(t2), P(ts), and (ts) by H(t") b(t2)$(tq")d(t1). This gives us 


(ty) Ptr eta) blto*)oles) = o(t1), 


(ty) Per )o(t2) Hlto #4) = $(to), 
(ta) Ptr) (2) 669 ")#ea) = $(t9), 
(tg) eer )o(t2) lle ")#%) = $(tg), 


(tq) Per )4(t2) 6H IO) = P(t,) 


We next conjugate the symmetric generators 4(to), o(t1), (te), o(ts), and ¢(ts) by 
¢((0 1 2)). This gives us 


(to) 7) = p(t), 
f(t)? = b(tn), 
P(t2)(O +») = b(t), 
(ts) © 2) = o(ts), 
G(t4)%O 1 2) = o(ta) 


Since (tz?) (ta) (ty) A(t) ~ 4((E)-Y SE )6(E)S(E) E Siag acts on the five sym- 
metric generators ¢(to), ¢(t1), O(te), O(ts), and ¢(t4) by conjugation in the same way 
that ¢((0 1 2)) ~ ¢(xyx-tyat—!) acts on the five symmetric generators (to), ¢(t1), 
(ta), (tz), and $(t4) by conjugation, we conclude that the relation [(0 1 2)t7*ti]? = e, 
which holds true in G, also holds true in (d(x), o(y), o(t)) < Stee. 

To demonstrate that the relation [(0 1)to]!? = e, or, equivalently, the relation 


tytotitotitotitotitotito = e, holds true in (g(x), oy), @(t)) < Sj2g, we show that 
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(t1) (to) (t1) H(t0) b(t1) b(t0) b(t1) b(t0) b(t1) (to) H(t1) H(%o) 

~ P(t") OE) OE) P(E) OE) OE) OE” ) OH) OE?) 6) OH") G(E) € S126 acts on the five symmet- 
ric generators (to), o(t1), (te), O(t3), and ¢(t4) by conjugation in the same way that 
the identity element $(e) acts on the five symmetric generators ¢(to), o(t1), O(t2), (ts), 
and $(t4) by conjugation. We first conjugate the symmetric generators ¢(to), (ti), 


b(ta), H(ts), and P(t4) by P(t1)d(to)b(t1) (to) P(t1) b(to) b(t1) b(to) b(t1) b(to) b(t1) O(to). 


This gives us 
(to) P29 (40) b(t) 640) H(t ) (40) b(t ) (0) b(t )4(t0) O(t1) (0) = (to), 


(ty) Pt) P04 (Ea) O(40) O(t1) (0) (41) O40) (ta) (t0) O(% )4(to) = (ts), 
(ty) Ptr) Pl to) (ts) P(t) b(t1 (to) b(t) H( to) (ta ) (to) PCF (to) = (te), 
(tg) PCr) P40) PCE) HL t0) {Ea ) 6 (to) (C2 )P( to) H(t )O(t0) b(t) oCto) = $(ts), 


(tg) Pt) PCt0) H(t1) B40) (ta (to) H(t )O(Ho ) HL ts (to) H(ts) (to) — J(¢,) 


We next conjugate the symmetric generators $(to), $(t1), d(t2), b(t3), and (ts) by ¢(e). 
This gives us 


(to) * = $(to), 
(1% = $(4), 
(to) = d(ta); 
G(ts)° = o(ts), 
(ta) *) = (ta) 


Since $(t1)4(to) A(t) 4(to)(t1)4(to)b(t1)d(t0) (tx) 6(to) (ta) (to) ~ 
P(E) DE) H(E*) P(E) OE”) PO) OE?) OE) (HO) O(H*) P(t) € S126 acts on the five symmetric 
generators (to), d(t1), d(t2), d(t3), and $(¢4) by conjugation in the same way that the 
identity element ¢(e) acts on the five symmetric generators $(to), $(t1), O(t2), o(t3), and 
o(t4) by conjugation, we conclude that the relation [(0 1)to]!? = e, which holds true in 
G, also holds true in (¢(x), (y), d(£)) < S196. 

Since (¢(zx), o(y), 6(t)) is a homomorphic image of the progenitor 3*° : Ss, and 
since the relations [(0 1 2 3)to|® =e, {tj ‘ti]® =e, [(0 1 2)t7*ti]? =e, and [(0 1)to]!? =e 


hold true in (f(x), $(y), (¢)) < S126, we conclude that (¢(x), $(y), ¢(t)) is a homomorphic 
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image of the progenitor 3*° : Ss factored by the relations [(0 1 2 3)to]® = e, [tq*ti]? = e, 
[(O 1 2)t>*t1]? = e, and [(0 1)to}'” = e; that is, we conclude that (¢(x), 4(y), A(t) is a 
homomorphic image of G. 

More importantly, since (¢(x), d(y), ¢(t)) is a homomorphic image of G, we 
have that (¢(z), d(y), @(t)) < G. In fact, since (d(x), d(y), o(t)) < G, we have that 
IG| > |(d(z), (y), O(t))|. Since it is easily demonstrated, with MAGMA or by hand, 
that |((zx), o(y), d(t))| = 15120, we conclude finally that |G| > |(¢(x), d(y), o(t))| = 
15120, that is, |G] > 15120. Given |G| < 15120 and |G| > 15120, we conclude |G| = 
15120. Moreover, since |(¢(zx), (y), (t))| = 15120 = |G| and since (¢(x), d(y), d(t)) is a 


homomorphic image of G, we conclude 


($(2), (y), (4) = G. 


We finally show that (¢(z), d(y), o(t)) = S7 x 3. Let Gi = (d(z), o(y), (4). 
Now, with the help of MAGMA (see [BCP97]), we know that the elements 


a = (1 78 87 98 52 116 71)(2 58 90 57 119 63 115)(3 23 118 83 51 55 97) 
(4 42 70 124 59 33 46)(5 53 32 61 120 121 19)(6 85 45 122 9 50 126) 

(7 110 49 112 75 103 25)(8 74 125 35 95 82 66)(10 106 54 111 96 102 34) 
(11 113 30 37 109 36 88)(12 84 108 22 40 17 99)(13 31 76 104 73 89 107) 
(14 43 64 48 39 123 38)(15 62 92 26 81 105 65)(16 67 80 94 101 56 47) 
(18 69 41 77 79 24 91)(20 28 60 27 72 114 68)(21 117 44 100 86 29 93), 


b = (1 13)(2 19)(4 66)(5 46)(7 60)(8 88)(11 56)(12 48)(15 86)(18 65)(23 110)(28 126) 
(29 102)(31 91)(33 82)(34 71)(37 80)(39 108)(44 111)(45 114)(47 115)(49 83)(50 123) 
(53 58)(54 98)(64 122)(67 90)(69 76)(72 112)(84 118)(87 104)(95 109)(100 105), and 


c= (1 109 122)(2 110 100)(3 81 121)(4 108 69)(5 118 65)(6 52 113)(7 44 115) 

(8 123 104)(9 78 36)(10 94 68)(11 126 98)(12 91 33)(13 95 64)(14 89 125)(15 53 83) 

(16 27 96)(17 79 124)(18 46 84)(19 23 105)(20 106 101)(21 119 103)(22 41 42)(24 59 99) 
(25 117 63)(26 120 97)(28 54 56)(29 90 112)(30 85 116)(31 82 48)(32 51 62)(34 80 114) 
(35 43 107)(37 45 71)(38 73 74)(39 76 66)(40 77 70)(47 60 111)(49 86 58)(50 87 88) 

(55 92 61)(57 75 93)(67 72 102) 
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belong to G,. (Note: The labels for the right cosets in this case were assigned by MAGMA 
and are different from the labels that we assigned earlier.) Therefore, (a,b,c) < Gi, a 
permutation group on 15120 letters, is a permutation representation of G and, further, 
|Gi| = 15120. But |(a,b,c)| = 15120 = |Gi|. Therefore, Gy = (a, b,c). Moreover, 
(a,b,c) & S7 x 3 & (a,b, cla” = b* = (ab)® = (a~?(ab)?)? = (a-*ba*d)? = c® = [e, b] = 
[c*, b] = [c%”,b] = e). Therefore, Gy & S7 x 3 and, since G; = (¢(x), ¢(y), o(t)) & G, we 


conclude G & S7 x 3. 


6.6 Converting an Element of G from its Permutation Rep- 


resentation to its Symmetric Representation 


To illustrate how a permutation representation of an element of $7 x 3 on 126 letters may 


be converted to its symmetric representation form, we consider the following example: 


Example 6.1. Let g EG= ce x 3 and let p= ¢(g) = 
(1 11 122 107 103 101)(2 14 123 111 102 99 3 15 121 110 104 100) 


(4 13 125 108 105 98 5 12 124 109 106 97)(6 76 71 62 113 16) 
(7 74 68 66 114 19 8 75 67 65 115 20)(9 73 70 63 116 18 10 72 69 64 117 17) 
(21 53 78 24 45 79 22 57 77 23 49 80)(25 43 85 37 41 89 29 44 81 33 42 93) 
(26 60 86 40 50 92 30 56 82 36 46 96)(27 51 88 38 54 91 32 48 83 35 59 94) 
(28 47 87 39 58 90 31 52 84 34 55 95)(126 112 118 119 120 61) 


be the permutation representation of g on 126 letters. Then 126? = 112 implies N? = 
Nip tt ty 1 since 126 and 112 are labels for the right cosets N and Ntp nthe 1 te 
spectively. Moreover, since N? = Np and N? = Nt) ‘ato 1 we have that Np = 
NG hits = Now, Np = Nig tits implies that p € Nig tits: which implies that 
p ~ mt ‘titp! for some a € N or, more precisely, p = $(7) (to 1)}d(t1)¢(to*) for some 
x € N. To determine s € N & Ss, we note first that p = 6(m)$(to')d(ti) (to) > 
p(O(to*)) (b(t) *(b(49")) + = pbl(ta") br") b((éo")~*) = Peto) (tT) (to) = 
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¢(m). We then calculate the action of ¢(1) = pd(to)(t7*)d(to) on the symmetric gener- 
ators t;, where i € {0,1,2,3, 4}. Now, d() = pd(to) d(t7!)o(to) = 


[(1 11 122 107 103 101)(2 14 123 111 102 99 3 15 121 110 104 100) 


(4 13 125 108 105 98 5 12 124 109 106 97)(6 76 71 62 113 16) 
(7 74 68 66 114 19 8 75 67 65 115 20)(9 73 70 63 116 18 10 72 69 64 117 17) 
(21 53 78 24 45 79 22 57 77 23 49 80)(25 43 85 37 41 89 29 44 81 33 42 93) 
(26 60 86 40 50 92 30 56 82 36 46 96)(27 51 88 38 54 91 32 48 83 35 59 94) 
(28 47 87 39 58 90 31 52 84 34 55 95)(126 112 118 119 120 61)] 
[(126 1 6)(2 25 12)(3 29 13)(4 33 14)(5 37 15)(7 17 45)(8 18 49)(9 19 53) 

(10 20 57)(11 61 62)(16 107 112)(21 67 72)(22 68 73)(23 69 74)(24 70 75)(26 82 50) 
(27 83 54)(28 84 58)(30 86 46)(31 87 55)(32 88 59)(34 90 47)(35 91 51)(36 92 60) 
(38 94 48)(39 95 52)(40 96 56)(41 97 102)(42 98 104)(43 99 105)(44 100 106)(63 77 114) 
(64 78 115)(65 79 116)(66 80 117)(71 118 122)(76 101 119)(81 108 121)(85 109 123) 
(89 110 124)(93 111 125)(103 113 120)}{(126 7 2)(1 11 21)(3 13 30)(4 14 34)(5 15 38) 
(6 41 16)(8 50 18)(9 54 19)(10 58 20)(12 63 61)(17 112 108)(25 76 71)(26 73 68) 

(27 74 69)(28 75 70) (22 49 78)(23 53 79)(24 57 80)(29 42 85)(31 55 87)(32 59 88) 
(33 43 89)(35 51 91)(36 60 92)(37 44 93)(39 52 95)(40 56 96)(45 103 101)(46 104 98) 
(47 105 99)(48 106 100)(62 113 81)(64 115 82)(65 116 83)(66 117 84)(67 121 118)(72 119 97) 
(77 122 107)(86 123 109)(90 124 110)(94 125 111)(102 120 114)] 

[(126 1 6)(2 25 12)(3 29 13)(4 33 14)(5 37 15)(7 17 45)(8 18 49)(9 19 53) 

(10 20 57)(11 61 62)(16 107 112)(21 67 72)(22 68 73)(23 69 74)(24 70 75)(26 82 50) 
(27 83 54)(28 84 58)(30 86 46)(31 87 55)(32 88 59)(34 90 47)(35 91 51)(36 92 60) 
(38 94 48)(39 95 52)(40 96 56)(41 97 102)(42 98 104)(43 99 105)(44 100 106)(63 77 114) 


(64 78 115)(65 79 116)(66 80 117)(71 118 122)(76 101 119)(81 108 121)(85 109 123) 
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(89 110 124)(93 111 125)(103 113 120)] 
= (12345)(6 789 10)(11 12 13 14 15)(16 17 18 19 20)(21 26 31 36 37) 

(22 27 32 33 38)(23 28 29 34 39)(24 25 30 35 40)(41 46 51 56 57)(42 47 52 53 58) 
(43 48 49 54 59)(44 45 50 55 60)(62 63 64 65 66)(67 68 69 70 71)(72 73 74 75 76) 
(97 98 99 100 101)(77 82 87 92 93)(78 83 88 89 94)(79 84 85 90 95)(80 81 86 91 96) 
(102 104 105 106 103)(107 108 109 110 111)(113 114 115 116 117)(121 123 124 125 122). 

The element  ~ $(r) = p(t) (tz 1)b(to) = 


(12345)(6 789 10)(11 12 13 14 15)(16 17 18 19 20)(21 26 31 36 37) 


(22 27 32 33 38)(23 28 29 34 39)(24 25 30 35 40)(41 46 51 56 57)(42 47 52 53 58) 
(43 48 49 54 59)(44 45 50 55 60)(62 63 64 65 66)(67 68 69 70 71)(72 73 74 75 76) 
(97 98 99 100 101)(77 82 87 92 93)(78 83 88 89 94)(79 84 85 90 95)(80 81 86 91 96) 
(102 104 105 106 103)(107 108 109 110 111)(113 114 115 116 117)(121 123 124 125 122) 


acts on the right cosets Nto, Nti, Nto, Nt3, and Nt, via the mapping ¢ : G — Sx 
defined by ¢(a, Nw) = Nw”. The mappings below illustrate this action: 


Nip =1P 19 =2=Nh, Nty =21> 2? = 4= Nts, 


Nts =4r 4° = 3 = Nto, Nig =3+> 8? =5 = Nta, 
Ntg=5 5? =1= Nig 
Therefore, the element ¢(7) acts as (0 1 3 2 4) on the right cosets Ntp, Nti, Nto, Nts, 
and Nt4, and so ¢(7) is the permutation representation of 7 = (0 1 3 2 4) € Ss on 126 


letters. Therefore, 7 = (0132 4) andw=tp ‘tity 1 and so the symmetric representation 


of g is (013 2 4)tp*tyto*. 
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6.7 Converting an Element of G from its Symmetric Rep- 
resentation to its Permutation Representation 


To illustrate how an element of $7 x 3 in symmetric representation form may be converted 


to its permutation representation on 126 letters, we consider the following example: 


Example 6.2. Let g € G & S7 x 3 have the symmetric representation 

g=(01324)ty uty 1 To determine the permutation representation p = ¢(g) of g, we 
first calculate the action of 7 = (0 13 2 4) on the right cosets of N in G. Now, the element 
ma = (013 2 4) acts on the right cosets N in G via the mapping ¢ : G —> Sx defined by 


(x, Nw) = Nw”. To illustrate this action, we provide several examples below: 
126 = Nr NO13?24) — N= 126 


l= Nips N#O13?% = Nt =2 

2= Nt NtO13?49 — Neg =4 

4= Nts Nl '3?49 = Nt =3 

3 = Nign NtO 13249 2 Ny =5 

5 = Nigr NtO13?% = Ntp=1 
6 = Nigh N(tp1)\ 01329 = Nt =7 
7= Ntp 4 Nez tjO 1324 = Nt! 29 
9= Nizt N(tz1)©1329 = nt! =8 
8= Nt) N(tz)O 1324 — ne? = 10 


10 = Ntz!  N(z)@ 1324 = N+ =6 


121 = Ntotytoty + N(totitoty?)© 1324 = Ntytgtity+ = Ntotgtoty! = 124 
124 = Niotgtoty? + N(totgtotz')© 132% = Ntytetytz+ = Ntptetotg! = 123 
123 = Niotatoty? ++ N(totetoty!)© 1324 = Néytgtyty! = Ntotatotg) = 125 


125 = Ntotatotz! + N(totatotz?)© +324 = Ntitotitg! = 122 
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122 = Ntytotytp! + N(titotitp?)© 1324 = Ntgtytgtz? = Ntotitot]+ = 121 


Therefore, the permutation representation of 7 = (0 1 3 2 4) is 
(mr) = (123 45)(6 7 8 9 10)(11 12 13 14 15)(16 17 18 19 20)(21 26 31 36 37) 


(22 27 32 33 38)(23 28 29 34 39)(24 25 30 35 40)(41 46 51 56 57)(42 47 52 53 58) 
(43 48 49 54 59)(44 45 50 55 60)(62 63 64 65 66)(67 68 69 70 71)(72 73 74 75 76) 
(97 98 99 100 101)(77 82 87 92 93)(78 83 88 89 94)(79 84 85 90 95)(80 81 86 91 96) 
(102 104 105 106 103)(107 108 109 110 111)(113 114 115 116 117)(121 123 124 125 122). 


Similarly, we calculate the action of the symmetric generator tp 1 on the right 
cosets of N in G. The symmetric generator to acts on the right cosets of N in G via the 
mapping ¢: G — Sx defined by (to, Nw) = Nwto. By this mapping, the permutation 


representation of to in its action on the right cosets of N in G is 
@(to) = (126 1 6)(2 25 12)(3 29 13)(4 33 14)(5 37 15)(7 17 45)(8 18 49)(9 19 53) 


(10 20 57)(11 61 62)(16 107 112)(21 67 72)(22 68 73)(23 69 74)(24 70 75)(26 82 50) 
(27 83 54)(28 84 58)(30 86 46)(31 87 55)(32 88 59)(34 90 47)(35 91 51)(36 92 60) 
(38 94 48)(39 95 52)(40 96 56)(41 97 102)(42 98 104)(43 99 105)(44 100 106)(63 77 114) 
(64 78 115)(65 79 116)(66 80 117)(71 118 122)(76 101 119)(81 108 121)(85 109 123) 
(89 110 124)(93 111 125)(103 113 120). 

Now, since ¢: G —> Sx is a group homomorphism, (¢(to))~! = ¢(tj1). Therefore, the 

permutation representation of tj! in its action on the right cosets of N in G is 


(to*) = (@(to))~+ = (126 6 1)(2 12 25)(3 13 29)(4 14 33)(5 15 37)(7 45 17)(8 49 18)(9 53 19) 


(10 57 20)(11 62 61)(16 112 107)(21 72 67)(22 73 68)(23 74 69)(24 75 70)(26 50 82) 
(27 54 83)(28 58 84)(30 46 86)(31 55 87)(32 59 88)(34 47 90)(35 51 91)(36 60 92) 
(38 48 94)(39 52 95)(40 56 96)(41 102 97)(42 104 98)(43 105 99)(44 106 100)(63 114 77) 
(64 115 78)(65 116 79)(66 117 80)(71 122 118)(76 119 101)(81 121 108)(85 123 109) 


(89 124 110)(93 125 111)(103 120 113). 
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Finally, we calculate the action of the symmetric generator ¢, on the right cosets 
of N in G. The symmetric generator t, acts on the right cosets of N in G via the 
mapping ¢: G —+ Sx defined by (t,, Nw) = Nwt. By this mapping, the permutation 


representation of t, in its action on the right cosets of N in G is 
o(t1) = (126 2 7)(1 21 11)(3 30 13)(4 34 14)(5 38 15)(6 16 41)(8 18 50)(9 19 54) 


(10 20 58)(12 61 63)(17 108 112)(25 71 76)(26 68 73)(27 69 74)(28 70 75)(22 78 49) 
(23 79 53)(24 80 57)(29 85 42)(31 87 55)(32 88 59)(33 89 43)(35 91 51)(36 92 60) 
(37 93 44)(39 95 52)(40 96 56)(45 101 103)(46 98 104)(47 99 105)(48 100 106)(62 81 113) 
(64 82 115)(65 83 116)(66 84 117)(67 118 121)(72 97 119)(77 107 122)(86 109 123) 
(90 110 124)(94 111 125)(102 114 120). 


Now, (0 13.2 4)t>4ttp! ~ 4((0 1 3 2 4))d(to4)o(t1) o(tD*) = 
[(1 2 4.3.5)(6 79 8 10)(11 12 14 13 15)(16 17 19 18 20)(21 27 35 32 37) 


(22 28 33 30 40)(23 26 36 29 38)(24 25 34 31 39)(41 47 55 52 57)(42 48 53 50 60) 
(43 46 56 49 58)(44 45 54 51 59)(62 63 65 64 66)(67 69 68 70 71)(72 74 73 75 76) 
(77 83 91 88 93)(78 84 89 86 96)(79 82 92 85 94)(80 81 90 87 95)(97 99 98 100 101) 
(102 105 104 106 103)(107 108 110 109 111)(113 114 116 115 117)(121 124 123 125 122)] 
[(126 6 1)(2 12 25)(3 13 29)(4 14 33)(5 15 37)(7 45 17)(8 49 18)(9 53 19)(10 57 20) 
(11 62 61)(16 112 107)(21 72 67)(22 73 68)(23 74 69)(24 75 70)(26 50 82)(27 54 83) 
(28 58 84)(30 46 86)(31 55 87)(32 59 88)(34 47 90)(35 51 91)(36 60 92)(38 48 94) 
(39 52 95)(40 56 96)(41 102 97)(42 104 98)(43 105 99)(44 106 100)(63 114 77)(64 115 78) 
(65 116 79)(66 117 80)(71 122 118)(76 119 101)(81 121 108)(85 123 109)(89 124 110) 
(93 125 111)(103 120 113)][(126 2 7)(1 21 11)(3 30 13)(4 34 14)(5 38 15)(6 16 41) 

(8 18 50)(9 19 54)(10 20 58)(12 61 63)(17 108 112)(25 71 76)(26 68 73)(27 69 74) 
(28 70 75)(22 78 49)(23 79 53)(24 80 57)(29 85 42)(31 87 55)(32 88 59)(33 89 43) 


(35 91 51)(36 92 60)(37 93 44)(39 95 52)(40 96 56)(45 101 103)(46 98 104)(47 99 105) 
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(48 100 106)(62 81 113)(64 82 115)(65 83 116)(66 84 117)(67 118 121)(72 97 119) 
(77 107 122)(86 109 123)(90 110 124)(94 111 125)(102 114 120)][(126 6 1)(2 12 25)(3 13 29) 
(4 14 33)(5 15 37)(7 45 17)(8 49 18)(9 53 19)(10 57 20)(11 62 61)(16 112 107) 

(21 72 67)(22 73 68)(23 74 69)(24 75 70)(26 50 82)(27 54 83)(28 58 84)(30 46 86) 
(31 55 87)(32 59 88)(34 47 90)(35 51 91)(36 60 92)(38 48 94)(39 52 95)(40 56 96) 
(41 102 97)(42 104 98)(43 105 99)(44 106 100)(63 114 77) (64 115 78)(65 116 79) (66 117 80) 
(71 122 118)(76 119 101)(81 121 108)(85 123 109)(89 124 110)(93 125 111)(103 120 113)] 
= (1 11 122 107 103 101)(2 14 123 111 102 99 3 15 121 110 104 100) 

(4 13 125 108 105 98 5 12 124 109 106 97)(6 76 71 62 113 16) 

(7 74 68 66 114 19 8 75 67 65 115 20)(9 73 70 63 116 18 10 72 69 64 117 17) 

(21 53 78 24 45 79 22 57 77 23 49 80)(25 43 85 37 41 89 29 44 81 33 42 93) 

(26 60 86 40 50 92 30 56 82 36 46 96)(27 51 88 38 54 91 32 48 83 35 59 94) 

(28 47 87 39 58 90 31 52 84 34 55 95)(126 112 118 119 120 61). 


Therefore, the permutation representation of g = (0 13 2 4)tp tS lis p= (g) = 
(1 11 122 107 103 101)(2 14 123 111 102 99 3 15 121 110 104 100) 


(4 13 125 108 105 98 5 12 124 109 106 97)(6 76 71 62 113 16) 
(7 74 68 66 114 19 8 75 67 65 115 20)(9 73 70 68 116 18 10 72 69 64 117 17) 
(21 53 78 24 45 79 22 57 77 23 49 80)(25 43 85 37 41 89 29 44 81 33 42 93) 
(26 60 86 40 50 92 30 56 82 36 46 96)(27 51 88 38 54 91 32 48 83 35 59 94) 


(28 47 87 39 58 90 31 52 84 34 55 95)(126 112 118 119 120 61). 
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Chapter 7 


Aut(Mj).) as a Homomorphic 
Image of the Progenitor 3**: 5, 


In our final chapter, we investigate Aut(Mj2) as a homomorphic image of the progenitor 
3*4: Sy. Aut(Mj2), or Mj2: 2, is an automorphism group of Mj2 having order 2x95, 040 = 
190,080. The progenitor 3**: $4 is a semi-direct product of 3*4, a free product of four 
copies of the cyclic group of order 3, and S4, the symmetric group on four letters which 
permutes the four symmetric generators, to,t1,t2, and t3, (and their inverses, t? = to Ee 


#2 =t;+, 3 =t)!, and t? = tj") by conjugation. 


7.1 Introduction 


Let G be a homomorphic image of the infinite semi-direct product, the progenitor, 


3*4: S4. A symmetric presentation of 3**: S4 is given by 
G = (a,y,t | 2* = y? = (ya)® = = [ty] = [9] =e) 
where [t, y] = tyty, [t?, y] = t”yt*y, and e is the identity. In this case, N = S4 = (2, y | 


a* = y* = (yx)® = e), and the action of N on the four symmetric generators is given by 
z~ (0123), y~ (23), andt~ to. 


Let G denote the group G factored by the relations (yzt)!© = e and [(x?y)?t]® = e. That 


is, let 


G 
C= Gad™, (ye 
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A symmetric presentation for G is given by 
(z,y,t | a* = y? = (yx)? = #9 = [ty] = [¢, y] = (yet)! = [(27y)] = e). 


Now, we consider the following relations: 


(0 1 2)to]’° = e 
and 
[0 1)(2 3)to]? =e. 


According to a computer proof by [CHB96], the progenitor 3*4 : $4, factored by the 
relations [(0 1 2)tg]!° = e and [(0 1)(2 3)to]® = e, is isomorphic to Aut(Mj2). We 
will construct Aut(Mj2) by hand by way of manual double coset enumeration of G & 
 CRBOTCATCBI RS TZId over $4. In so doing, we will show that Aut(M]j2) is isomorphic to 


the symmetric presentation 


(a, y,t | a = y? = (yx)? = 0 = [ty] = [f,y] = (yt)? = [(27y)4]° = e) 


7.2 Manual Double Coset Enumeration of G Over 54 


We first determine the order of the homomorphic image, G, of the progenitor. To deter- 
mine the order of the homomorphic image G, we must determine the index of N = S,inG. 
We determine the index of N & Sq in G first by expanding the relations [(0 1 2)to|!° = e 
and [(0 1)(2 3)to]® = e, and next by performing manual double coset enumeration on G 


over N & 4. To begin, we expand the relations that factor the progenitor 3*4 : $4: 
[(O 1 2)to]*° =e (7.1) 


[(0 1)(2 3)to]° =e (7.2) 


We expand relations (7.1) and (7.2) in detail below: 


1. Let 7 = (01 2). 
Then [(0 1 2)to]#° =e 
=> (rtp) =e 
=> Ttiottontontontontontontontonto = e 


9 
a ne te Ee Ee Ee it tk ty = € 
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= (01 ayege© 2 40 1 2) 4940 2 1,0 1 7) 424(0 2 400 L 40 =e 

=> (0 1 2)tototitototitotetito = e 

= (0 L 2)totetitots = ty tig ty eT: 

Thus relation (7.1) implies that (0 1 2)totgtitote = to ‘ty ‘ty 149 ‘4; * or, equivalently, 
Ntotatitote = Ntp a tte pres That is, using our short-hand notation, 02102 ~ 


2. Let r = (0 1)(2 3). 
Then [(0 1)(2 3)to]® = e 
=> (rtp) =e 
=> ntontontontonty = e€ 
=> rtontonton?nltonty = e 
> ntonton? nto ti to =e 
=> nton*n ston 3th tty = e 
> monty tte te tty =e 
=> Bem gm am emt, = € 
= [(0 1)(2 3) 50 DE MLO NE MP yo VE HP {ONE D4, _ 
=> (0 1)(2 3)4g¢0 VO M494 VE Ds, = 
=> (0 1)(2 3)totytotito =e 
= (0 1)(2 3)totito = to ty’. 
Thus relation (7.2) implies that (0 1)(2 3)totito = to ‘t7' or, equivalently, Ntotito = 
Ntj't;'. That is, using our short-hand notation, 010 ~ 01. 


We now perform manual double coset enumeration of G over 54. 


1. We first note that the double coset NeN = {Nen|ne N}={Nn|ne N}= {N}. 
Let [+] denote the double coset NeN. 


The double coset [*] has one distinct right coset: the identity right coset, Ne = 
{ne|nEN}S=HN. 
Moreover, since N © Sj is transitive on {0, 1, 2,3} and also transitive on the inverses 


{0,1,2,3}, N has two orbits on T = {to, ti, to, t3}: {0,1,2,3} and {0, 1, 2, 3}. 


Therefore, we conclude that there are two distinct double cosets of the form NwN, 


where w is‘a word of length one given by w = Fae i=0: NtpN and Nt N. 
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2. We next consider the double coset NioN. 
Let [0] denote the double coset NtoN. 
Now, note that N© > ie = ((1 2), (1 3)) = 53. Thus || > |S3| = 6 and so, by 
Lemma 1.4, |NtpN| = oy < a =A, 
Therefore, the double coset [0] has at most four distinct single cosets. 
Moreover, N) has four orbits on T = {to, ty, t2, t3}: {0}, {1, 2, 3}, {0}, and {1, 2, 3}. 
Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length two given by w = its i € {0,1}: NtotoN, NtotiN, Ntoto'N, and 
Ntot]N. But, since NtotoN = Nt2N = Ntp'N, and since Niotp'N = NeN = N, 
we conclude that there are two distinct double cosets of the form N tot#*N , where 
i € {0,1,2,3}: Ntot,N and Ntoty1N. 

3. We next consider the double coset Nto IN, 
Let [0] denote the double coset Ntg1N. 
Now, note that N© > N® = ((1 2), (1 3)) & S3. Thus [vo > |S3| = 6 and so, by 

— N 

Lemma 1.4, |Ntj1N| = Woy < Mas. 
Therefore, the double coset [0] has at most four distinct single cosets. 
Moreover, N(©) has four orbits on T = {to, t1, ta, 3}: {O}, {1, 2, 3}, {0}, and {I, 2, 3}. 
Therefore, there are at most four double cosets of the form NwN, where w is a word 
of length two given by w = to¢#", 7 € {0,1}: NtpltoN, Ntp'tiN, Ntp'to'N, and 
Nty'ty'N. 
But, since Ntp!tp1N = Ntj?N = NtoN and Ntj'toN = NeN = N, we con- 
clude that there are two distinct double cosets of the form N iN , where 
i € {0,1,2,3}: Ntp’tiN and Ntolty1N. 

4, We next consider the double coset Nipt N. 
Let [01] denote the double coset NtotiN. 
Note that NOD > . = ((2 3)) & So. Thus |N©| > |S2| = 2 and so, by Lemma 
1.4, |Ntoti N| = wey < aoe 12, 


Therefore, the double coset [01] has at most twelve distinct single cosets. 
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Now, N(©) has six orbits on T = {to,t1, t2,t3}: {0}, {1}, {2,3}, {0}, {1}, and 
{2, 3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length three given by w = totit#!, i € {0,1,2}: NtotitoN, NtotitiN, NtotiteN, 
Ntotito’N, Ntotit;'N, and Ntotity1N. 

But note that Ntgtit;!N = NtpeN = NtoN and Ntotit,N = Ntot?N = Nigt]‘N. 
Moreover, by relation (7.2), (0 1)(2 3)totito = tp tte implies that Nigtitp = 
Nto ‘ty which implies that NtotitoN = Ntg't;'N. That is, [010] = [01]. 
Therefore, we conclude that there are three distinct double cosets of the form 
Ntotit¢1.N, where i € {0,1,2,3}: NtotiteN and Ntotito*N and Ntotity ‘NV. 


. We next consider the double coset N tot; 'N ; 
Let [01] denote the double coset Ntgty1N. 


Note that NO) > N% = ((2 3)) & So. Therefore, [won| > |Sq| = 2 and so, by 


Lemma 1.4, |Ntoty*N| = Mah < 24 = 12. 


Therefore, the double coset [01] has at most twelve distinct single cosets. 

Now, ND has six orbits on T = {to, t1, t2,t3}: {O}, {1}, {2,3}, {0}, {I}, and 
{2, 3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a 
word of length three given by w = tite + € {0, 1,2}: Ntoty 'toN, Ntot; tN, 
Ntot, teN, Ntoty'tg'N, Ntot;'t71N, and Ntoty!ty'N. 

But note that Ntgty't,N = NtpeN = NtoN and Niot;'t{'N = Ntot]?N = 
Ntot,N. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntot, 1t#'N, where i € {0,1,2,3}: NtotytoN and Ntot['t,N and Ntoty7'to'N 
and Ntoty't31N. 


. We next consider the double coset Ntp liN. 
Let [01] denote the double coset Ntj!tN. 
Note that NOY > N° = {e, (2 3)} & So. Therefore, [wen] > |S2| = 2 and so, by 


Lemma 1.4, | Nip ‘tN | = wey < 24 = 12. 
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Therefore, the double coset {01] has at most twelve distinct single cosets. 

Now, N@) has six orbits on T = {to,t1,t2,t3}: {0}, {1}, {2,3}, {0}, {1}, and 
{2, 3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a 
word of length three given by w = ite i € {0, 1,2}: Ntp‘titoN, Ntp titiN, 
Nto'titaN, Ntp‘titg!N, Nty‘tityN, and Nig !tty'N. 


But note that Ntg’tit71N = NtpleN = Ntg*N and Nij'titiN = Nto'@N = 
Nt tr N. 

Moreover, by relation (7.2), (0 1)(2 3)totito = tp ty? => t1(0 1)(2 3)totrto 
tity ‘ty? > (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totito = ttg ty? > 

(0 1)(2 3) YO tot to = tytg ty? = (0 1)(2 3)tototite = tity ty! = 

(0 1)(2 8)t> Mito = titgtez? = (0 1)(2 3)(0 1)(2 3)tp tito = (0 1)(2 3)titp ‘ty? 
toltito = (0 1)(2 3)titptty+ => to Mito = (0 1)(2 3)[toty tg OY = tort to 
(0 1)(2 3)(0 1) [toty tp ](0 1) = to tito = (2 3)toty1t71(0 1). Therefore, Ntg*titoN 
= Ntot;'to'N. That is, [010] = [010]. 


II 


sl 


Therefore, we conclude that there are three distinct double cosets of the form 
Ntg‘tt#1N, where i € {0,1,2,3}: NtjltiteN and Nto*tito'N and Ntp’tt*N. 


. We next consider the double coset Ntg tN ; 


Let [01] denote the double coset Ntjtty'N. 


He 


Note that NOD > N°! = ((2 3)) & Sy. Therefore, won| > |Se| = 2 and so, by 
Lemma 1.4, |Niglty1N| = Woy <4 =12. 

Therefore, the double coset [01] has at most twelve distinct single cosets. 

Now, N() has six orbits on T = {to,t1,ta,t3}: {0}, {1}, {2,3}, {0}, {7}, and 
{2, 3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length three given by w = tet ey ¢ € {0,1,2}: Nto'tytoN, Nto'ty tN, 
Nts ty ON, Nts tte NING tt NN aod Nn iN .. 

But note that Ntj/t;/t:N = Ntp'eN = Nto'N and Ntp‘ty tN = Ntp't]?N = 
Nto‘tiN. 
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Moreover, by relation (7.2), (0 1)(2 3)totito = tpt7+ => (0 1)(2 3)totitoto = 
tg tty to => (0 1)(2 3)totitp! = tot; to, which implies that Ntotitg! = Ntj*t7 ‘to, 
and which implies that Ntotjtj1N = Ntj1t[‘toN. Therefore, Ntp‘ty'tpoN = 
Ntotitp1N. That is, [010] = [010]. 

Likewise, by relation (7.2), (0 1)(2 3)totito = to’ty? => (0 1)(2 3)totitotg* 
tyteyttg+ > (0 1)(2 3)tot: = to 1ty+t>', which implies that Ntot; = Ntgtey*to’, 
and which implies that NtotiN = Nto ss IN. Therefore, Nia te IN = 
NtotiN. That is, [010] = [01]. 


Therefore, we conclude that there are two distinct double cosets of the form 
Nto't7'Ut¢1N, where i € {0,1,2,3}: NtgtytoN and Ntp'ty'ty1N. 


. We next consider the double coset Ntotitp IN. 


Let [010] denote the double coset NigtityN. 


Note that N@0) > NO = ((2 3)) & So. Thus |N(| > |S9| = 2 and so, by 
Lemma 1.4, | Ntotitg ‘| = te < a4 = 12. 


Therefore, the double coset [010] has at most twelve distinct single cosets. 
Now, N(10) has six orbits on T’ = {to,t1, to, t3}: {0}, {1}, {2,3}, {0}, {I}, and 
{2, 3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length four given by w = totito te", 4 € {0,1,2}: Ntotitg toN, Ntotity tN, 
NtotitgteN, Ntotitg't>'N, Ntotity't7'N, and Ntotito‘tz*N. 

But note that Ntotito'toN = NtotieN = NtotiN and, by relation (7.2), 
Ntotitg'to1N = Ntotito°N = NtotitoN = Nig‘ty'N. 

Moreover, by relation (7.2), (0 1)(2 3)totito = to'ty* => t1(0 1)(2 3)totito = 
tyto ‘t+ => (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totito = tity ty? > 

(0 1)(2 3)t0 YP? Meott9 = ttp 447? = (0 1)(2 3)tototito = tity 4y? = 

(0 1)(2 3)to tito = tity ty? => to(0 1)(2 3)tp ‘tito = totity ‘ty? => 

(0 1)(2 3)(0 1)(2 3)to(0 1)(2 3)t> tttp = totytp 47? > (0 1)(2 8tO POC Dt> eto 
totity ‘ty! => (0 1)(2 3)ti tp “tito = totitg ty? => (0 1)(2 3) [totytots]© Y 

= totytp tty? => (0 1)(2 3)(0 1)[toty*tots|(0 1) = totity ‘tz? => (2 3)toty tot1(0 1) 


I] 
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totito ie which implies that N tot; ‘tot: N = Niotito HN . Therefore, 
Ntotito tN = Ntoty*totiN. That is, [0101] = [0101]. 


Therefore, we conclude that there are three distinct double cosets of the form 
Ntotito't#"N, where i € {0,1,2,3}: Ntotitg'tiN and Ntotito ‘tN and 
Ntotitg ty 1N. 


. We next consider the double coset NtotiteN. 
Let [012] denote the double coset NtotiteN. 


Note that N(12) > N°l2 — (e). Thus |N(!2)| > |(e)| = 1 and so, by Lemma 1.4, 


|Ntotit2N| = Toy < 4a 94, 


Therefore, the double coset [012] has at most twenty-four distinct single cosets. 
Now, N©2) has eight orbits on T = {to, ty, ta, t3}: {0}, {1}, {2}, {3}, {0}, {1}, 
{2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w 
is a word of length four given by w = totitot*', 4 € {0,1,2,3}: NéotitetoN, 
Niotit2t,N, NtotiteteN, NtotitotzN, Ntotitetg'N, Ntotitet;'N, Ntotitety'N, 
and Ntotitets‘N. 


But note that Ntotitetz!N = NtotieN = NtotiN and NtotitoteN = Ntotit3N = 
Ntotity1N. 


Moreover, by relation (7.2), (0 1)(2 3)totito = to'ty? = (0 1)(2 3)totitoto = 
tg lty ito => (0 1)(2 3)totto? = tote; to = te(0 1)(2 8)igtitg’ = toto tpt => 
(0 1)(2 3)(0 1)(2 3)t2(O 1)(2 3)totit9? = totp tp to > (0 1)(2 3) YC ®toe451 = 
toto tty ito => (0 1)(2 3)tgtotitg? = totpltytto => [(0 1)(2 3)tstotitg*]O12 = 
[toty tty tt] 1 2) = (1 2)(0 3)tgtitety? = toty tty lt, => (1 2)(0 3){totitety 1] 9 = 
toty taht, > (1 2)(0 3)(0 3)[totitety'](0 3) = tot) tty "t1 > (1 2)totitety "(0 3) = 
ibe ts 1, which implies that N’ totytet; 1N = N tot ta LEN. Therefore, 
Ntotitet;'N = Ntot;'tz1t1N. That is, [0121] = [0121). 

Likewise, by relation (7.2), (0 1)(2 3)totito = tp’t7’ => te(0 1)(2 3)totito = 
tots ty? => (0 1)(2 3)(0 1)(2 3)te(0 1)(2 3)totito = tetg ‘ty? > 

(0 1)(2 3)t PO tot to = tot 14! = (0 1)(2 3)tatotito = tetp ty? = 

[(O 1)(2 3)tgtotyto]© 12) = ftatp 47] 12) > (1 2)(0 3)tstitet; = tot] ‘tg! > 
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(1 2)(0 3)[totytots]© 9) = tot 'ty+ > (1 2)(0 3)(0 3){totiteti](O 3) = tot] tty’ > 
(1 2)totyt2t,(0 3) = tot, ‘tz, which implies that Ntotitet;N = Ntoty‘tz'N. There- 
fore, Ntotitot;N = Ntot,1t7'N. That is, [0121] = [013]. 


Therefore, we conclude that there are four distinct double cosets of the form 
Ntotitot*1N, where i € {0,1,2,3}: NtotitetoN and Ntotitetg'N and Ntotitot3N 
and Ntotitets ‘N. 


10. We next consider the double coset Ntotity IN, 
Let [012] denote the double coset Ntotity1N. 


Note that N(!2) > N02 — (e). Thus [No)| > |(e)| = 1 and so, by Lemma 1.4, 


|Ntotitg IN| = HO] < 4 = 24. 


Therefore, the double coset [012] has at most twenty-four distinct single cosets. 
Moreover, N12) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a word 
of length four given by w = totity‘t*1, i € {0,1,2,3}: Ntotity‘toN, Ntotity tN, 
NtotitytaN, Ntotityt3N, Ntotityto'N, Ntotityt7'N, 

Ntotitz1tz1N, and Ntotitz1tz1N. 

But note that Ntotytz't2N = NtotieN = NtotiN and Ntotity‘tz1N = Ntotyt7?N 
= NiotitoN. 


Moreover, by relation (7.2), (0 1)(2 3)totito = tot7’ => t1(0 1)(2 3)totito 
tity t7' > (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totito = titg ty! > | 

(0 1)(2 3)40 YO tot to = tye Mey! = (0 1)(2 3)tototito = tity 47+ > 

(0 1)(2 3)to tito = titg ‘ty? = te(0 1)(2 3)to ‘tito = tetito ty’ > 

(0 1)(2 3)(0 1)(2 3)to(O 1)(2 3)tp {tito = totrtp tz? > (0 1)(2 3)t POC M47 eto 
tot to ty => (0.1)(2 3)tsto tito = tetity ‘ty! => [(0 1)(2 3)tsto tito] = 
[totrty ey 2] 2 => (1 2)(0 8)tgtp tite = totity ty? => (1 2)(0 3) [tot] tots JO YO = 
totyty tty! > (1 2)(0 3)(1 2)(0 3)[totytteti](1 2)(0 3) = totitg ty ' => 

etoty 1tati (1 2)(0 3) = totity 't,!, which implies that Ntot; ‘tet; N = Ntotity‘t7'N. 
Therefore, Ntotity1t71N = Ntot[tot,N. That is, [0121] = [0121]. 


Therefore, we conclude that there are five distinct double cosets of the form 
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Ntotity't#1N, where i € {0,1, 2,3}: Ntotitz’toN, Ntotitz'tiN, Ntotitz'taN, 
Ntotytyto'N, and Ntotity‘tz'N. 


We next consider the double coset N tot ‘toN . 


Let [010] denote the double coset Ntgt; to. 


Note that N10) > nol0 — ((2 3)) & So. Thus |N)| > |So| = 2 and so, by 
Lemma 1.4, |NtotytoN| = worn < 24 = 12. 


Therefore, the double coset [010] has at most twelve distinct single cosets. 
Moreover, N29) has six orbits on T = {to, ti, te, t3}: {0}, {1}, {2,3}, {0}, {1}, and 
{3, 3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length four given by w = tot] ‘tot#!, i € {0,1,2}: Ntot]*totoN, Ntoty‘totiN, 
Ntot|ttot2N, Ntotyltotg1N, Ntot, tot; 1N, and Ntoty‘toty'N. 

But note that Ntoty‘tots'N = Ntoty'eN = Ntot;'N and Nioty‘totoN = 

Ntoty ZN = NtotytyN. 

Moreover, with the help of the computer algebra system MAGMA (see [BCP97]), 
we know that (0 2)(1 3)tsty+tat7! = tot[ltoty'. Now, (0 2)(1 3)tsty7*tety]+ = 


toty tots! => (0 2)(1 3) [toty ttoty 1] © 8) = toty toty? = (0 2)(1 3)(0 3) [toty 'toty"](0 3) = 
1 1 1 2 1 1 


tot; totz+ > (0 1 3 2)toty tet, + (0 3) = tot; ‘toty, which implies that 
Nioty tat; |N = Ntoty‘totz'N. That is, [0102] = [0121]. 


Therefore, we conclude that there are three distinct double cosets of the form 
Ntoty 'tot#N, where i € {0,1,2,3}: NtotytotiN, Ntoty ‘tot; and 
NtotyltoteN. 

We next consider the double coset N tgty ty In. 


Let [010] denote the double coset Ntot; to‘ N. 


II 


Note that N10) > N10 — ((2 8)) & So. Thus |N(| > |So| = 2 and so, by 


Lemma 1.4, |Ntoty/to1N| = pty < % = 12. 


Therefore, the double coset [010] has at most twelve distinct single cosets. 
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Moreover, N(19) has six orbits on T = {to, t1, ta, t3}: {0}, {1}, {2,3}, {0}, {1}, and 
{2, 3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word of 
length four given by w = tot, ‘tp t$*, 1 € {0,1,2}: Ntoty/tp1toN, Ntoty tp lt, 
Nit; ‘to ‘t2N, Ntoty tp 1tg'N, Ntoty'tolt71N, and 

Nigts ig ts UN: 

But note that Ntot;‘tj'toN = Ntoty'eN = Ntot'N and Ntoty't,'tp'N = 
Ntoty'to?N = Ntoty'toN. 


Moreover, by relation (7.2), (0 1)(2 3)totita = to*ty’ > t1(0 1)(2 3)totito = 
tity *t7? => (0 1)(2 3)(0 1)(2 3)#1(0 1)(2 3)totito = tity ty + > 

(0 1)(2 3)¢0 PO Digtyty = ttg ty? > (0 1)(2 3)tototito = tito ty! > 

(01)(2 3)tg "tito = tito t7' => (0 1)(2 3)tp titoto = tito ty to => (01)(23)tp tito" 
= tto ty to > (0 1)(2 3)(0 1)(2 3)tp*titgt = (0 1)(2 3)tito 47 "to > to tito’ = 
(ORGS nt pS te = OC Des) he tale eS a = 

(0 1)(2 3)(0 1)[toty*tp*#1](0 1) => to ttitg’ = (2 3)totytg"t1(0 1), which implies 
that Ntpltitg'N = Ntot;1to1tiN. Therefore, Ntoty‘ig*tiN = Ntpltito‘N. 
That is, [0101] = [010]. 

Similarly, by relation (7.2), (0 1)(2 3)totito = tp’t7’ => t1(0 1)(2 3)totito = 
tytp ty’ > (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totito = itp ‘ty? > 

(0 1)(2 3) PO DVtotyto = tyt7 447! > (0 1)(2 3)tototito = tity tty! = 

(0.1)(2 3)tp tuto = t14 14,1 => (0 1)(2 3)t5 ti totg! = tp ty tp! > (0.1)(2 3)tp th 
= tit tf; hh => 0 N2S3)O DC di = 0 YO Dit ye SS A aS 
(0 1)(2 3)éytp tty leg? => tpt = (0 1)(2 3)[tot ep ey] ° DY Sag = 

(0 1)(2 3)(0 1)[toty tp tty 7](O 1) => to’t: = (2 3)toty ‘tp ‘t7 (0 1), which implies 
that Ntp'tiN = Ntot[1tp't{1N. Therefore, Ntoty tg't7'N = Ntp1tiN. That is, 


[0101] = [01]. 

Therefore, we conclude that there are two distinct double cosets of the form 
Ntoty to 't#4N, where i € {0,1,2,3}: NtotyttjlteN and Ntoty!tpltz1N. 
We next consider the double coset N tot] toN : 


Let [012] denote the double coset Ntgt]*t2N. 
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Note that N(!2) > N°? — (e). Thus jor) > |(e)| = 1 and so, by Lemma 1.4, 


—l1 N 24 
|Ntoty 't2N| = yor] <= 24. 


Therefore, the double coset [012] has at most twenty-four distinct single cosets. 
Moreover, N(!2) has eight orbits on T = {to,t1,t2,t3}: {0}, {1}, {2}, {3}, {6}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a word 
of length four given by w = tot] tat", i € {0,1, 2,3}: NtotytotoN, Ntot]‘totiN, 
Ntoty‘totaN, Ntot]'tot3N, Ntoty‘tety'N, Ntoty tot] N, 

NtotyltetzN, and Ntot, ‘tet; 1N. 

But note that Ntot|‘tat;!N = Ntott'eN = Ntot{1N and Ntoty*toteN = 

Ntot, 4#3N = Ntot)‘tz'N. 

Therefore, we conclude that there are six distinct double cosets of the form 

Ntoty tot#4.N, where i € {0,1,2,3}: Ntoty‘totoN, Ntot]'totiN, Ntot) ‘totaN, 


Ntoty toto 1N, Ntoty tet] +N, and Ntoty‘tetz/N. 


We next consider the double coset Niot7'tz1N. 
Let [012] denote the double coset Ntoty!tz1N. 


Note that N12) > N°? — (e). Thus [oor > |(e)| = 1 and so, by Lemma 1.4, 
—1y-1y7| — _INI 24 _ 

|Ntot; tz°N| = [wow ST = 24. 

Therefore, the double coset [012] has at most twenty-four distinct single cosets. 

Moreover, N(!2) has eight orbits on T = {to,t1,t2,t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is 

a word of length four given by w = ON ia Tag ra t € {0,1,2,3}: Ntoty ‘ty 1toN, 

Ntoty ty 1tiN, Ntot[*ty‘teN, Ntotyty'tsN, Ntoty'ty1to'N, Ntoty'tzt]1N, 

Ntot,‘tz'tz'N, and Ntoty ‘tz 1t31N. 

But note that Nitot;1tz1taN = Ntotj'eN = Ntot;'N and Ntot,‘tz1tz'N 

Ntoty 1t3°?N = Ntoty‘toN. 


lI 


Moreover, by relation (7.2), (0 1)(2 3)totito = tp ‘ty? > (0 1)(2 3)totitoty’ 
tyler ttp? => (0 1)(2 3)tots = tp 1ty tp? = [(0 1)(2 3)toty]© 1 2 = [eg tes tep © 3» 
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=> (1 2)(0 3)tite = ty tty ty? = to(1 2)(0 3)tite = tot] ‘ty tp > > 

(1 2)(0 3)(1 2)(0 3)tp(1 2)(0 3)tite = totytp2e7? > (1 2)(0 3) PO Pee, = 
igt ty tty * => (1 2)(0 3)tgtite = tot ep tty > (1 2)(0 3) [eotrte]© 9 = tty tep ey? 
=> (1 2)(0 3)(0 3)[totite](0 3) = tot 145 1¢7? = (1 2)totite(0 3) = tot tty *t7', which 
implies that NtotitaN = Ntot['tz!t{1N. Therefore, Ntoty ‘tz 't71N = NtotitoN. 
That is, [0121] = [012]. 

Therefore, we conclude that there are five distinct double cosets of the form 
Ntot; ‘t3 t¢4.N, where i € {0,1, 2,3}: Ntoty ty toN, Ntoty tgtiN, Ntoty;'t7 tN, 


4 


Ntoty ty 1t71N, and Nioty ‘t,t, 1N. 


We next consider the double coset Ntg This IN, 
Let [010] denote the double coset Nig 'tity'N. 


Note that N(©10) > 1010 — ((2 3)) & So. Therefore, |] > |S] = 2 and so, by 
Lemma 1.4, |Ntot1tg1N| = NO cee ey) 

Therefore, the double coset {010] has at most twelve distinct single cosets. 
Moreover, N(19) has six orbits on T = {to, ty, ta, t3}: {0}, {1}, {2,3}, {0}, {I}, and 
{2, 3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word of 
length four given by w = to 1tito1t¢1, i € {0,1,2}: Ntp*titytoN, Ntp ‘tito tN, 
Ntoltytj ta, Ntg‘titgtp'N, Nt {tito ‘ty'N, and 

Nip tito ta N:- 

But note that Ntp'titgtoN = Nt ‘tieN — Ntp'tiN and, by relation (7.2), 
Nt itty ttg'N = Nto tito?N = Nto‘titoN = Ntoty'to'N. 

Moreover, by relation (7.2), (0 1)(2 3)totito = to'ty’ => t1(0 1)(2 3)totito = 
tt 1t7+ => (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totito = titg ty? > 

(0 1)(2 310 PO tot: to = tty 4]! => (0 1)(2 3)tototito = titp tz? > 

(0 1)(2 3)tp tito = tito ty * => t9°(0 1)(2 8)tp tito = to tito ‘ty’ => 

(0 1)(2 3)(0 1)(2 3)tp*(0 1)(2 3)tg tito = to tito ty? > 

ODE )CVeC Dh tite= ty hth SOD Bt th tito hh e : 
Similarly, by relation (7.2), (0 1)(2 3)totito = tott7’ => (0 1)(2 3)totitoty’ = 
tgty lt? => (0 1)(2 3)totitoty? = tott: > (0 1)(2 3)totitoty*to = tp*tito > 
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t71(01)(2 8)totitoty ‘to = ty tp ‘tito => (0 1)(23)(0 1)(2 3)t71(0 1)(2 3)totitoty ‘to = 
tp tp ltito > (0 1)(2 3)(t72)© YO Depts toty to = ty tg tite > 

(0 1)(2 3)tytotitoty to = ty 1tp tito > (0 1)(2 8)titot7 to = ty tp ttito > 

(0 1)(2 3)(0 1)(2 3)tytoty to = (0 1)(2 3)ty tp tito > titoty to = 

(0 1)(2 3)tyttpttito. Since (0 1)(2 3)ty to tito = to*tito'ty! and titoty to = 
(0 1)(2 3)t[ +45 1tito, we conclude that to ‘tity ‘ty! = titoty to. Now, totéito tty" = 
titoty tp => tpltatg ley! = [totitp'J© 9) = tptntptey! = ( Ltotitp (0 1), 
which implies that Ntp‘titpt]1N = Ntotito ‘tN. Therefore, Ntp‘titp*t7'N = 
Ntotito ‘ti N. That is, [0101] = [0101]. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntp‘tit> 4F1N, where i € {0,1,2,3}: Ntpltito tN, Ntp'titptteN, and 

Nig tits ty N. 


We next consider the double coset N to ltitoN. 


Let [012] denote the double coset Ntj‘tit2N. 


Note that N12) > ee 
1.4, |Ntp titeN| = 


(e). Therefore, [w (12) > {(e)| = 1 and so, by Lemma 
< B= 24, 


Tes 
Therefore, the double coset [012] has at most twenty-four distinct single cosets. 
Moreover, N12) has eight orbits on T = {to,t1,t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwJN, where w is a word 
of length four given by w = to ltitetS!, i € {0,1,2,3}: NtpltitetoN, Ntp‘titetiN, 
NtottitoteN, Ntg‘titetsN, Ntptitetp'N, Ntj+titety'N, 

Nto‘titetz'N, and Nig ‘titet;'N. 


But note that Ntjttitety'N = Ntj'tieN = NtotiN and Ntp’titeteN = 

Nto tit3N = Nto tity 'N. 

Moreover, by relation (7.2), (0 1)(2 3)totito = to ty’ => t71(0 1)(2 3)totito = 
ty to ty! => (0 1)(2 3)(0 1)(2 3)t3"(0 1)(2 3)totito = ty ttg ty" 

(0 1)(2 3)(t3*)© YO Digtitg = types! => (0 1)(2 3)tp totito = tht UT" 
[(O 1)(2 3)ty Mtotato] © 1 2) = [eg beg test} 1 2) = (1 2)(0 3)ty tt tots = tp ty ty? 

(1 2)(0 8) ftp ttitoty]© 9) = e5te7t4y! = (1 2)(0 3)(0 8) tg ‘trtata](03) = tp te7 ty! 
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(1 2)tjMtitets(0 3) = tp 4, 1tZ1, which implies that Ntp'titet:N = Ntpityltg'N. 


Therefore, Ntg‘titat;N = Ntj't71ty71N. That is, [0121] = [012]. 


Similarly, by relation (7.2), (0 1)(2 3)totito = tot’ => t7'(0 1)(2 3)totito = 
ty ig tp | > (0 1)(2 3)(0 1)2 8)t1(0 1) (2 3)totitp = ty tp eV = 

(0 1)(2 3)(t32)© VO ott) = tp lt tty? > (0 1)(2 3)tz*totito = tp +tp ‘ty? > 
[(O 1)(2 8)t3 '4pty to] 2 2) = [es teptey {yO 2 2) > (2 2)(0 3)tz tet = tp tty tag? => 
(1 2)0 3) titi: = 24 a S (1 2)0 3) inet, = ap ey ek eS 
(1 2)(0 3)[tpltitety ]© 9 = ep*eyttytts > (1 2)(0 3)(0 3)[tptitety"](0 3) = 
to ty tty tty => (1 2)tgtitety (03) = tg tty tty +t, which implies that Ntj‘titot;'N 
= Ntj't;'t7't,N. Therefore, Ntg‘titot7'N = Ntj'ty't7't,N. That is, [0121] = 
(0121). 

Therefore, we conclude that there are four distinct double cosets of the form 
Nto‘titot#4N, where i € {0,1,2,3}: Nip titetoN, Ntp‘titetsN, Nt ‘titety'N, 
and Nto‘titots NV. 


We next consider the double coset Ntj ‘tit; 1N. 
Let [012] denote the double coset Nt> Mate In, 


Note that N22) > 112 — (e). Thus [nor2)| > |(e)| = 1 and so, by Lemma 1.4, 
-ly 4-1ny7| — _INI 28 = 

Therefore, the double coset [012] has at most twenty-four distinct single cosets. 

Moreover, N(12) has eight orbits on T = {to, ty, to,t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is 

a word of length four given by w = tp ‘tity 1t=1, i € {0,1,2,3}: Ntpttity'toN, 

NtoititytiN, Nto lity teN, Ntp tity t3N, Nto'tity ‘tg’ N, Nip‘tty’t] NN, 

Ntgltity ty 1N, and Ntpttitz*tz1N. 

But note that Ntplitylt2N = NtpteN = Ntp't,N and Nip titz'tz'N = 

Ntg‘tity?N = NtpltiteN. 


Moreover, with the help of MAGMA, we know that (0 1)(23)tz *tt3 ‘to = to +tity"t1. 
Now, (0 1)(2 3)t3 tity ‘te = to ‘tity ti > (0.1)(2 3) {to ‘tito te] 9 = tp tty th => 
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(0 1)(2 3)(0 3) [é5 *titp 4t2](0 3) = to tity tr => (023 1)tp tito te(0 3) = to tity ‘th, 
which implies that NtjltitpteN = Nto‘tity'tiN. That is, [0121] = [0102]. 


II 


Similarly, by relation (7.2), (0 1)(2 3)totito = tp tty? => t1(0 1)(2 3)totito 
tito tt]! > (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totito = tatp ty* => 

(0 1)(2 3) P? Peotyto = ttp 47! => (0 1)(2 3)tototito = tity 4y! = 

(0 1)(2 3)tp ‘tito = trtg te! => #7100 1)(2 8)tp lato = tte ey = 

(0 1)(2 3)(0 1)(2 3)#57(0 1)(2 3)tgtttp = tp tg ty! = 

(0 1)(2 3)(t72)@ DO Deo tt ty = ty ety tez? => (0 1)(2 3)tg tty tito = ty tity ty" 
=> [(0 1)(2 3)tg 149 1tyto]© 2 = [ep tttp te] © 2) > (1 2)(0 3)tg ty tite = 

to tite te SS (1-20 Bite ey et OO PH tes eS 

(1 2)(0 3)(1 2)(0 3)[¢g tty ttots](1 2)(0 3) = to tityt7! > eto ty tots (1 2)(0 3) 
to titgt7!, which implies that Nig ‘t71tet,N = Nto ‘tit; 't;'N. Therefore, 
Ntp tity 't]N = Ntpty'tetiN. That is, [0121] = [0121]. 


Therefore, we conclude that there are four distinct double cosets of the form 
Ntg tity 4#4N, where i € {0,1,2,3}: Ntp tity *toN, Ntp ‘tity tts, 
Ntoltitz ito iN, and Ntp ‘tty ty". 


We next consider the double coset Ntg da leoN. 

Let [012] denote the double coset Ntp*ty7*t2N. 

Note that N12) > NOl2 — (e). Thus wera) > |(e)| = 1 and so, by Lemma 1.4, 
|Nt5tt7tt2N| = Woy < 4% = 024. 

Therefore, the double coset [012] has at most twenty-four distinct single cosets. 
Moreover, N(!2) has eight orbits on T = {to,t1,t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is 
a word of length four given by w = to‘ty1tet#!, i € {0,1,2,3}: Nt ‘ty 'tetoN, 
Nto ity tetiN, Nto ity lteteN, Nig 'tyltotsN, Nto‘ty'toto'N, Nto'ty tet] 'N, 
Ntotty Mets iN, and Ntp‘ty‘tets‘N. 


But note that Nto‘tyltety'N = Ntg'tyteN = Ntp’ty'N and Nto‘ty*tet.N = 
Nig t tg NS NGy EE ty WN 


Moreover, by relation (7.2), (0 1)(2 3)totito = to't7’ => (0 1)(2 3)totitote 
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to ty te => (0 1)(2 3)totitoteto = tp'ty toto => (0 1)(2 3)(0 1)(2 3)totitoteto = 
(0 1)(2 3)tp tty toto => totitotato = (0 1)(2 3)tp1t]*teto. Similarly, by relation 
(7.2), (0 1)(2 3)totito = to tty! = te(0 1)(2 3)totito = toto ty) > 

(0 1)(2 3)(0 1)(2 3)t2(0 1)(2 3)totito = tetottz? > (0 1)(2 3X6 PP Mtotity = 
taty t7+ => (0 1)(2 3)tgtotito = totp ty! => t1(0 1)(2 3)tstotito = trtetg ey? 

(0 1)(2 8)(0 1)(2 3)t1(0 1)(2 3)tgtotito = trtat ty? > (0 1)(2 3)e© PO Mestotyto = 
titoty'tz+ => (0 1)(2 3)totstotito = titetg ty’ > [(0 1)(2 3)totstotito]! 29) = 
[titotp ‘ty 7]@ 2 9) => (0 2)(1 3)totitoteto = tetstg ty? => 

(0 2)(1 3)(0 2)(1 3)totytotato = (0 2)(1 3)totstg ty * => totitoteto = 

(0 2)(1 3)tetstp tty. Since totitoteto = (0 1)(2 3)tp't7 ‘toto and totitoteto = 
(0 2)(1 3)tgt3tgtg+, we conclude that (0 1)(2 3)tp'ty ‘toto = totitoteto = 

(0 2)(1 3)totgtotty!; that is, (0 1)(2 3)totty1tetp = (0 2)(1 3)tetstg*ty*. Now, 
(0 1)(2 3)totéy toto = (0 2)(1 3)tatgtp ty? => (0 1)(2 3)tp ‘ty ‘toto = 

(0 2)(1 3)[totyty tg 1] 2G 9) = (0 1)(2 3)tp ty‘ teto = 

(0 2)(1 3)(0 2)(1 3)[totity+¢9*](0 2)(1 3) > (0 1)(2 3)tp +t] ‘teto = 

etotitz tg 1(0 2)(1 3), which implies that Ntp‘tyltotoN = Ntotity'tg'N. There- 
fore, Nt ity ltetoN = Ntotitz'to'N. That is, [0120] = [0120]. 

Therefore, we conclude that there are five distinct double cosets of the form 

Ntg tty ttet#4N, where i € {0,1,2,3}: Ntp tty totiN, Nto*tytotsN, 
NtoitytetpN, Nig 'tyltety'N, and Ntp ty ‘tats 1N. 


We next consider the double coset Ntg'ty71tz1N. 


Let [012] denote the double coset Ntj!t71tz*N. 


Note that N@!2) > ny0l2 — (e). Thus jor > |(e)| = 1 and so, by Lemma 1.4, 
24 


ested 
[Nig tty ty N| = Tey S 7 = 24. 


' Therefore, the double coset [012] has at most twenty-four distinct single cosets. 


Moreover, N(!2) has eight orbits on T’ = {to, ti, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{IT}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length four given by w = tp 5 tS tee 4 € {0,1,2,3}: Nig tt toy, 
Nig tt, iN; Nig ty ty NN, NG te BN Nig tte tg NN, 

Nit titan NG, i 6 GN aad Ni, tp tN 
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But note that Ntp+t]ltz1teN = NtjltyleN = Ntj'ty1N and Nig ty {ty 1ty'N = 
Nis ttc N HN ty BN 

Moreover, by relation (7.2), (0 1)(2 3)totito = tolty? = t71(0 1)(2 3)totito = 
ty tp ty? => (0 1)(2 3)(0 1)(2 3)tz*(0 1)(2 3)totito = ty tp ty" => 

(0 1)(2 3)(#71)© DO Degtitg = tej ley? > (0 1)(2 3)tztofito = tz ep tey = 
ODG3, Hii = ay tts = CHC2h nia hae SS 
[(O-1)(2 3)tg epta Ot eS te te ty Ot 0S) ee ies Ste eee 
=> (1 2)(0 3)[tp tite] 9) = tp teyteyteyt => (1'2)(0 3)(0 3) [tp *tit2](0 3) = 
totty ty ltt => (1 2)tpt1te(0 3) = to +¢7"t51t7+, which implies that Ntp‘titeN = 
Ntoltyttat7'N. Therefore, Ntplty’ty't;'N = Nip'titeN. That is, [0121] = 
[012]. 

Therefore, we conclude that there are five distinct double cosets of the form 

Nto ‘ty ty 1t#'N, where i € {0,1,2,3}: Ntp'tytty toN, 

Nig ty tua, Nip i, ty aN NG WN, and NG, t,t N- 


We next consider the double coset N tot; ‘totoN : 


Let [0120] denote the double coset Ntoty ‘toto. 


Note that N(120) > 7y9120 — (e): Thus |W (0120)| > |(e)| = 1 and so, by Lemma 1.4, 


~1 = N 24 __ 
| Ntoty ltatoN| = TOT] OD < 24 = 24. 


Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N(!29) has eight orbits on T’ = {to, t1, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = toty ‘totots, 4 € {0,1, 2, 3}. 

But note that Ntotyltetotg1N = Ntoty‘teeN = Ntoty{‘teN and Ntot]‘tototoN = 
Ntotytot2N = Niotytety'N. 

Moreover, by relation (7.2), (0 1)(2 3)totito = tp't7’ => t7'(0 1)(2 3)totito = 
ity tf > ODCICVC SA ONG dati =t th 

(0: 1)(2 3)(t7)© NE otito = 41 ey) = (0 1) 3) tits = yy = 
to(0 1)(2 3)tz*totito = totg ‘to‘ty? => (0 1)(2 3)(0 1)(2 3)to(0 1)(2 3)t3 *totito = 


toty to 447? = (0 1)(2 3) PC M45 totito = toty tg ty! > (0 1)(2 3)trtz Mtotito = 
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tots tp ty? => [(0 1)(2 3)titztotito] % = [toty tp #7 1]% 2) => (0 2)(1 3)tety Mtoteto 
= toty tty tig? => (0 2)(1 3)[totz totota|© 2G 9) = tote epg! = 

(0 2)(1 3)(0 2)(1 3) [toty*totote](0 2)(1 3) = toty tp ty+ => etot]‘tetote(0 2)(1 3) = 
tot; {to ‘tz, which implies that Ntot]tototeaN = Ntoty1tp‘tz'N. Therefore, 


Ntot,‘tgtoteaN = Ntot[ to 1tz1N. That is, [01202] = [0102]. 

Similarly, with the help of MAGMA, we know that (0 2)(1 3)tgty ‘ty ‘ts = 
tot] Mtototy*. Now, (0 2)(1 3)tst7 tz ‘ts = tot] ‘tetots! > 

(0 2)(1 3)[toty tty +t] 9) = toty ttototy? = (0 2)(1 3)(0 3)tot7 ty *to(0 3) = 
tot; tetoty | => (0 1 3 2)toty tz ‘to(0 3) = tot] tetot;’, which implies that 
Ntotyty‘toN = Ntot[tototy'N. That is, [01202] = [0120]. 


Therefore, we conclude that there are four distinct double cosets of the form 
Ntot,‘tototzN, where i € {0,1,2,3}: Ntot]‘tetotiN, Ntot]‘tototsN, 
Ntot; totot; 1N, and Ntoty*totots +N. 

We next consider the double coset N tot, Mtaty IN. 

Let [0120] denote the double coset Nioty‘tetyN. 


Now, with the help of MAGMA, we know that the following right cosets, or single 


cosets, are equivalent: Ntoty tety’ = Ntitz‘tst{’ = Ntotztoty' = Ntgtp ‘tit; °. 
That is, in terms of our short-hand notation, 
0120 ~ 1231 ~ 2302 ~ 3013. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0120]: 


Since each of the twenty-four single cosets has four names, the double coset [0120] 


must have at most six distinct single cosets. 


An alternative approach for determining the order of the double coset is as follows: 
We note that N(0120) > N°120 — (e), In fact, by with the help of MAGMA, 
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we know that N(toty‘tetp')© 129) = Nttyltgty’ = Ntoty toto’ implies that 
(0 12.3) € N(!20), Therefore, (0 1 2 3) € N(!29), and so N(!0) > ((0 1 2 3)). 


That is, javor20)| > {((0 12 3))| = 4 and so, by Lemma 1,4, |Ntoty*toty’N| = 
aie < #4 = 6. 


Therefore, as we concluded earlier, the double coset [0120], as we noted earlier, 
must have at most six distinct single cosets. 

Moreover, N229) has two orbits on T = {to, tz, ta, t3}: {0,1,2,3} and {0, I, 2, 3}. 
Therefore, there are at most two double cosets of the form NwwN, where w is 
a word of length five given by w = tot; ote te ict , = 0: Ntoty ‘toto ligN and 
Ntoty ‘toto ta’ N. 

But note that Ntot]+tatgtoN = Ntoty‘taeN = Ntot]'toN and Ntoty ‘toto tg’ N 
= Niot]‘tetp?N = Ntoty totoN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntot|\tety t71N, where i € {0, 1, 2, 3}. 


We next consider the double coset N’ tot] tet: N ; 

Let [0121] denote the double coset Ntot] ‘tat, N. 

Note that N (221) > 0121 — (e). Thus [eo12)| > > |(e)| = 1 and so, by Lemma 1.4, 
|Ntoty ttatN| = won < < 4 = 94. 

Therefore, the double coset [0121] has at most twenty-four distinct single cosets. 
Moreover, N(@!21) has eight orbits on Z’ = {to,t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length five given by w = tot; ‘totit#", i € {0,1, 2, 3}. 

But note that Nigty‘totit;'N = NtotyteeN = Ntoty1teN and Ntoty totitiN = 
Ntotytot?N = Ntoty tot] N. 

Moreover, with the help of MAGMA, we know that (0 2 3)toty‘tetoty + = tot tty ‘th. 
Now, (0 2 3)totzttatot + = tot[tty!t: > (0 2 3)[toty ‘tetots*]@ 9 = toty tpt > 
(0 2 3)(1 3)toty Mtototy}(1 3) = toty tpt > (023 1)totytotots ‘(1 3) = tot] ty ‘th, 
which implies that Ntoty‘tototy'N = Ntoty ‘totitoN. That is, [01210] = [01203]. 
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Similarly, by relation (7.2), (0 1)(2 3)totito = to*ty’ > to’(0 1)2 3)totito = 
tot ley? => (0 1)(2 3)(0 1)(2 3)tg*(0 1)(2 3)totito = toty > > 

(0 1)(2 3)(t71)© YE Dtotito = tot? > (0 1)(2 3)t7totito = toty? > 

to(0 1)(2 3)t7totito = tetoty’ > (0 1)(2 3)(0 1)(2 3)t2(0 1)(2 3)ty‘totito = 
totot! => (0 1)(23)t0 PO 47408 to = tototy? = (01) (23)tsty ltotrto = tetoty | > 
[(O 1)(2 3)tgtyttptyto]© 1 2) = [tatoey 1] 12 => (1 2)(0 3)tstyttiteti = totitg’ > 
(1 2)(0 3) [tot ttotyte]t 2) 3) = totytz! => (1 2)(0 3)(1 2)(0 3) [tot] “tatite](1 2)(0 3) 
= totyty+ => etoty tetyte(1 2)(0 3) = totitz', which implies that Ntoty*totiteN = 
Ntotitz'N. Therefore, NtotyltotitgN = Ntotitz'N. That is, [01212] = [012]. 
Similarly, by relation (7.2), (0 1)(2 3)totito = tplt7! => t>1(0 1)(2 3)totity = 
ts tp tey? => (0 1)(2 3)(0 1)(2 3)tg1 (0 1)(2 3)tptsto = tot] | = 

(0 1)(2 8)(tp?)© YO Deotyto = tot? => (0 1)(2 3)t7totito = tot; ! > 

to(0 1)(2 3)tyltotito = tetoty? = (0 1)(2 3)(0 1)(2 3)te(0 1)(2 3)ty*totito = 
tototy? => (01)(2.3)t0 PC Me Motity = tototy? > (0 1)(2 3)tgt] ltotito = tototy + > 
[(O 1)(2 3)tgtyttotyto]© 12) = ftototy*] +2) = (1 2)(0 3)tstyttitetr = totity’ > 
(1 2)(0 3) [toty totyte] 2) §) = totytz+ = (1 2)(0 3)(1 2)(0 3) [toty tetite](1 2)(0 3) 
= toty tz! > ett] Motyte(1 2)(0 3) = totity? = totz totite(1 2)(0 3)t1 = totity th > 
tot; Mtotite(1 2)(0 3)t1(1 2)(0 3)(1 2)(0 3) = totity ti > 

toty ttatrtat 2 9 (1 2)(0 3) = totaty ltr => tot] ltetitete(1 2)(0 3) = totity tr > 
etoty ttetity ‘(1 2)(0 3) = totity ‘ti, which implies that Ntot]‘totity'N = 
Ntotitz'tiN. Therefore, Ntot;‘totity'N = Ntotity’tiN. That is, [01212] = 
[0121]. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntotytotit#'N, where i € {0,1,2,3}: Ntoty‘tetity'N, Ntoty‘tetitzN, and 

Ntot] ‘tetitsN. 


We next consider the double coset N tot] ‘tet; 'N : 

Let [0121] denote the double coset Ntoty ‘tet; N. 

Note that N(!2)) > 121 — (e), Thus [w (ora > |(e)| = 1 and so, by Lemma 1.4, 
|Ntotyttat7 IN| = Ory < 4 = 04, 

Therefore, the double coset [0121] has at most twenty-four distinct single cosets. 


Moreover, N(!2D has eight orbits on T = {to, ty, ta,t3}: {0}, {1}, {2}, {3}, {0}, 
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{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwWN, where w is a 
word of length five given by w = tot tot, 1t#', i € {0, 1, 2, 3}. 

But note that Ntotyltety tN = Ntot[tgeN = Ntot[‘t2N and Ntot[‘tety*t7'N 
= Ntot[ttet[?N = Ntoty tet. 


Moreover, with the help of MAGMA, we know that (0 2)(1 3)tgt} ‘tety* = iott tots 1 
Now, (0 2)(1 3)tgty ‘tot? ? = tot; toty + => (0 2)(1 3)tgty tot] tte = tot ltoty ‘te > 
(0 2)(1 3)tgty tot] tte = toty ito > (0 2)(1 3)[toty tot] lta] 9) = toty tp > 
(0 2)(1 3)(0 3)[tot[ttoty1t2](0 3) = totytto > (0 1 3 2)totytety 1te(0 3) = tot] ‘to, 
which implies that Ntot| ‘tet; t2N = Ntot]‘toN. That is, [01212] = [010]. 
Similarly, with the help of MAGMA, we know that (0 2)(1 3)tgtytot7? = tot] ‘toty*. 
Now, (0 2)(1 3)tgtyttoty! = toty totg? => (0 2)(1 3)tgty tet] te = tot; ttotz tte > 
(0 2)(1 3)tgty tety tte = tty to > (0 2)(1 3)[toty ttoty tte] 9) = totp tty => 
(0 2)(1 8)(0 8) [toty ttoty*t2](0 3) = tot to > (0.13 2)toty tet] 1te(0 3) = tot[ to > 


(0.18 2)toty tot, 1te(0 3)to = toty ‘tote => (0 1 3 2)tot7 *toty *to(0 3)t2(0 3)(0 3) = 


tot ltt, > (013 2)toty Mtoty Mtat© 9 (0.3) = tot] tote > (0.13 2)toty Naty Mtote(0 3) 
= tot; tote > (0 1 3 2)toty tet] tz 1(0 3) = tot] ‘tote, which implies that 
Ntoty tot, 'ty'N = Ntoty‘tot2N. That is, [01212] = [0102]. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntot | ‘tot; 471N, where i € {0,1,2,3}: Ntoty tot] toN, Ntoty] ‘tet; ‘to 1N, 
Ntoty ‘tet; ‘t3N, and Ntot; ‘tet; ‘tz N. 


We next consider the double coset N tot; ‘totsN 2 

Let [0123] denote the double coset Ntoty ‘tots. 

Note that N(©123) > )y023 — (e). Thus |W (on) > |(e)| = 1 and so, by Lemma 1.4, 
|Ntoty tots N| = wot < 4= 24. 

Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N(°123) has eight orbits on T = {to,t1,t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length-five given by w = toty ttotst*", 4 € {0, 1, 2, 3}. 
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But note that Ntgt]ltotgty1N = Ntot|‘tzeN = Ntot[1teN and Ntoty‘totsts3N = 
Ntot 1tot2N = Ntoty‘totzy1N. 

Moreover, with the help of MAGMA, we know that N toty ‘totstpN = 
Ntoty totot;'N, NtotytotstgN = Ntoty‘totit3N, and Ntoty‘totst;'N = 
Ntoty*tototsN. 

Finally, by relation (7.2), (0 1)(2 3)totito = to ty’ 

45" (0-1)(23)tgtite = 75 

= (0 1)(2 3)(0 1)(2 3)tz1(0 1)(2 3)totito = ty tp ty’ 

= (0 1)(2 3)(ty2)© DE Degtyty = ty tp 4t7? 

=(0 1)(2.3)tj totito = ts 5 ty 

= t3(0 1)(2 3)t3*totito = tgty tot] * 

=> (0 1)(2 3)(0 1)(2 3)t3(0 1)(2 3)t3{totito = tats tp ‘ty? 

=> (0 1)(2 3) VO De Motyty = tyty tte? 

=> (0 1)(2 3)tetztotito = tstz tot] + 

=> [(0 1)(2 3)taty ttptito]© 2 1 9) = [ety ep te yO 219) 

= (0 1)(2 3)ti tp tetste = toty ty 1t37 

= (0 1)(2 3) [totyttatst2]© Y = toty tz tz* 

=> (0 1)(2 3)(0 1)[totyttetst2](0 1) = toty tty *tz* 

= (2 3)tot{ Motste(0 1) = tot ty tz, which implies that 

NtotyltotstgN = Ntot;‘tztz'N. That is, [01232] = [0123]. 

Therefore, we conclude that there are two distinct double cosets of the form 
Ntot] 'tetst#1N, where i € {0,1,2,3}: Ntot)‘totstiN and Ntot] ‘totsty NV. 


We next consider the double coset N toty ‘tots IN, 
Let [0123] denote the double coset Ntoty ‘tats N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntot]‘toty' = Ntitz ‘toto’ = Ntsto‘tety'. 


That is, in terms of our short-hand notation, 
0123 ~ 1320 ~ 3021. 


By conjugating the equivalence relation above with the elements of Sz, we determine 
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that the following single cosets are equivalent in the double coset [0123]: 


0123 ~ 1320 ~ 3021, 1023 ~ 0321 ~ 3120, 2103 ~ 1302 ~ 3201, 


Since each of the twenty-four single cosets has three names, the double coset [0123] 


must have at most eight distinct single cosets. 


An alternative approach for determining the order of the double coset is as follows: 
We note that N13) > 10128 — (e). In fact, with the help of MAGMA, we know 
that, N(toty totz')O 15) = Ntty*tetp' = Not; *tety* implies that (0 1 3) € 
N ($123), Therefore, (0 1 3) € N(!8), and so N(!8) > ((0 , Thus | cor28) | > 


|((0 1 3))| =3 and so, by Lemma 1.4, | Ntoty ltoty N= Proce < 24 = 8: 


Therefore, as we concluded earlier, the double coset [0123] has at most eight distinct 
single cosets. 

Moreover, N23) has four orbits on T = {to, t1, ta, t3}: {0, 1,3}, {2}, {0,1,3}, and 
{2}. 

Therefore, there are at most four double cosets of the form NwN, where w is 
a word of length five given by w = toty ‘tots rae 4 € {2,3}: Ntoty tots 1teN, 
Ntoty Motz 1t3N, Ntoty ‘tots tz'N, and Ntoty ‘tots *t31N. 

But note that Ntotyltaty1t3N = Ntot[itgeN = Ntot;‘t2N and Ntoty ‘tots 1tz'N 
= Ntot{ltetz?N = Ntoty tots. 


Moreover, with the help of MAGMA, we know that (0 1)(23)t3 tity ‘te = to ‘tity ‘t1. 
Now, (0 1)(2 3)tz*tit3 ‘te = tp tity ‘ti 
= t3(0 1)(2 3)t3 tty te = tgtg tity tt 
=> (0 1)(2 3)(0 1)(2 3)t3(0 1)(2 3)ty tity “te = tato ‘tity tt 
=> (0 1)(2 3) PC Dest ty te = tet tty ty 
=> (0 1)(2 3)tets tity te = tgtp tity ti 
=> [(O 1)(2 3)tety tty ty Mtg] 32 2) = [eget eg tes] 3 1 2) 
=> (0 1)(2 3)toty Mot] to = tity tato ‘te 
=> (0 1)(2 3)(0 1)(2 3)toty tot to = (0 1)(2 3)titz*tetg ‘te 
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=> tot] tety to = (0 1)(2 3)titz ‘taty tte 

=> totyltety to = (0 1)(2 3) [tot] ttetg te] 1 9) 

=> toty Mtoty to = (0 1)(2 3)(0 3 1)toty tats 'to(0 1 3) 

= tot, tat] to = (0 2 3)tot] ‘tats ‘to(0 1 3), which implies that 
Ntotytoty‘toN = Ntot] tots ‘toN. That is, [01282] = [01210]. 
Therefore, we conclude that there is one distinct double coset of the form 
Ntoty ‘tots 't*#*.N, where i € {0,1,2,3}: Ntoty‘toty ty‘ N. 


We next consider the double coset N tot; ty ligN. 
Let [0120] denote the double coset Ntoty tz ‘toN. 


Note that N20) > 1120 — (e). Thus |W (e120); > |(e)| = 1 and so, by Lemma 1.4, 
|Ntoty tz toN| = wory S <%= 24, 

Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N(!2) has eight orbits on T = {to, t1,to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = ity ty lott, 4 € {0,1, 2, 3}. 

But note that Ntot, ty totg'N = Ntot;'tz'eN = Ntot]'tz7'N and 
Ntot, tty ltotoN = Ntot]1tz1i2N = Ntoty tty 1to1N. 

Moreover, with the help of MAGMA, we know that, NV’ tot] ltoteN = N tot] totoN 
and Ntot;!tz+totz|N = Nioty tp !tyN. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntoty tz 1tot#'N, where i € {0,1,2,3}: Ntoty tz "tot: N, Ntoty; ty ‘tots, 
Ntoty ‘ty 1toty'N, and Ntoty ty totz1N. 


We next consider the double coset Ntgty ‘tz ‘to N. 
Let [0120] denote the double coset Ntoty ‘tz 1to*N. 
Note that N(0120) > yy0120 — 


|Ntoty tty ttg4N| = Tees 7 


e). Thus jrv(0!20)| > > |(e)| = 1 and so, by Lemma 1.4, 
2 


Therefore, the double coset {0120] has at most twenty-four distinct single cosets. 
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Moreover, N(120) has eight orbits on T = {to,t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = ijt; is tee i € {0, 1,2, 3}. 

But note that Ntoty1tz1tptoN = Ntotytz'eN = Ntoty‘tz'N and 
Ntoty] tp 1tp1tg1N = Ntot] ‘ty 1to°N = Ntoty tz ‘toN. 

Moreover, by relation (7.2), (0 1)(2 3)totito = to ‘ty? 

=> (0 1)(2 8)totitoty? = tp epg? 

= (0 1)(2 3)totr = tot “tg? 

=> #51(0 1)(2 8)tot, = ty ep ey tep? 

=> (0 1)(2 3)(0 1)(2 3)#31(0 1)(2 3)tot, = ty ltg tty ttG? 

(0 DAS OPC Dies eS 

=> (0 1)(2 3)tg tity = tp lipteyteg? 

= t1(0 1)(2 3)tstota = tity tp tty "to" 

=> (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)tz+tota = tity ‘tp ty ttp+ 

=> (0 1)(2 3)t0 VO DeV49¢, = tty tap ley leg? 

=> (0 1)(2 3)totstoti = tity tg ‘ey ttg+ 

=> [(0 1)(2 8)toty *eot1] 2 Y = [eytg ep teyteg yO 2 Y 

= (0 2)(1 3)tetg toto = tot] tty tp ty? 

=> (0 2)(1 3)[toty ttt] © PC 9 = tot ptez te tty" 

= (0 2)(1 3)(0 2)(1 3)[toty ttote](0 2)(1 3) = toty ty tp tty? 

= etoty ‘tot2(0 2)(1 3) = tot] ‘ty ‘tpt’, which implies that 

Ntoty ty 'totp1N = Ntoty‘toteN. That is, [01202] = [0102]. 

Therefore, we conclude that there are five distinct double cosets of the form 
Ntoty ty 1tot#1.N, where i € {0,1,2,3}: Ntoty ty tpltiN, Ntoty*t71tg ‘tN, 
Ntoty ‘ty ‘tots, 

Nigty 6 "tg ty WN, and Nioty ty ty tg NN 

We next consider the double coset N ligt; i EN. 

Let [0121] denote the double coset Ntot] ‘tz TN. 

Note that N@2) > y0121 — (e). Thus jor) | > |(e)| = 1 and so, by Lemma 1.4, 


-1l,-1 N 24 
|Ntoty tty tN | = Ory < 24 = 94. 
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Therefore, the double coset [0121] has at most twenty-four distinct single cosets. 
Moreover, N(12) has eight orbits on T = {to, 1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = igte ts bit i € {0, 1, 2, 3}. 

But note that Ntot,‘ty‘tit71N = Ntoty{ty1eN = Ntot]!tz'N and 
Ntoty ty tit)N = Ntoty!t>42N = Ntoty tz #y1N. 

Moreover, with the help of MAGMA, we know that N tot ty lEtoN = N tot; ‘toteN ; 
Therefore, we conclude that there are five distinct double cosets of the form 
Ntoty tty 'tit#*N, where i € {0,1,2,3}: Ntoty ty titoN, Ntot] ‘ty ‘tits, 
Ntoty ty 1titp'N, Ntoty ‘ty 'tytg1N, and Nioty1tz+ttz1N. 


We next consider the double coset Ntoty‘tz*tsN. 
Let [0123] denote the double coset Ntoty'tz1t3N. 
Note that N(0123) > 0123 — (e), Thus [N (0129) > |(e)| = 1 and so, by Lemma 1.4, 


—-1,-1 oA N 24 _ 
| Ntoty ty t3N| = Woray worm] <4 = 24. 


Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N(!23) has eight orbits on T = {to, ti, ta, ts}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = tot; ty ‘tate, 4 € {0, 1, 2, 3}. 

But note that Ntoty ‘tz ‘tsts'N = Ntot,‘tz’eN = Ntoty't31N and 
Ntoty tz tat3N = Ntot; ty 1t3N = Ntoty ‘tz 't3/N. 

Moreover, by relation (7.2), (0 1)(2 3)totito = to*t]* 

=> t1(0 1)(2 3)totito = tits 

=> (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totito = tito ‘tz? 

=> (0 1)(2 3)€0 PO Mtgtyto = tty tz? 

=> (0 1)(2 3)tototito = tint 

=> (0 1) (2 3)tp tito a His 

Siz OUj(e3)i Hoa tie 
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=> (0 1)(2 3)(0.1)(2 3)é71(0-1)(2 3)tg to Sty tty ty 

S (OD 3) (CUE ee tite ts 

=> (0 1)(2 3)ty tp tito = tg titg tty} 

=> to(0 1)(2 3)tg tp tito = tats ‘tito tty" 

=> (0 1)(2 3)(0 1)(2 3)t2(0 1)(2 8)ty tp tito = tetg tito ty" 

=> (0 1)(2 3)10 VO Det Myty = tots tty tty? 

=> (0 1)(2 S)tats ‘tg teto = tety ttg lez? 

=> [(0 1)(2 8)tgty ty tt] 3 1 2) = tot eep tet] © 8 1 

=> (0 1)(2 3)titp ‘tg tots = toty tots tz" 

=> (0 1)(2 3) [toty ty ttgte]© YE %) = toty Mots tey* 

=> (0 1)(2 3)(0 1)(2 8){toty ty tgte](0 1)(2 3) = tot tetz ty? 

=> etoty ‘ty ‘tgto(0 1)(2 3) = tot; tet ty, which implies that 
Ntot| tz ‘tst2N = Ntoty'totz'tz'N. That is, [01232] = [01239]. 

Therefore, we conclude that there are five distinct double cosets of the form 
Ntoty ty tgt#"N, where i € {0,1,2,3}: Ntoty tz *tstoN, Ntoty ‘ty +tsto IN, 
Ntoty ty t3tiN, Ntoty ity ltgt'N, and Ntoty ‘ty 'tgty1N. 


30. We next consider the double coset N toty tg ts In, 
Let [0123] denote the double coset Ntoty ‘tz tty. 
Note that N(123) > \y0123 — Thus ln (0128) ea > |(e)| = 1 and so, by Lemma 1.4, 


= (e). 
[tots M543" | = en he my St = 24. 


Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N(°!23) has eight orbits on T = {to,t1, ta,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = i ts ty te 4€ {0, 1,2, 3}. 

But note that Ntoty ty ltyltg3N = Ntotyty!eN = Ntot;ttz+N and 
Ntoty ty 'tz*t3'N = Ntot[1ty't3?N = Ntoty ty tsN. 

Moreover, by relation (7.2), (0 1)(2 3)totito = to ‘ty 

=> (0 1)(2 3)totitoto = tpt] to 

=> (0 1)(2 3)totito’ = to ty to 


=s¢, (0 12 d)totity’ = te tp ty to 

=> (0 1)(2 3)(0 1)(2 3)t31(0 1)(2 3)totito = ty ‘tg +t] ‘to 

=> (0 1)(2 3)(t71)© DO Digtyty? = tzteg ey tt 

= (0 1)(2:3)t5 totitg ' = ty eg ey to 

=> t(0 1)(2 3)tptotity’ = tety tp 14, tp 

=> (0 1)(2 3)(0 1)(2 3)to(0 1)(2 3)tytotitp! = tetz tg ty lt 
=> (0 1)(2 310 VO De Notes? = tots tp Mey to 

=> (0 1)(2 3)tgtytotito + = tetz tp tty to 

=> [(0 1)(2 3)tgty ttotit 1] 21 3) = feats tty ey ttg] © 2 1 9) 
=> (0 1)(2 3)totytetsty! = tito tty tz te 

=> (0 1)(2 3)(0 1)(2 3)toty ttetgty! = (0 1)(2 3)ti tp ty tty tte 
=> tot] totstz+ = (0 1)(2 3)tytp tp ltz tte 

=> tot; Mtotstp! = (0 1)(2 3)[toty tty 145 1te]© Y 

=> tot] ttetsty ? = (0 1)(2 3)(0 1){toty ty tz +t2](0 1) 

=> tot? totstz! = (2 3)toty tz 1#3 1t2(0 1), which implies that 


Ntoty‘tetstz1N = Ntoty'tz1tz1t2N. That is, [01232] = [01232]. 


Similarly, by relation (7.2), (0 1)(2 3)totito = to+t7* 

=> (0 1)(2 3)totitoto = to ‘ty lto 

=> (0 1)(2 3)totito’ = to *t7 to 

St (O12 d)iptity Sts ty tf to 

=> (0 1)(2 3)(0 1)(2 3)t3*(0 1)(2 3)tptito! = ty tp tty to 

=> (0:1) 3) )o VE Dignig’ =e ey ty to 

= (0 1)(2 3)tp tip “= 6 ty to 

=> to(0 1)(2 3)tztotito = tats to ‘ty ‘to 

=> (0 1)(2 3)(0-1)(2 3)t(0 1)(2 3)tztotitg! = tetz ‘tp ty to 
=> (0 1)(2 3)t MC De Mot tg! = toty eg ey to 

=> (0 1)(2 3)tsty *totity’ = tety tpt] ‘to 

=> (0 1)(2 3)toty*tetstg* = tity tty tz 1te 

=> (0 1)(2 3)(0 1)(2 3)tot]totsty* = (0 1)(2 3)tity ty tz te 
=> tot ttetstz* = (0 1)(2 3)titp tty 1tz tte 

=> tot] ltatsty | = (0 1)(2 3)[toty tty tg te] Y 
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=> totytetgty = (0 1)(2 3)(0 1)[toty ty 1¢3 te] (0 1) 

=> tot] tataty | = (2 3)tot] 1é7 ty te(0 1) 

=> tot] tetgty te = (2 3)toty ty 143 'to(0 1)te 

=> tot, ttetgty ite = (2 3)toty ta ‘tz *te(0 1)te(0 1)(0 1) 

= tot Mtotgty to = (2 3)tot ty 143 Mtge (0 1) 

=> tot] tots = (2 3)tot] ty ty ‘tote (0 1) 

= toty Mats = (2 3)toty 4p 147147 1(0 1), which implies that 

NtotyttotsN = Niot]‘ty'tstz'N. That is, [0123] = 

[01233]. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntot, ‘ty 't31t#"N, where i € {0,1,2,3}: Ntot7‘ty/tz‘toN, Ntoty ty ‘tg ‘to N, 
Ntoty ‘ty t/t, N, and Ntot]‘t,'t3/t71N. | 


We next consider the double coset N tot; totiN ; 
Let [0101] denote the double coset Ntoty*totiN. 


Note that N(@101) > nll — ((2 3)) & So. Thus |N)| > |S2| = 2 and so, by 
= N 

Lemma 1.4, |Ntoty tot: N| = any < 24 = 12. 

Therefore, the double coset [0101] has at most twelve distinct single cosets. 

Moreover, N(!) has six orbits on T = {to,t1, t2,t3}: {0}, {1}, {2,3}, {0}, {7}, 

and {2, 3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 

of length five given by w = tot, ‘tot, t#*1, i € {0, 1, 2}. 

But note that Ntotyttotity!N = Ntoty‘toeN = Ntoty‘toN and Nioty*totitiN = 

Ntoty ‘tot? = Ntoty tot, N. 

Moreover, by relation (7.2), (0 1)(2 3)totito = to‘¢y* 

St, (0 12 sitotito= th ty ty 

=> t7'(0 1)(2 3)totito = toty* 

=> (0 1)(2 3)(0 1)(2 3)t>*(0 1)(2 3)totito = tot] 

=> (0 1)(2 8)(to*)© YO Deotito = tpey* 

= (0 1)(2 3)tytotito = toty’ 

=> t1(0 1)(2 3)tyttotito = titoty+ 
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= (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)t[ 'totito = tytoty? 
=> (0 1)(2 3)t0 PC De Uotyto = tytotz! 

= (0 1)(2 3)totytotito = titoty* 

= (0 1)(2 3)(0 1)(2 3)toty*totito = (0 1)(2 3)titoty* 
=> tot totito = (0 1)(2 3)titoty? 

=> tot totito = (0 1)(2 3){totity 4]© Y 

=> toty ‘totito = (0 1)(2 3)(0 1)[totitg “](0 1) 

=> tot totito = (2 3)totitp*(0 1), which implies that 
NtotytotitoN = Ntotitg'N. That is, [01010] = [010]. 


Similarly, by relation (7.2), (0 1)(2 3)totito = tg ‘t7* 
=> t5'(0 1)(2 3)totito = toto ty? 

= to1(0 1)(2 3)totito = toty* 

= (0 1)(2 3)(0 1)(2 3)t9*(0 1)(2 3)totito = toty* 

= (0 1)(2 3)(to1)© YO )tot1t9 = tty? 

= (0 1)(2 3)t7*totito = toty’ 

= £1(0 1)(2 3)t7totito = titoty? 

=> (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)tyMtotito = titoty? 
=> (0 1)(2 340 PC De Vtoty to = tytoty? 

=> (0 1)(2 3)toty totito = titoty* 

= (0 1)(2 3)(0 1)(2 3)totyttotito = (0 1)(2 3)tytoty? 
=> tot] Motito = (0 1)(2 3)titoty? 

=> totyltotito = (0 1)(2 3){totity 1]© 

=> tot] ttotito = (0 1)(2 3)(0 1){totitp*](0 1) © 

=> tot totito = (2 3)totitg1(0 1) 

= tot] totitoto = (2 3)totr tg 1(0 1)to 

=> tot, totitg = (2 3)totita*(0 1)to 

= tot] totitg’ = (2 3)totitg 1(0 1)to(0 1)(0 1) 

= toty Motto! = (2 3)totit 4? (0 1) 

=> tot; totito’ = (2 3)totytp 1t1(0 1), which implies that 
Ntot[ltotitg'N = Ntotitg1t,N. That is, [01010] = [0101]. 


Similarly, with the help of MAGMA, we know that Nioty*totitaN = Ntotit7'tiN 
and Ntotyltotitz’N = Ntoty ‘ty {tity N. 
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Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty Mtotit#!N, where i € {0, 1, 2,3}. 


We next consider the double coset Ntoty ‘tot; N. 

Let [0107] denote the double coset Niotyltoty'N. 

Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: N tots tots” =WN totz‘totz! =N tots totz A 


That is, in terms of our short-hand notation, 
0101 ~ 0202 ~ 0303. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0101]: 
O101 ~ 0202 ~ 0303, 1010 ~ 1212 ~ 1313, 
2121 ~ 2020 ~ 2323, 3131 ~ 3232 ~ 3030 
Since each of the twelve single cosets has three names, the double coset [0101] must 


have at most four distinct single cosets. 


An alternative approach for determining the order of the double coset is as follows: 
We note that N10 > Nol0l — ((2 3). In fact, with the help of MAGMA, we know 
that N(totyttoty1)@ 2 = Ntotyttotz! = Ntotytoty} implies that (1 2) ¢ NOI, 
and N(toty ttot,!)@ 8) = Ntoty tots = Ntoty+tot7 implies that (1 3) ¢ NOD, 
Therefore, (1 2),(1 3) € N(@!0), and so N@!0l) > ((1 2), (1 3)) & S3. Thus 
[1100 | > |S9| = 6 and so, by Lemma 1.4, |Ntot]*otz"N| = Tawny <= 4. 

Therefore, as we concluded earlier, the double coset [0101] has at most four distinct 


single cosets. 

Moreover, N11) has four orbits on T = {to, ty, to, #3}: {O}, {1,2,3}, {0}, and 
{7,2,3}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length five given by w = iit tel a i€ {0,1}. 


But note that Ntot]ttotytiN = NtotjltoeN = NtotytoN and Ntoty*tot;/t;'N 
= Ntotytoty?N = Ntot]totiN. 
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Moreover, with the help of MAGMA, we know that N tot, ‘tot, tty IN = 
Ntg*tity tN. 


Therefore, we conclude that there is one distinct double coset of the form 


Ntot ‘tot; 't#1.N, where i € {0,1,2,3}: Ntoty tot; ‘to. 


We next consider the double coset N’ tot; toteN : 
Let [0102] denote the double coset Ntotyttot2N. 


Note that N(©102) > jy0l02 — (e), Thus [N oie) > |(e)| = 1 and so, by Lemma 1.4, 


—1 Ni 24 
|Ntoty ttot2N| = oy re) < 4 = 24. 


Therefore, the double coset [0102] has at most twenty-four distinct single cosets. 
Moreover, N(12) has eight orbits on T = {to, ty, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = tot; ‘totet#?, 4 € {0,1, 2, 3}. 


But note that Ntoty1totets'N = Ntoty‘toeN = Ntot,1toN and Ntoty*toteteN = 
Ntoty tot3N = Nitoty‘toty'N. 


Moreover, by relation (7.2), (0 1)(2 3)totitp = to “ty * 

= t31(0 1)(2 3)totito = ty tp tt7? 

=> (0 1)(2 3)(0 1)(2 3)t31(0 1)(2 3)totito = ty tp *t7" 
(0 1)(2:3) (COVE Diphig = 

=> (0 1)(2 3)tg {totity = t3 tp 14]? 

= t1(0 1)(2 3)tp Motito = tity to ty" 

= (0 1)(2 3)(0 1)(2 3)t(0 1)(2 3)tztotito = tity tp ‘ty? 
=> (0 1)(2 34 POC Deo Motito = tty tp tez? 

= (0 1)(2 3)totz totito = tit tp 'ty* 

=> [(0 1)(2 3)toty ttotito]© 2 3 Y) = fytz ep ey © 23D 

=> (0 2)(1 3)tots Mtotote = tot; ty tt? 

=> (0 2)(1 3) [tot] ttotate]© 2G 9 = toty ty tep+ 

=> (0 2)(1 3)(0 2)(1 3) [toty *totato](0 2)(1 3) = tot ‘ty *tg* 
= etot] ‘toteto(0 2)(1 3) = tot; tz tg, which implies that 
Niot ttotetpgN = Ntot[ tz 't51N. That is, [01020] = [0120]. 
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Similarly, relation (7.2), (0 1)(2 3)totito = to ‘ty * 

=> L(2 diotito= 4 tht 

=> (0 1)(2 3)(0 1)(2 3)t31(0 1)(2 3)totito = tz ‘tg ‘t7* 

=> (0 1)(2 3)(t1)© YO Dtptyto = tg teg ey 

= (0 1)(2 8)tzttotito = ty tp ty" 

= t1(0 1)(2 3)ty totito = tytg tp ‘tz? 

= (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)ty*totito = tity tp ‘ty? 

=> (0 1)(2 3/10 PC Mes Motyto = tity tty tez? 

=> (0 1)(2 8)toty*totito = titg tp tt) + 

=> [(0 1)(2 3)totz *totrto]© 2 3 YD = [eyez tp dep t]@ 2 3 Y 

=> (0 2)(1 3)tetz totote = toty ty 1tp+ 

=> (0 2)(1 8) [tot] ttotato}© 2 9) = toty tty tt5? 

=> (0 2)(1 3)(0 2)(1 3)[totyttoteto](0 2)(1 3) = tot tty *to* 

=> etotytoteto(0 2)(1 3) = toty ty 1t9? 

=> etoty Mtotato(0 2)(1 3)to = tot; tz tt te 

=> etoty Moteto(0 2)(1 3)t2(0 2)(1 3)(0 2)(1 3) = toty ty tt te 

=> etot Mtotatot? ?)¢ 9 (0 2)(1 3) = tot] ty tp te 

= etotytotetoto(0 2)(1 3) = tot; tz tp te 

=> ett; ttotety 1(0 2)(1 3) = tot; tz tp ‘te, which implies that 
Ntoty‘totatg'N = Ntotytz'to‘teN. That is, [01020] = [01202]. 
Similarly, with the help of MAGMA, we know that N’ tot totet:N — 
Ntoty tp 1tit>'N, Ntotytotety'N = Ntot[1t4tiN, and Ntot;*totet;’N = 
Ntot, ‘ty ‘tstyN. 

Therefore, we conclude that there is one distinct double coset of the form 


Ntot]‘totot#4N, where i € {0,1, 2,3}: NtotytotetsN. 

We next consider the double coset N toty to ltoN. 

Let [0102] denote the double coset Ntot] ‘tg ‘to. 

Note that N(0102) > yy0102 — (e). Thus [w i] > |(e)| = 1 and so, by Lemma 1.4, 
|Ntoty tg ttaN| = [riba < 4 = 94, 

Therefore, the double cosét [0102] has at most twenty-four distinct single cosets. 


Moreover, N(°102) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
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{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = tot ‘tj ‘tot, i € {0, 1, 2, 3}. 

But note that Ntoty1tjltety/N = Ntot;*tpleN = Ntoty1to’N and 
Ntoty 'to ttotaN = Ntgt] ‘tp t2N = Ntot) ‘tp 1ty iN. 


Moreover, with the help of MAGMA, we know that N tote ty. ltotpN = 
Ntoty ‘tot; t3'N, Ntot, tg ttety ‘N = Ntot[ ty 1to‘teN, Ntoty tj ttetiN = 
Ntpltitz1tp1N, and Nioty tp tet; 1N = Ntp‘tytety(N. 

Therefore, we conclude that there are two distinct double cosets of the form 
Ntot] to ‘tot*#*N, where i € {0,1,2,3}: Ntoty tp ltotsN and Ntoty ‘to ‘tats N. 
We next consider the double coset Ntot] ‘tg ty 1N. 

Let [0102] denote the double coset Ntoty ‘tp tz 1. 

Note that N(102) > yy0102 — (e) 

|Ntoty tp tty 1.N| = [won < 494. 

Therefore, the double coset [0102] has at most twenty-four distinct single cosets. 
Moreover, N(°192) has eight orbits on T’ = {to,t1,to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = tot, ‘to ‘tz‘t#", ¢ € {0, 1, 2, 3}. 

But note that Ntoty tig tty teN = Ntot;'to‘eN = Ntoty'tg'N and 
Ntot] ‘tp ty tg .N = Nigt, tp lty°N = Ntot[ ig te. 

Moreover, with the help of MAGMA, we know that N tot; ‘ty 3 ltgoN = 
Ntot] ‘tz toN and Ntoty'tp1tz1tg'N = Ntot] ‘toto. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntoty tp 1tz1t#=".N, where i € {0,1,2,3}: Ntoty‘tp+ty*tiN, Ntoty ‘to lty ty‘ N, 
Ntoty to ‘tg ‘tsN, and Ntoty‘tg ‘ty 1tz'N. 

We next consider the double coset NtotitotoN. 


Let [0120] denote the double coset NtotitotoN. 
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Note that N(0120) > v920 = (e). Thus |NV(0120)| > |(e)| = 1 and so, by Lemma 1.4, 


N 
|NtotitotoN| = wea] < 24 = 24. 


Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N(°!29) has eight orbits on T’ = {to, ti, to, ts}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = totitatot**, i € {0,1, 2,3}. 

But note that Ntotitetotg'N = NtotiteeN' = NtotiteaN and NtotitetotoN = 
Ntotitet2N = Niotitoto'N. 


Moreover, by relation (7.2), (0 1)(2 3)totito = tg tz’ 
= to(0 1)(2 3)totito = tatg ‘ty + 

=> (0 1)(2 3)(0 1)(2 3)t2(0 1)(2 3)totito = tetp ‘tz? 

=> (0 1)(2 3)¢0 PO DM tgtyto = toty ez? 

=> (0 1)(2 3)tgtotito = tetp ty? 

= to(0 1)(2 3)tgtotito = totetg*ty* 

= (0 1)(2 3)(0 1)(2 3)to(0 1)(2 3)tstotito = toteto ‘ty’ 
=> (0 1)(2 3)¢0 YO DM t5totyto = totaty 47? 

=> (0 1)(2 3)titgtotito = totetp ‘ty’ 

=> [(0 1)(2 3)trtgtotito) 2 = [totetg tz 1] 2) 

= (0 2)(1 3)tetstoteto = totity ty’ 

=> (0 2)(1 3)[totitetote]© 20 9) = totyeg tty? 

=> (0 2)(1 3)(0 2)(1 3) [totitatote|(0 2)(1 3) = totitg tz’ 
=> etotitgtota(0 2)(1 3) = totyty ‘tz’, which implies that 
NtotitetotzN = Ntotitg'tz1N. That is, (01202] = [0102]. 


Therefore, we conclude that there are five distinct double cosets of the form 
Ntotitotot'N, where 7 € {0,1,2,3}: NtotitototiN, Ntotitetoty'N, 
Ntotitetots N, NiotitatotgzN, and Ntotitatots ‘N. 

We next consider the double coset N totitaty IN, 

Let [0120] denote the double coset Ntotitetg*N. 


Note that N(0120) > 1120 — (e). Thus jo) > |(e)| = 1 and so, by Lemma 1.4, 
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| Ntotitatg N| = rou <4 = 24, 
Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N(°120) has eight orbits on T = {to,t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = totitety 't*?, 4 € {0, 1, 2, 3}. 
But note that Ntotitetg'toN = NtotiteeN = NtotitoN and Ntotitetyty'N = 
Ntotitetp>?N = NtotitetoN. 
Moreover, with the help of MAGMA, we know that Niotitoto IN = 
Ntoty tty ltstiN. 
Therefore, we conclude that there are five distinct double cosets of the form 
Niotitato tf1.N, where i € {0,1,2,3}: NtotitetytiN, Ntotitetp to, 
Niotytatgtz1N, Ntotitetpt3N, and Ntotitety ‘tz N. 


We next consider the double coset Nigtitot3N. 
Let [0123] denote the double coset NtotitotsN. 


Note that N19) > N23 — (e). Thus Laret2e) > |(e)| = 1 and so, by Lemma 1.4, 


|NtotitetsN| = ons <4 = 24. 


Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N(°23) has eight orbits on T' = {to, ty, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a word 
of length five given by w = totitetst>", LE {0, 1,2; 3}: NtotitotstoN, NtotitatstiN, 
NtotitotgtaN, Ntotitetst3N, Ntotitotsto ‘N, Ntotitotst;'N, 

Niotitotsty'N, and Ntotytotgty|N. 

But note that Nitotitatst3 'N = NtotitaeN = NtotiteN and NtotitotztzN = 
Ntotitot3N = NtotitatsN. 

Moreover, with the help of MAGMA, we know that Niotitotst;/N = 
Nioty ty t5 tg" NN. 
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And, similarly, by relation (7.2), (0 1)(2 3)totito = t9 ty? 

= to(0 1)(2 3)totito = tatpty+ 

=> (0 1)(2 3)(0 1)(2 3)te(0 1)(2 3)totyto = tetg tty} 

=> (0 1)(2 3) PO tot: to = tot 47} 

=> (0 1)(2 3)tgtotito = tet ‘ty? 

=> t3(0 1)(2 3)tstotito = tgtetp ty" 

=> (0 1)(2 3)(0 1)(2 3)t3(0 1)(2 3)tatotito = tstetg ‘ty * 

= (0 1)(2 3) PO tot to = tetatg tty? 

=> [(0 1)(2 3)totgtotyto]© 2 15) = [tgtatg tet] @ 2 1 9) 

= (0 1)(2 3)titotetste = totitytz* 

=> (0 1)(2 3) [totitetgte]© ) = totity lez? 

=> (0 1)(2 3)(0 1)[totitatst2](0 1) = totity ‘#37 

=> (2 3)totitetste(0 1) = totity ‘ty, which implies that 

Ntotitotst2N = Ntotityt31N. That is, [01232] = [0123]. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntotytotgt*'N, where i € {0,1,2,3}: NtotitotstoN, Ntotitatstg'N, ° 
Ntotytot3tiN, and Ntotitetst;'N. 


We next consider the double coset N totitet;/N Ff 
Let [0123] denote the double coset N totitet;'N ; 


Note that N(123) > yl28 — (e). Thus [vo > |(e)| = 1 and so, by Lemma 1.4, 


-1 = N 24 __ 
| Ntotitets*N| = ory ST = 24. 


Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N (123) has eight orbits on T = {to, ti, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw.N, where w is a 


Ll -¢ € {0, 1; 2,3}. 


word of length five given by w = totitat3 “t;", 
But note that Ntotitets!t3N = NtotiteeN = NtotiteN and Ntotitets'tz'N = 
Ntotitotz’N = NtotitotsN. 

Moreover, with the help of MAGMA, we know that N totitets ty *N = 
Ntoty ty tot N. 


40. 


186 


Therefore, we conclude that there are five distinct double cosets of the form 
Ntotitatz t*#"N, where i € {0,1,2,3}: Ntotitety*toN, Ntotitets to 1N, 
Ntotitot; 1t1N, Ntotitetz ‘tN, and Niotitoty ty‘ N. 


We next consider the double coset Ntotit, lioN. 
Let [0120] denote the double coset Ntotity to N. 


Note that N(0120) > py0120 — (e). Thus [o120)| > |(e)| = 1 and so, by Lemma 1.4, 


ST N 24 
| Ntotits toN| = WOU <#= 24. 


Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N(129) has eight orbits on T’ = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length five given by w = totitz tots", i € {0, 1, 2, 3}. 


But note that NtptytyttotgN = Ntotity'eN = Ntotitz'N and Ntotity‘totoN = 
Ntotits t2N = Ntotityto'N. 


Moreover, with the help of MAGMA, we know that Ntotytz ‘tot; ’N = 
Nts ti tg (NV: 

And, similarly, by relation (7.2), (0 1)(2 3)totito = tp oe 
=> t1(0 1)(2 3)totito = titp tty" 

=> (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totito = titg tz" 

=> (0 1)(2 340 PO tot t9 = tytp 47! 

= (0 1)(2 3)tototito = tito ty? 

=> (0 1)(2 3)tp*tito = tity 't7* 

=> t2(0 1)(2 3)tp tito = tetito ‘ty? 

= (0 1)(2 3)(0 1)(2 3)te(0 1)(2 3)tp tito = tetito tty? 

=> (0 1)(2 3)t0 PC D4 Vt = totyto 47! 

=> (0 1)(2 3)tstg tito = tetitp ty" 

= to(0 1)(2 3)tstp tito = totetity t+ 

=> (0 1)(2 3)(0 1)(2 3)to(0 1)(2 3)tgtg tito = totetitg ‘ty + 
=> (0 1)(2 3)t0 PC Dstt to = totetity ty) 

=> (0 1)(2 3)titst7 tito = totetitg ty" 
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=> [(0 1)(2 3)titgtp tito] 2 = [totetitg tty 4] ?) 

= (0 2)(1 3)totsto toto = totitetytz* 

=> (0 2)(1 3)[totity Mote] 20 9) = totytety ty? 

=> (0 2)(1 3)(0 2)(1 3) [totrty ‘tote](0 2)(1 3) = totitety ty" 

=> etotytz tote(0 2)(1 3) = totiteta'tz1, which implies that 

Ntotytg1toteN = Ntotytotp tz 'N. That is, [01202] = (01202). 

Finally, with the help of MAGMA, we know that Ntgtity‘toty'N = Ntotitg'ty'N 
and Ntotits ‘totz'N = Ntp'ty‘tetz1N. 

Therefore, we conclude that there are two distinct double cosets of the form 
Ntotity 'tot#'N, where i € {0,1,2,3}: Ntotity tot: N and Niotitz ‘tots. 


We next consider the double coset N totits ‘to IN, 

Let [0120] denote the double coset Ntotity ‘ty’ N. 

Note that N(©120) > 1120 — (e). Thus veo) > |(e)| = 1 and so, by Lemma 1.4, 
|Ntotity'tg*N| = [Hora] < 4 = 24, 

Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N(120) has eight orbits on T = {to, ti, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length five given by w = igtite tg tes 4 € {0,1, 2, 3}. 


But note that Ntotity ‘to+toN = Ntotity!eN = Ntotit>1N and Ntotitz*to'to'N 
= Ntotitgto°N = Ntotity toN. 

Moreover, with the help of MAGMA, we know that N totity ty ltgN = 

Nig ty {tetp'N and Ntotity to ty1N = Ntp'ty ‘ty N. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntotytg ‘tp t#1N, where i € {0,1,2,3}: Ntotity to ’tiN, Ntotity ‘tg ty 1N, 
Ntotity to ‘t3N, and Ntotytz ‘tp tz1N. 

We next consider the double coset Ntotit, IN. 


Let [0121] denote the double coset Ntotitz‘tiN. 
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Note that N12) > N21 — (e), Thus jos} > |(e)| = 1 and so, by Lemma 1.4, 
|Ntotits +t] = oa] < 4 = 94, 

Therefore, the double coset [0121] has at most twenty-four distinct single cosets. 
Moreover, N(°2) has eight orbits on T = {to,t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = totity te 7 € {0,1, 2,3}. 

But note that Ntotytj'tit71N = Ntotity'eN = Ntotity'N and Ntotity‘titiN = 
Ntotity t2N = Ntotity't7'N. 

Moreover, with the help of MAGMA, we know that Ntotit, LhtoN = 
Ntot; ‘tz t1t31N and Niotyty1tity'N = Ntoty‘totiN. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntotity‘tt¢1N, where i € {0,1,2,3}: Ntotity titoN, Ntotity tity 'N, 

Ntotitg titsN, and Ntotity ‘tity /N. 


We next consider the double coset Ntotit, lta N. 
Let [0123] denote the double coset Ntotitz1t3N. 


Note that (0123) > 123 — (e). Thus [2v(o128) > |(e)| = 1 and so, by Lemma 1.4, 


zs N 2 


Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N(128) has eight orbits on T = {to,t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = totits ‘t3t#*,  € {0, 1, 2, 3}. 

But note that Ntotity‘tst3'N = Ntotity'eN = Ntotity'N and NtotitztstgN = 
Ntoty ty #3N = Ntotyty1tz1N. 

Moreover, with the help of MAGMA, we know that Ntotit, Phila 1N = 

Nto tty tetz+N, Ntotitytst{1N = Nto'tytetp'N, Ntotity'tsteN = 
Ntotitetz+tp1N, and Ntotity‘tstg'N = Ntotity tito 'N. 
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Therefore, we conclude that there are two distinct double cosets of the form 


Ntotity 1tst#1.N, where i € {0,1,2,3}: Ntotity‘tstoN and Ntotity ‘tstiN. 


We next consider the double coset Ntotit, 1s1N , 
Let [0123] denote the double coset Ntotit, LN. : 


Note that N (123) > 123 — (e). Thus 710128) > |(e)| = 1 and so, by Lemma 1.4, 
| Niotity tz*.N| = WO] < 24 = 24, 

Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N(!23) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length five given by w = tote tye ¢ € {0, 1, 2, 3}. 


But note that Ntot;tz!t31t3N = Ntotity'eN = Ntotit;1N and Niotity‘tz‘tz'N 
= Ntotyty1t3?N = Niotitz‘t3N. 


Moreover, with the-help of MAGMA, we know that Ntotit; ‘t3to’N = 
Ntotitetz ‘tot N. 


And, similarly, by relation (7.2), (0 1)(2 3)totyto = tp ‘ty? 
= (0 1)(2 3)totitoto = to*t7 “to 

= (0 1)(2 3)totitg! = tolty to 

=> t2(0 1)(2 3)totito! = tato tty 1to 

=> (0 1)(2 3)(0 1)(2 3)ta(0 1)(2 3)totytg | = tetp #7 "to 

=> (0 1)(2 yt POC Mtotyt5! = toto eT Mo 

=> (0 1)(2 3)tgtotito’ = tetp t7 to 

=> t3(0 1)(2 3)tstotity’ = tsteto tty "to 

=> (0 1)(2 3)(0 1)(2 3)t3(0 1)(2 3)tgtotitg! = tstetg ‘ty to 
=> (0 1)(2 3) 2? Pestotits? = tgtaty 7 1to 

=> (0 1)(2 3)tetstotitg’ = tetetg ‘t] ‘to 

= [(0 1)(2 3)tetgtotity*]© 2 19) = [tgteto tty tto] 2 1 9 
= (0 1)(2 3)titotetsty* = totity ty te 

= (0 1)(2 3)[totrtetgty +] Y = toty ty 145 tte 

=> (0 1)(2 3)(0 1) {totitotsty*](0 1) = totyty tz te 
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=> (2 3)totytotgty ‘(0 1) = totyty ‘tz ‘te, which implies that 
Ntotitg tz teaN = Ntotitetstz1N. That is, [01232] = [01239]. 


Finally, by relation (7.2), (0 1)(2 3)totito = to*t7* 

= (0 1)(2 3)totitoto = to'ty "to 

=> (0 1)(2 3)totito* = to ty ‘to 

=> to(0 1)(2 3)totito! = tetp tty "to 

=> (0 1)(2 3)(0 1)(2 3)t2(0 1)(2 3)totity* = tatg ty "to 
=> (0 1)(2 3)t POC M4ot:45? = toty ey to 

= (0 1)(2 3)tstotito! = tetp ty "to 

=> #3(0 1)(2 3)tgtotitg! = tgtato ty ‘to 

=> (0 1)(2 3)(0 1)(2 3)t3(0 1)(2 3)tgtotito* = tgtety ty ‘to 
=> (0 1)(2 3) PO Mtgtotyt9? = tgtaty tz to 

=> (0 1)(2 3)tatstotitg+ = tgtato t] ‘to 

=> [(0 1)(2 3)totstotity +]© 2 15) = [tgtotp te tto]© 2 1 9) 
= (0 1)(2 3)titotetstz! = totity ty te 

=> (0 1)(2 3)[totitetsty 4] Y = totity*t3*te 

= (0 1)(2 3)(0 1)[totitetstz'](0 1) = totity tz +te 

= (2 3)totitetsty ‘(0 1) = totity ‘tz te 

=> (2 3)totitatsty ‘(0 1)te = totity ‘tz ‘tate 

=> (2 3)totytetstz ‘(0 1)te(0 1)(0 1) = totity tz ‘tz’ 

=> (2 3)totitatgty 40 Y (0 1) = totity ty 147? 

=> (2 3)totitetgtz te(0 1) = totity ‘tz ‘ta* 

=> (2 3)totitets(0 1) = totity ‘tz tz, which implies that 
Ntotity‘tz*tz'N = Ntotztat3N. That is, [01232] = [0123]. 


Therefore, we conclude that there are three distinct double cosets of the form 
Ntotyty ts t#1N, where i € {0,1,2,3}: Ntotity tz 1toN, Ntotity't3'tiN, and 
Ntotity ‘ts ‘ty N. 


We next consider the double coset Ntotitg tN. 


Let [0101] denote the double coset Ntotit> LN. 


Note that N(9101) > yy0l0l — ((2 3)) & So. Thus JNO) | > |S2| = 2 and so, by 


Lemma 1.4, |Ntotitg tN | = oibsy <= 19, 
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Therefore, the double coset [0101] has at most twelve distinct single cosets. 
Moreover, N(1%) has six orbits on T = {to,t1, to, t3}: {0}, {1}, {2,3}, {0}, {1}, 
and {2,3}. 

Therefore, there are at most six double cosets of the form NwJN, where w is a word 
of length five given by w = totit tit#?, i € {0, 1, 2}. 

But note that Ntotitgtit71N = Ntotitg'eN = Ntotito'N and Niotitgtiti:N = 
Ntoty tg 1t?2N = Ntotito tty‘ N. 

Moreover, by relation (7.2), (0 1)(2 3)totito = to*ty* 

=> t1(0 1)(2 3)totito = tity ty" 

=> (0 1)(2 3)(0 1)(2 3)t(0 1)(2 3)totito = tyto ‘ty! 

=> (0 1)(2 3)10 MPC Moti to = tytp lez? 

=> (0 1)(2 3)tototito = tito ‘ty? 

=> (0 1)(2 3)to tito = tito tty + 

=> t)1(0 1)(2 3)tp tito = to tata ty* 

=> (0 1)(2 3)(0 1)(2 3)t9*(0 1)(2 3)tg tito = ty tity ty 

S (O12 3\GG POs hte = hit 

=> (0 1)(2 3)tyttp tity = to ltitp*ty?. 

Similarly, by relation (7.2), (0 1)(2 3)totito = to't;? 

=> (0 12 3)iotiiety Hip ep et 

=> (0 1)(2 3)totitoty? = tot 

=> (0 1)(2 3)totitoty to = to tito 

=> t71(0 1)(2 3)totitoty to = t7 ‘tg ‘tito 

=> (0 1)(2 3)(0 1)(2 3)é71(0 1)(2 3)totitoty to = t7 tp ‘tito 

=> (0 1)(2 8)(t72)© YO tots toty to = ty tp tito 

=> (0 1)(2 3)to‘totitoty to = t] ‘tp ‘tito 

= (0 1)(2 3)titoty to = ty tp tito 

=> (0 1)(2 3)(0 1)(2 3)tytoty to = (0 1)(2 8)ty tp ‘tito 

=> tytoty to = (0 1)(2 3)t7 tp ‘tito. 

Since (0 1)(2 3)ty to ltito = to tito *ty" 

and tytot to = (0 1)(2 3)ty ‘tp tito, 

we conclude that to ‘titp ty) = titoty ‘to. 


Now, tp ‘titty! = titot] ‘to 


Sty tt tp = [botaty ti] 2 

=> to ltitotty? = (0 1)totito*t1(0 1) 

=> toltitot7*t = (0 Ltotity t1(0 1)ti 

= to tito’ = (0 1totito4t1(0 1)t1(0 1)(0 1) 

=> ty '4yty! = (0 1)totrtp tte Y (0 1) 

=> tytitg! = (0 1)toti ty ‘tito(0 1), which implies that 
Nt ‘tity ‘N = Ntotito ‘tito. 


Therefore, Nig tt:tg!N = Ntotito ‘titoN. That is, [01010] = [010). 


Similarly, by relation (7.2), (0 1)(2 3)totito = tg ‘ty" 
=> t1(0 1)(2 3)totito = titg ty 

=> (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totito = tity ty! 

=> (0 1)(2 3)¢° YO Mott) = tytp ey? 

=> (0 1)(2 8)tototito = tito ‘ty’ 

=> (0 1)(2 3)tp "tito = titg4ty+ 

St OW) Sig tite St tity th 

=> (0 1)(2 3)(0 1)(2 3)tp1(0 1)(2 8)tottito = to titty? 
=> (0 1)(2 8)(t91)O VO Deo tt ty = to tty tty? 
(01) 3) ty tite = t5 tits te 

Similarly, by relation (7.2), (0 1)(2 3)totito = tpt]? 
=> (0 1)(2 8)totitoty? = tpt, e! 

=> (0 1)(2 3)totitoty? = tot 

=> (0 1)(2 3)totitoty to = to tito 

=> t71(0 1)(2 3)totitoty to = ty to ‘tito 

= (0 1)(2 3)(0 1)(2 3)t7*(0 1)(2 38)totrtoty tp = ty to ‘tito 
=> (0 1)(2 3)(t77)© YO tot toty to = ty tty tito 

=> (0 1)(2 3)tp totitoty to = ty tp tito 

=> (0 1)(2 8)titoty to = ty to ‘tito 

=> (0 1)(2 3)(0 1)(2 3)tytoty to = (0 1)(2 3)ty tp tito 
=> tytoty to = (0 1)(2 3)ty tp ‘tito. 

Since (0 1)(2 3)t7 {to ltito = tottito ‘ty’ 

and tytoty ‘to = (0 1)(2 3)ty tp ‘tito, 


we conclude that to ltt) ‘ty? = titot] ‘to. 
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Now, to ‘tito tty! = titoty to 

=> toltyto tty! = [otitot]© » 

=> totttg tty+ = (0 1)totity ‘t1(0 1) 

=> toltito ty t = (0 1)totity #1 (0 1)t1 

=> tottity? = (0 1)totitp‘t1(0 1)t1(0 1)(0 1) 

=> tp tty = (0 1)totitp tt© Y (0 1) 

=> to ttitg* = (0 1)totitotito(0 1) 

=> ty tity ti = (0 ltotity tito(0 Dt 

=> to tito tr = (0 1)totitg tito(0 1)t1(0 1)(0 1) 

=> ty Mito lt, = (0 1)totity ‘tatot? Y(0 1) 

=> to tito tt: = (0 1)totito ‘titoto(0 1) 

=> to ltitott, = (0 1)totitg tito 1(0 1), which implies that 

Nto tito ‘tN = Ntotitp tito‘ N. 

Therefore, Nty!tity‘t1N = Ntotito‘titg'N. That is, [0101] = [01010]. 
Finally, with the help of MAGMA, we know that Ntotitj'titeN = 
Ntotitato'tgN and Ntotitottity'N = Nig ‘ty tot] +N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntotito tit#1.N, where 7 € {0, 1,2, 3}. 


We next consider the double coset Ntgtitp ‘tN. 


Let [0102] denote the double coset Ntotitp ltoN. 


Note that N(0102) > yy0102 — (e). Thus javou62)| > |(e)| = 1 and so, by Lemma 1.4, 
IN 
|Ntotitg tt2N'| = won < < 4-24, 


Therefore, the double coset [0102] has at most twenty-four distinct single cosets. 
Moreover, N(102) has eight orbits on T’ = {to,t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length five given by w = totitytot#*, i € {0, 1,2, 3}. 

But note that Néotytg ttaty1N = Ntotitg‘eN = Ntotity!N and Ntotitg toteN = 
Niotitg BN = Ntotyto ty N. 


Moreover, with the help of MAGMA, we know that Ntotito ltotpN = 
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Netz tty ltg tN, Ntotitptetg1N = Ntotit; tytz+N, and Ntotitytet;'N = 
Nto ty toto (N. 


Therefore, we conclude that there are three distinct double cosets of the form 
Ntotito ttet#4.N, where i € {0,1,2,3}: Ntotitp‘totiN, Ntotitg ‘tet3N, and 
Ntotito ‘tats. 

We next consider the double coset N’ totito tb IN, 


Let [0102] denote the double coset Ntotitg ‘ty N. 


Note that N(0102) > yy0102 — = (e). Thus [N om |2 > |(e)| = 1 and so, by Lemma 1.4, 
IN 
|Ntotitg tty IN| = wos S$ < #— 94. 


Therefore, the double coset [0102] has at most twenty-four distinct single cosets. 
Moreover, N(192) has eight orbits on T = {to, t:, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = totitp ‘ty Brees 4€ {0,1, 2,3}. 

But note that Ntotytg tty 1t2N = Ntotitp'eN = Ntotitp!N and Niotity ‘tz 'tz'N 
= Ntotitgt3?N = Ntotity‘toN. 


Moreover, by relation (7.2), (0 1)(2 3)totito = tg ‘ty 1 
=> (0 1)(2 3)totitoto = tpt] 1to 
=> (0 1)(2 8)totito! = to tty to 
=> to(0 1)(2 3)totitg! = tetg tz "to 
=> (0 1)(2 3)(0 1)(2 3)t2(0 1)(2 3)totitp! = tatp tty to 
=> (0 1)(2 3)10 PO Deotst51 = tety ez Mo 
=> (0 1)(2 3)tstotitg ! = tetp ty to 
=> to(0 1)(2 3)tstotito + = totetp ‘ty ‘to 
=> (0 1)(2 3)(0 1)(2 3)to(0 1)(2 3)tstotitg = totety ‘ty ‘to 
=> (0 1)(2 3)0 YO Destot ts! = totaty ley Mo 
=> (0 1)(2 3)titstotito’ = totetg ‘ty *to 
=> [(0 1)(2 3)titgtotytg*]@ » = [totetg tty *to] » 
=> (0 2)(1 3)tatstotets ! = totity ‘tz to 
=> (0 2)(1 3)[totitatoty 1]© 2G 9) = totito tty to 
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=> (0 2)(1 3)(0 2)(1 3)[totitetoty](0 2)(1 3) = totity ‘ty +to 
=> etotitatoty 1(0 2)(1 3) = totitg ty to, which implies that 
Ntotitetoty 1N = Ntotyto ‘tz ‘toN. That is, [01020] = (01202). 


Similarly, by relation (7.2), (0 1)(2 3)totito = to ‘ty + 

=> (0 1)(2 3)totitoto = tot] ‘to 

=> (0 1)(2 8)totytg* = tot] to 

=> t2(0 1)(2 3)tottp* = tetp ty to 

=> (0 1)(2 3)(0 1)(2 3)t2(0 1)(2 8)totity* = tetg ty to 

=> (0 1)(2 3)t0 9? Dee #5} = tots eZ Mt 

=> (0 1)(2 3)tgtotito | = teto ‘ty to 

=> to(0 1)(2 3)tgtotitg? = toteto ty to 

=> (0 1)(2 3)(0 1)(2 3)to(0 1)(2 3)tgtotyto ? = totety ‘ty 1to 
=> (0 1)(2 3) PO Destotst5? = totaty tt] Mto 

=> (0 1)(2 3)titgtotitg? = totetg +t] ‘to 

=> [(0 1)(2 3)titgtotity 1]@ 2 = [totetg tty to] 2) 

=> (0 2)(1 3)tatstotetg = totitg tty ‘to 

=> (0 2)(1 38) [totitetoty*}© 20 3) = totes lez tp 

=> (0 2)(1 3)(0 2)(1 3){totitetots ‘(0 2)(1 3) = totito tty to 
=> etotitetoty (0 2)(1 3) = totitg ‘tz ‘to 

=> etotitotots {(0 2)(1 3)to = totitg ‘ty ‘toto 

=> etotytotots 1(0 2)(1 3)to(0 2)(1 3)(0 2)(1 3) = totity tz to" 
=> etotytototy 40 > 90 2)(1 3) = totitp tap M45? 

> etytitototy 'te(0 2)(1 3) = totito ‘ty ‘tg’ 

=> etotitgto(0 2)(1 3) = totitp 'ty*to*, which imples that 
NitotytotoN = Ntotitg'tz!tg1N. That is, [01020] = [0120]. 


Finally, with the help of MAGMA, we know that Nigtytg‘t7'tiN = NtotitztoN 
and Niotity tt] 'N = Ntotitotpty'N. 


Therefore, we conclude that there are two distinct double cosets of the form 
Ntotitg tz 1t#1N, where i € {0,1,2,3}: Ntotito ‘ty 'tsN and Ntotito ‘tz /ty'N. 
We next consider the double coset Ntj ‘ty ‘tetp'N. 


Let [0120] denote the double coset Ntp ‘ty toto 1 N. 
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eae a he hus jvo120| > |(e)| = 1 and so, by Lemma 1.4, 
[Neg ity ‘tat | - stint = 24 = 24. 


Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N12) has eight orbits on T = {to,t1,ta,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = iat, tats te 4 € {0,1, 2, 3}. 

But note that Ntj1t[ttetp toN = NtpltylteeN = Nto't]‘teN and 

Nip lt] tet tg (N = Nig ley tato2N = Nto ty tetoN. 

Moreover, with the help of MAGMA, we know that Ni, Me tite ly N = 
NtotitgtoN, Ntj ty toto ty +N = Ntotity'totiN, Nto'ty toto teN = 
NtotitoteN, Ntpltyltetg ty 1N = NtotityltetiN, Nto ty ‘toto‘tsN = 
Ntotity\tsN, and Ntg‘t{totptz1N = Ntotitz‘tstiN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Nto tty ltotp t#F1N, where i € {0, 1, 2, 3}. 


We next consider the double coset Nto tT tet N : 
Let [0121] denote the double coset Ntj'ty tot: N. 


Note that N11) > 70121 — (e), Thus [r29) > |(e)| = 1 and so, by Lemma 1.4, 
|Nig tty ttotiN| = Waray < 424, 

Therefore, the double coset [0121] has at most twenty-four distinct single cosets. 
Moreover, N!21) has eight orbits on T = {to,t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length five given by w = te te tei 4 € {0, 1,2, 3}. 

But note that Ntjltyltetity!N = Ntg'tyteeN = Ntp'ty'teN and 

Ntoty totitiN = Ntp't[tot?N = Nto‘tytoty'N. 

Moreover, with the help of MAGMA, we know that Ntj!t71tetitaN = Ntgtity'N 
and Nto‘ty‘tetity‘N = Nig‘ tity ‘tN. 
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Therefore, we conclude that there are four distinct double cosets of the form 
Ntg ty tetit*#N, where i € {0,1,2,3}: NtpltyltotitoN, Ntg*ty‘totitg'N, 
Nto1ty\tetitsN and Nto‘ty‘totitsN. 

We next consider the double coset Ntgj’tytety*N. 


Let [0121] denote the double coset Ntj‘t71tety 1 N. 


Note that NOl2)) > yy0l21 — (e). Thus [N oa) > |(e)| = 1 and so, by Lemma 1.4, 
| Nig tty ttet71N| = ! Moca < 4 = 24. 


Therefore, the double coset [0121] has at most twenty-four distinct single cosets. 

Moreover, N!21) has eight orbits on T’ = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 

{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length five given by w = ih eee i € {0,1, 2, 3}. 

But note that Ntp‘tyltety1tiN = Ntp'tylteeN = Ntpty't2N and 

Nto ity tet, t7'N = Nig ltyltety?N = Ntp+ty tot N. 

Moreover, with the help of MAGMA, we know that Nip ter tet; to = 

NtotitottiN, Ntoltytetyltg1N = Ntotitetp lteN, Ntp1t]‘tetytsN = 

Ntotitetotz|N, and Ntotty ‘tet; ts1N = Ntotity tits. 

Therefore, we conclude that there are two distinct double cosets of the form 

Nto tty Mot, tt" N, where i € {0,1,2,3}: Nto ty *tety to and Ntp'ty tot; tg N. 

We next consider the double coset Ntp 1tT totzN : 

Let [0123] denote the double coset Ntj ‘ty +tot3N. 

Note that N (223) > 10123 — (e). Thus |v(o%29) > |(e)| = 1 and so, by Lemma 1.4, 
-1,-1 N 

|Nig tty *totsN| = wera] < 4a 24. 

Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 

Moreover, N(!28) has eight orbits on T = {to,t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length five given by w = to ‘ty ‘totgt#1, i € {0, 1, 2, 3}. 
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But note that Ntjlt[ltetstz+N = Ntplt]'toeN = Ntp'ty‘teN and Ntp ‘ty ‘totstsN 
= Ntpt,liet2N = Nitty tats N. 

Moreover, with the help of MAGMA, we know that Ntp't]‘tetgt]N = 
Ntoty tz tots. 


And, similarly, by relation (7.2), (0 1)(2 3)totito = to‘t]* 

=> t51(0 1)(2 3)totito = ty tp‘ ty* 

=> (0 1)(2 3)(0 1)(2 3)tz1(0 1)(2 3)totito = ty ttg‘e7* 

= (0 1)(2 3)(t71)© YO Diptytyp = ty ttg tz? 

=> (0 1)(2 3)t ttptito = tp ttptez! 

= tz1(0 1)(2 3)tz‘totito = tty *tp ‘t+ 

=> (0 1)(2 3)(0 1)(2 3)t31(0 1)(2 8)tztotito = ty ty tp tty + 

=> (0 1)(2 3)(t31)©@ VO Des Motito = ty ty to tez! 

=> (0 1)(2 3)tg tg totito = ty tty tp ty! 

=> [(0 1)(2 3)ty*t3*totzto]© 219) = [tg tes tap fey tye 219) 

= (0:1)(2°3)t7 tp ‘totate = 5 ty ty ts 

=> (0 1)(2 3) [tp ty tetgta]© Y = ep teytey tes? 

=> (0 1)(2 3)(0 1)tp {ty ttetgte(0 1) = totty tty 143+ 

= (2 3)tp1t71tetgte(0 1) = to 1¢, ‘tz 'tZ*, which implies that 

Nto ity ltetstaN = Ntp't;'tz'tz'N. That is, [01232] = (0123). 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntj ty Matstt1N, where i € {0,1,2,3}: Nip lt] ‘totgtoN, Nto ‘ty ‘tetsty N, 
Nto ty 1tetstiN and Ntg'ty‘totstz'N. 


We next consider the double coset Nig ty tots *N. 


Let [0123] denote the double coset Ntj‘t7*totz*N. 


Note that NOMS) > 01? — (e). Thus per > |(e)| = 1 and so, by Lemma 1.4, 
~la- leet N 
[Neg 'ty "tats °N| = Ory < B= 24. 


Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N(!) has eight orbits on T = {to, t1, ta, tz}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 


Therefore, there are at most eight double cosets of the form NwN, where w is a 
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word of length five given by w = ft it 4 € {0,1, 2, 3}. 

But note that Ntptty tots t3N = Ntp ty‘teeN = Nto’ty*toN and 

Nig ty tty ts IN = Nip tp ints (N = Nth tL tata N. 

Moreover, with the help of MAGMA, we know that Nt) ‘tl tots toN = 
Ntotity1t3N, Ntg tty tots 'to'N = Ntotity‘tgtoN, Nto ‘ty *tetytiN = 
Ntotity1toN, Nig ty ltetst[1N = NtotitytotsN, Nto‘ty tots ‘tN = 
Ntg ity tet ttgN and Ntg lt; ltetzy1tg'N = Ntp lt, 1tz ‘tate. 

Therefore, we conclude that there are no distinct double cosets of the form 
Nto tty] tet 4#1N, where i € {0, 1,2, 3}. 

We next consider the double coset Ntj*t7/t7‘toN. 

Let [0120] denote the double coset Ntj'ty tz 1toN. 

Note that N10) > 19120 — (e). Thus [w mm) > |(e)| = 1 and so, by Lemma 1.4, 
|Nigtty tty toN| = Otay < 4-24, 

Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N20) has eight orbits on T’ = {to,t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = Git te, 4 € {0,1, 2,3}. 

But note that Nip ‘ty {ty ttotp1N = Ntplty’tj'eN = Nto'ty;'t7*N and 

Nis {ti ts toto SNty G ty BN SNS tt tp 

Moreover, with the help of MAGMA, we know that Ntp 147 lty tote = 
Ntotito1tetiN and Nto'ty*tz*toty’N = Ntoty ‘ty tty N. 

Therefore, we conclude that there are four distinct double cosets of the form 

Ntj tty tty tot#N, where i € {0,1,2,3}: Ntp't, tz ltotiN, Nto‘ty ‘ty ‘tot, N, 
Nto tty tz 1totsN, and Ntplt, ‘ty "tots 1N. 


We next consider the double coset Nig tty ty‘ N. 


Let {0120] denote the double coset Ntgtty*tz to N. 


Note that N10) > yv0120 — (e). Thus N ea] > |(e)| = 1 and so, by Lemma 1.4, 
en teat N 
[Nig ey 'tg tg IN| = trees S 3 = 24. 


[N20] = 
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Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N(!29) has eight orbits on T’ = {to, ti, ta,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length five given by w= a ag a a i € {0,1, 2, 3}. 

But note that Ntp‘tytz/tpltoN = Nig 'tyttz'eN = Ntpltyty'N and 
Nit ty tp NHN te ty NaN te oN, 

Moreover, by relation (7.1), (0 1 2)totetitote = to ty tp ttp ty 4 

=> (0 1 2)[fotitetots | 2) = ep testy teg tej? 

= (0 1 2)(1 2)totytatoti(1 2) = to ty ty tp tty? 

= (0 1)totitetoti(1 2) = tolty1ty1to‘t7', which implies that 

Similarly, with the help of MAGMA, we know that Ntp't7‘t7*tj"t2N = 

Ntotity titz1N and Ntp ‘ty ty lto*tg'N = Ntotito‘teN. 

Therefore, we conclude that there are three distinct double cosets of the form 
Nip ty ty tp uf N, where ie {0,1,2,3}: Nip ty eg tg aN, Nig ‘ty ty ‘ip tN, 
end Nig tte to tg 


We next consider the double coset Ntj*ty ‘ty "tN. 


Let [0121] denote the double coset Ntj'ty‘tyttiN. 


Note that N@2) > N02! — (e). Thus [won| > |(e)| = 1 and so, by Lemma 1.4, 
—1,-1,-1 ice, EN 24 _ 
[Nip ty ty *tN| = VOTH < 4 = 24. 


Therefore, the double coset [0121] has at most twenty-four distinct single cosets. 
Moreover, N(121) has eight orbits on T = {to, tz, ta, tz}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = to‘t] ‘tz /tt#", 4 € {0, 1,2, 3}. 

But note that Ntplty1ty‘tty1N = NtgttytyleN = Ntp'ty'ty'N and 

Nit Gti at, ti EN SNS iN 
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Moreover, with the help of MAGMA, we know that Ntp a ae lity 1N = 

Ntoty ty1tgty1N, Ntplty tz titeN = Ntotitet>teN, Nig 'ty tty ltity’N = 
Ntoitytpttg1N, and Ntoléy ty 1tt31N = Ntoty ‘tp ltstp'N. 

Therefore, we conclude that there are two distinct double cosets of the form 

Nto tty tty itytt1N, where i € {0,1,2,3}: Nto'ty7 ty "tito and Nto'ty ‘tz *titsN. 
We next consider the double coset Ntp i oe lig. 

Let [0123] denote the double coset Ntj't]*tzt3N. 

Note that N (123) > N°123 — (e). Thus N (0128)| > |(e)| = 1 and so, by Lemma 1.4, 
[Nig tty lez ttsN| = wersy] < 4 = 24. 

Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N(228) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = int i ae i € {0,1, 2, 3}. 

But note that Ntpttyltztisty1N = Nig ltyltyleN = Ntp't7'tj'N and 

Nip ty is BBN SNE ti BN SN i Ge 

Moreover, with the help of MAGMA, we know that Nip ea ON ltstgN = 

Ntp lt] ltotgtpN, Ntp ity tp1tsty1N = Ntot, ‘tg 1tot;N, and Ntpty1t;*tst;'N 
= Ntot] tz tots N. 

Therefore, we conclude that there are three distinct double cosets of the form 

Nto it 1t51tgt*#1.N, where i € {0,1,2,3}: Ntplty ty ltgtiN, Nig ‘ty ty ‘t3t2N, and 
Nia ty ty tata 

We next consider the double coset Ntg'tyt7't3'N. 

Let [0123] denote the double coset Ntj'ty1tz1t3'N. 

Note that NO23) > yy01%3 — (ce). Thus jor > |(e)| = 1 and so, by Lemma 1.4, 
[Nig tez tty eg | = [rete] < 424. 

Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N (123) has eight orbits on T = {to, tz, ta, t3}: {0}, {1}, {2}, {3}, {6}, 
{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form Nw, where w is a 


word of length five given by w = ee he i ae 4 € {0, 1,2, 3}. 


But note that Ntp’tyty'tz't3N = Ntpltyty*eN = Ntpltytty1N and 
Netti et SH Nig ig tN = Ny ty ty tN 
Moreover, by relation (7.2), (0 1)(2 3)totito = to ‘ty 

= t71(0 1)(2 3)totito = ty "tp ltt 

=> (0 1)(2 8)(0 1)(2 3)é>1(0 1)(2 3)toti to = tpt, te; 
SOD 3G Ove tity 15 tn a 

=> (0 1)(2 8)tztotito = ty’ tp tty? 

=>5 O1)(2 8)t, tito =e ht 

= (0 1)(2 3)(0 1)(2 3)tz1(0 1)(2 3)tz*totyto = ty ty tp ty! 
SDA OMe es nhip a ty tye 

S(O D)C3t he nine at 

=> ((0 1)(2 3)ty ts Mtotrto] © 213) = fesles tes dey to 2 13) 
= (0 1): 3)t tg tatsta = ty Hy te ta 

= (0 1)(2 3), tats OY Se ee 

=> (0 1)(2 3)(0 1)tp ty totgte(0 1) = to tty tty +3" 

(2 3)t ty tntate(O 1) = tp t,t te 

=> (2 3)tp ty tetste(0 1)te = to ty ty tz te 

=> (2 3)tp lt] tetste(0 1)t2(0 1)(0 1). = tote] ‘ty ty tte 

=> (2 3)tp1¢7Motgtat? Y(0 1) = tote teg leg te 

=> (2 3)é> lt] tetatate(0 1) = ep ley tty ty te 

=> (2 3)tp ty] tetsty1(0 1) = tp ty ty tz te, which implies that 


Ntolt{‘tetsty1N = Ntp'ty'tp1tz31teN. That is, [01232] = [01233]. 


Similarly, by relation (7.2), (0 1)(2 3)totito = to ‘ty? 

=> t71(0 1)(2 3)totito = ty tp 1t7* 

=> (0 1)(2 3)(0 1)(2 3)t31(0 1)(2 3)totito = ty tp tty 

+ (0°1)(2 3)G OVE Migtitg = t7 tt 

=> (0 1)(2 3)t3 ‘totito = ty tp*ty" 

Sty (O12 3b, eatitg Ss a ty te 

= (0 1)(2 3)(0 1)(2 3)tz1(0 1)(2 3)tz ‘totito = tg ty tp tz? 
=> (0 1)(2 3)(t31)@ 1)(2 34 totito _ te epgtey? 
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=> (0 1)(2 3)ty tz totito = tty tg t7? 

=> [(0 1)(2 8)ép ty *totyto] 229) = estes tes ey yO 229) 

=> (0 1)(2 8)tyttg tetste = to tty tty tz* 

=> (0 1)(2 3) [tp ty ttetate]© ) = tp tey tes est 

=> (0 1)(2 3)(0 1L)tg't7ttotste(0 1) = to ty ty t3* 

=> (2 3)tptey tetgte(0 1) = tp yt 4p eg 

(2 3)ta ty tatate(O-1)t St tty ts ty 

=> (2 8)tp +t] tatete(O 1)¢7'(0 1)(0 1) = tote] ety ty” 

=> (2°3)t5 t] tetata(ty)! Y(O.1) Sty te ey eg ey 

=> (2 8)tg lt] ltetstety+(0 1) = to ty tty tty tty’ 

=> (2 3)tp ‘ty +tets(0 1) = tp ty t¢g't3 "431, which implies that 
Nto ‘ty ltat3N = Ntgtt]'t>1tz‘tz1N. That is, (01232] = [0123]. 
Therefore, we conclude that there are four distinct double cosets of the form 
Ntg tty ty 1tz‘t#1N, where i € {0,1,2,3}: Nto ty ty ty +toN, 
Nig ty te te tg Ny Nip ty ty ty hand NE ey ty te ty WN 
We next consider the double coset Nto Luts iN. 

Let [0101] denote the double coset Ntp ‘tity tN. 

Now, with the help of MAGMA, we know that (0 2)(1 3)tst[ tot] * = toty ‘toty 
=> t7'(0 2)(1 8)tgtyttety* = ty tots tots! 

=> (0 2)(1 3)(0 2)(1 3)#7*(0 2)(1 3)tgty tot? = ty ltoty ttoty! 

=> (0 2)(1 8)(t72)O IO Degt tots? = ty Mot[ tots} 

=> (0 2)(1 3)tzttgty tot; = tL ttoty Mota’ 

=> (0 2)(1 3)ty tty! = ty ttt] toty* 

=> (0 2)(1 3)tyttoty te = ty toty toty te 

=> (0 2)(1 3)tyltety te = ty tot] to 

=> [(0 2)(1 3)t7*toty tte] Y = [tp toty*to] Y 

=> (1 2)(0 8)to*tety te = to tito ts 

and, moreover, (1 2)(0 3)tg ‘tata ‘te = ty tity tt 

=> [(1 2)(0 3)tp toto tte] 9) = [ep ttitg ts |@ » 

=> (1 3)(0 2)tgtgtg ‘ts = to tity th. 

Therefore, since (1 2)(0 3)to*tato1te = tp*tito‘t: and (1 3)(0 2)ép'tsto*ts = 


204 


to ‘tito ‘ti, we have that (1 3)(0 2)tpltgtp ‘ts = to ‘tito tt = (1 2)(0 3)tp tate ‘te, 
and therefore the following right cosets, or single cosets, are equivalent: Nto ‘tito ar 


= Niots tots | = Ntota btotyt. 
2 2 3 3 


That is, in terms of our short-hand notation, 
0101 ~ 0202 ~ 0303. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0101]: 


0101 ~ 0202 ~ 0303, 1010 ~ 1212 ~ 1318, 


2121 ~ 2020 ~ 2323, 3131 ~ 3232 ~ 3030 


Since each of the twelve single cosets has three names, the double coset [0101] must 


have at most four distinct single cosets. 


Moreover, N(10) has four orbits on T = {to,t1,to,t3}: {0}, {1,2,3}, {0}, and 
{1, 2, 3}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length five given by w = tp ‘tp 'tit*?, i € {0, 1}. 

But note that Nip ttitg tity 1N = Nig ititp'eN = Ntoltitg'N and Ntp ‘tity titiN 
= Nt ttge@N = Ntjttig ty N. 

Moreover, by relation (7.2), (0 1)(2 3)totito = to ty? 

=> #1(0 1)(2 3)totito = tity ty? 

= (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totyty = tytp #7? 

=> (0 1)(2 310 PC tot to = tytg hey? 

=> (0 1)(2 3)tototito = tytp tz" 

=> (0 1)(2 3)tp tito = titg ty" 

=> t91(0 1)(2 3)tp tito = tp tito ty! 

=> (0 1)(2 3)(0 1)(2 3)tg1(0 1)(2 8)tg tito = tg titty" 

S(O 1)(23) G5 JO Ue, ito Sty ity 

=> (0 1)(2 3)t7 tp tite = tp titg ty". 

Similarly, by relation (7.2), (0 1)(2 3)totito = to ‘ty " 

=> (0 1)(2 3)totytoty + = tote? 
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=> (0 1)(2 3)totitoty* = to+t 

=> (0 1)(2 3)totytoty tty = to tito 

= t71(0 1)(2 3)totitoty to = ty tp ‘tito 

=> (0 1)(2 3)(0 1)(2 3)t73(0 1)(2 3)totrtoty to = t7 tp ‘tito 
=> (0 1)(2 3)(t772)© YO Digty tot to = t[ tp tito 

=> (0 1)(2 3)tptotitoty to = tt ‘tito 

= (0 1)(2 3)titoty to = ty tg tito 

=> (0 1)(2 3)(0 1)(2 3)titoty to = (0 1)(2 3)t] "tp ‘tito 
=> titoty to = (0 1)(2 3)ty tp tito. 

Since (0 1)(2 3)t] ‘tg +tito = to tito ty" 

and tytot; ‘tp = (0 1)(2 3)t7 tp ‘tito, 

we conclude that to /tyt91ty! = titoty ‘to. 

Now, tp tito ‘ty! = titoty ‘to 

=> tty hyto ty! = tititoty Mo 

S tity tity tp Ht tt te 

Shits tity ta = & tot] tor 

(=> tytg tty? = ty toty tot 

=> [ity tit ]© 9 = [ty *toty *tots]© » 

=> tot[ tot]! = tp /titp Mito, which implies that 
Ntoty ‘tot; 'N = Ntp ‘tito ‘titoN. That is, [01010] = [0101]. 
Similarly, by relation (7.2), (0 1)(2 3)totito = tot] + 
= t1(0 1)(2 3)totito = tito ‘ty? 

=> (0 1)(2 3)(0 1)(2 3)#,(0 1)(2 3)totite = tito tz? 

=> (0 1)(2 310 PO Motto = tty ey? 

=> (0 1)(2 3)tototito = tit ‘tz? 

=> (0 1)(2 3)to*tito = tito tty? 

=> t91(0 1)(2 3)tg tito = tp tito ‘t+ 

=> (0 1)(2 3)(0 1)(2 3)tp1(0 1)(2 3)to tito = tp titp ‘tz! 
= (0 12 3) 0 PC Oe ito = th tg ty 

(0 1123) ty tite = 5 tity te 

Similarly, by relation (7.2), (0 1)(2 3)totito = to ‘t7* 
= (0 1)(2 3)totitot] | = tptey te? 
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=> (0 1)(2 3)totitoty? = tot 

=> (0 1)(2 3)totitoty ‘to = tg tito 

=> t71(0 1)(2 8)totitoty to = t] tp tito 

=> (0 1)(2 3)(0 1)(2 3)t71(0 1)(2 3)totitoty to = ty tp tito 

= (0 1)(2 3)(t71)© YO totitoty to = ty tp tito 

=> (0 1)(2 3)tottotitoty to = ty tg tito 

=> (0 1)(2 3)titoty to = ty 1tp tito 

=> (0 1)(2 3)(0 1)(2 3)tytoty to = (0 1)(2 3)t7 "to ‘tito 

=> tytoty tp = (0 1)(2 3)ty tg * tito. 

Since (0 1)(2 3)ty1tottito = to ‘tito *ty" 

and tytoty 'to = (0 1)(2 3)t7 ‘tp tito, 

we conclude that tp ‘tytp tty) = titoty ‘to. 

Now, tg ‘titg ‘ty? = titoty ‘to 

=> tt tito tty! = tititot] to 

=> tip tito ley) = ty toty to 

=> trtg tity ley ty = ty tot] tots 

=> tytpltitg! = ty ot] tots 

=> [tty tity] Y = [ey *toty tots] 

=> toty tot] = to ito tito 

=> toty toty to = to tity titoto 

=> tot] tot] Mo = to ‘tito ‘titp', which implies that 

Ntoty\totytoN = Ntj'tito*titg'N. That is, [01010] = (01010). 
Therefore, we need not consider additional double coset of the form 
Nto*tito ‘tit#'N, where i € {0, 1,2, 3}. 

We next consider the double coset Nt Lats ligN : 

Let [0102] denote the double coset Ntp‘titj ‘tN. 

Note that N(0102) > n0102 — (e). Thus yeaa) > |(e)| = 1 and so, by Lemma 1.4, 
[Nig ttt tt,N| = weit < 24 = 94, 

Therefore, the double coset [0102] has at most twenty-four distinct single cosets. 
Moreover, N(102) has eight orbits on T’ = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = tg tity tee 4 € {0,1, 2,3}. 

But note that Nip ltytptety’N = Ntp'titp'eN = Ntp‘titp'N and 
Nto‘titoltateN = Nto‘tito #2N = Nig tito ‘ty ‘N. 

Moreover, with the help of MAGMA, we know that N ta tity ltotpN = 

Ntoty tjteg ttt N and Ntg‘titp tety'N = Nig tity'N. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntottitottet#1N, where i € {0,1,2,3}: Nto‘titotato*N, Ntp tity tatiN, 

Nto tito ltetsN, and Ntp tit tets'N. 

We next consider the double coset Ntj*titp ty IN, 

Let [0102] denote the double coset Nt ‘tito ty. 

Note that N(0102) > yy0102 — ee Thus Iw cum) > |(e)] = 1 and so, by Lemma 1.4, 
[Nig ttytg tty 1N| = wean < 4a 4 

Therefore, the double coset [0102] has at most twenty-four distinct single cosets. 
Moreover, N(9192) has eight orbits on T = {to,t1,t2,t3}: {O}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length five given by w = ie titg ts ts 4 € {0, 1, 2, 3}. 

But note that Nto ‘tito ‘tz taN = Ntp ‘tity 'eN = Nto‘tity'N and 

Nig tity ta ty NS NG, tity is NS NG hit el: 

Moreover, with the help of MAGMA, we know that Ntg‘tito'tz‘toN = 
Ntotyttpttg tN, Nto tito tty tg’ N = Nto‘titetoN, Ntp‘tity ty tN = 
Ntgity tty tN, and Nig 'titp ty ‘t7'N = Ntotitetg ‘tN. 

Therefore, we conclude that there are two distinct double cosets of the form 

Nig ltitp tty 4t1.N, wherei € {0,1,2,3}: Ntp ‘tito ty 1tsN and Nig ‘tito te "ty". 
We next consider the double coset Nt LtitotoN. 

Let [0120] denote the double coset Ntj*titatoN. 

Note that N(120) > N20 — (e). Thus \w a) > |(e)] = 1 and so, by Lemma 1.4, 


|Nto ‘titotoN| = ory < 24 = 24. 
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Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N(!2°) has eight orbits on T = {to,t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 


word of length five given by w = ty titetots 4 € {0,1, 2,3}. 


But note that Nt ltitetotg'!N = NtpltiteeN = NtpltiteN and Ntp‘titetotoN = 
Nto‘titet2N = Nto*titety1N. 


Moreover, by relation (7.2), (0 1)(2 3)totito = tp tz? 

=> t2(0 1)(2 3)totito = teto ‘ty? 

=> (0 1)(2 3)(0 1)(2 3)ts(0 1)(2 3)totytp = tetp*t7? 

=> (0 1)(2 3)€0 PC Mtotyto = toty lez? 

=> (0 1)(2 3)tgtotito = toto ‘ty * 

=> to 1(0 1)(2 3)tgtotito = tp ‘tetg t7+ 

=> (0 1)(2 3)(0 1)(2 3)ép1(0 1)(2 3)tgtotito = to ‘toty ty" 
=> (0 1)(2 3)(t91)O© YO Destotito = to tetg t+ 

=> (0 1)(2 3)tytgtotity = to ttetg ty+ 

=> [(0 1)(2 3)t7*tgtot ito] 2) = [totter tes yO 2) 

= (0 2)(1 3)tyltgtoteto = to ttitg ‘t+ 

=> (0 2)(1 3) [to ttitetote]© 20 9) = tp tytp tty? 

= (0 2)(1 3)(0 2)(1 3)t9 tt tetote(0 2)(1 3) = tp tito ‘ty? 
= ety ttetote(0 2)(1 3) = tp ‘tito ‘t+, which implies that 
Nto'titetotaN = Nt ‘tito tz'N. That is, [01202] = [0102]. 


Similarly, with the help of MAGMA, we know that Ntj‘titetoty'N = 
Ntot] ‘tg ty 't1N and Nip titetotsN = Ntj'ty ty 1tztN. 


Therefore, we conclude that there are three distinct double cosets of the form 
Ntp'titatot'N, where i € {0,1,2,3}: Nto‘titototiN, Ntp‘titetoty’N, and 
NtjtitetotsN. 

We next consider the double coset Ntg tty tot> IN, 

Let [0120] denote the double coset N to lt toto IN, 


Note that N(120) > 19120 — (e). Thus |o220)| > |(e)| = 1 and so, by Lemma 1.4, 
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[Nig ltitety'N| = WL < B= 24. 

Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N29) has eight orbits on T’ = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = ty bites ts z € {0,1, 2, 3}. 

But note that Ntpltitet7‘toN = NtpltiteeN = NtpltiteN and Ntp'titetpto'N 
= Ntoltytetg?N = Ntp‘titotoN. 

Moreover, with the help of MAGMA, we know that Nip lt tot 1 N= 

Ntotitaty toN, Ntp‘titeto ty] N = Ntotty ty tstiN, Nto‘titetpt2N = 
Ntot tp 1teN, Nto‘titety ‘ty 1N = Ntp‘titytg'N, Nig titetptsN = 
Ntottetz ti. N, and Ntptiteto'tz1N = Ntotity ‘tg ‘tN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Nto‘titetot#1N, where i € {0,1, 2, 3}. 


We next consider the double coset Nto Lt totaN. 

Let: [0123] denote the double coset Ntg‘titotsN. 

Note that N(123) > 0123 — (e). Thus IN | > |(e)| = 1 and so, by Lemma 1.4, 
| Nig Mtitat3N] = wera < A=. 

Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N23) has eight orbits on T’ = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length five given by w = tp ltr totst*?, 4 € {0,1, 2, 3}. 

But note that Ntg‘titetstz!N = Ntp'titeeN = Ntj‘titeN and Nto‘titetstsN = 
Ntotitet2N = Ntp‘titetsN. 

Moreover, with the help of MAGMA, we know that Nig ‘ty totst> 1N = 
Ntoty ‘ty ‘tz ‘to. 

And, by relation (7.2), (0 1)(2 3)totito = to ‘ty * 

=> to(0 1)(2 3)totito = tetp tty! 
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=> (0 1)(2 3)(0 1)(2 3)t2(0 1)(2 3)totito = tetg ‘ty 
=> (0 1)(2 340 PC tot to = totg tty? 
=> (0 1)(2 3)tstotite = tat ‘t+ 
= t3'(0 1)(2 3)tgtotito = tz ‘tet tty + 
=> (0 1)(2 3)(0 1)(2 3)t31(0 1)(2 3)tstotito = tz tetg tty* 
=> (0 1)(2 3)(t71)O YO Degtotito = ty ttety lez? 
=> (0 1)(2 8)tz ltgtotito = tz ‘tety ‘ty + 
=> [(0 1)(2 3)t5 tgtotity]© 219) = [ey toty ey 4] 2 2 9) 
= (0 1)(2 3)t7ttotetste = to tity tz" 
= (0 1)(2 3)[tp ‘titetste]© Y = to ttty "ts? 
=> (0 1)(2 3)(0 1)tp‘titetgte(0 1) = to ‘tity tz! 
=> (2 3)tp ‘ti tetste(0 1) = tp ‘tity 1t3*, which implies that 
Nto‘titetstaN = Ntp'tityztz'N. That is, (01232] = (0123). 
Therefore, we conclude that there are four distinct double cosets of the form 
Nto ‘titgtgt*1N, where i € {0,1,2,3}: NtpttitetstoN, Ntp titetstiN, 
Nto'titetst;1N, and Nt ‘titetstz'N. 
We next consider the double coset Ntg‘titets 'N. 
Let, [0123] denote the double coset Ntj‘titety*N. 
Note that N(123) > 10123 — (e), Thus [n128)] > > |(e)| = 1 and so, by Lemma 1.4, 
| Nig ttytats1N| = woray < Ma 24 
Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N©!23) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 


Therefore, there are at most eight double cosets of the form NwN, where w is a 


"word of length five given by w = to ltitets tit, 4 € {0, 1, 2, 3}. 


But note that Ntjlijtetyttg3N = NtpltiteeN = NtgltiteN and Ntp*titets‘tz'N 
= Nig titety?N = Ntp‘titetsN. 

Moreover, with the help of MAGMA, we know that Nt) ‘titots ‘toN = 
Ntoty ‘tz titoN, Ntpltitets'tiN = Ntoty'tz!titsN, Ntp'titets't7'N = 
Nto'ty!ty*totiN, and Nto‘ttetsteN = Ntptitg'ty ‘ts. 
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Therefore, we conclude that there are two distinct double cosets of the form 
Ntg‘titaty t+", where i € {0,1,2,3}: Ntp‘titety'tg'N and Nip titgty*tz'N. 
65. We next consider the double coset Nip ltty lio. 


Let [0120] denote the double coset Nig ‘tity ‘to. 


Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntp lets lt = N ty tots ‘th = Nty ltstp ee 
= Ntzltot[ Mts. 


That is, in terms of our short-hand notation, 
0120 ~ 1231 ~ 2302 ~ 3013. 
By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0120]: 


0120 ~ 1231 ~ 2302 ~ 3013, 1021 ~ 0230 ~ 2312 ~ 3103, 
2102 ~ 1031 ~ 0320 ~ 3213, 3123 ~ 1201 ~ 2032 ~ 0310, 
0210 ~ 2132 ~ 1301 ~ 3023, 0130 ~ 1321 ~ 3203 ~ 2012 


Since each of the twenty-four single cosets has four names, the double coset [0120] 


must have at most six distinct single cosets. 
Now, N(©120) has two orbits on T = {to, ti, to, t3}: {0,1,2,3} and {6, 1, 2, 3}. 


Therefore, there are at most two double cosets of the form NwN, where w is a word 
of length five given by w = tts et, 4=0. 
But note that Ntj!ttz toto‘ N = Ntpltity‘eN = Nt ‘titz'N and 
NtotytztotoN = Ntpltyty t2N = Ntp'tity ‘to N. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntg ‘tity !tot*#'N, where i € {0, 1,2, 3}. 
66. We next consider the double coset Ntj ‘tity ‘tp’ N. 
Let [0120] denote the double coset Ntp'tity‘to1N. 
Note that N(120) > 10120 — (e). Thus IN ci) > |(e)| = 1 and so, by Lemma 1.4, 
2 


(e). 
[Nig tty 1tp1N| = hy < 4 = 24 
0 “l’2 “9 ~ [w@20)— = 1 ‘7 
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Therefore, the double coset [0120] has at most twenty-four distinct single cosets. 
Moreover, N12) has eight orbits on T = {to,t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwJN, where w is a 
word of length five given by w = i tits tie; i € {0,1, 2, 3}. 

But note that NtptttzltpttpN = NtpltitzleN = Nto+titz1N and 

Nis tis ty tg MS NT a, NSN, tits to. 


Moreover, with the help of MAGMA, we know that Ntp‘titz ‘tp taN = 
Ntgititeto’N, Ntoltitytgttg!N = Ntoty ‘to ‘te, and Nip ‘tity tp tgN 
= Nig ty totits'N. 


Therefore, we conclude that there are three distinct double cosets of the form 

Nto tity tp 't#"N, where i € {0,1,2,3}: Nip titgtg'tiN, Ntp tity tg ‘ty N, 
and Ntg*tity ‘to ‘tz N. 

We next consider the double coset Ntp lity liaN. 

Let [0123] denote the double coset Ntj ‘tity !tsN. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Nt ‘titz‘ts = Ntjtsty ‘to = Nt ‘tot>*t1. 
That is, in terms of our short-hand notation, 
0123 ~ 1320 ~ 3021. 


By conjugating the equivalence relation above with the elements of 54, we determine 


that the following single cosets are equivalent in the double coset [0123]: 


0132 ~ 1230 ~ 2031, 0213 ~ 2310 ~ 3012, 1203 ~ 2301 ~ 3102, 
2013 ~ 0312 ~ 3210, 2130 ~ 1032 ~ 0231 
Since each of the twenty-four single cosets has three names, the double coset [0123] 


must have at most eight distinct single cosets. 


Now, N(123) has four orbits on T = {to, ¢1, ta, ¢3}: {0,1,3}, {2}, {0, 1,3}, and {3}. 


68. 


213 


Therefore, there are at most four double cosets of the form NwN, where w is a 


word of length five given by w = tp tite tat, i € {2,3}. 


But note that Ntp/tity‘tstz1N = Ntp'tity'eN = Ntp1titz'N and 
Nto tity ltgtgN = Ntpltity '43N = Nto'tytyltziN. 
Moreover, by relation (7.2), (0 1)(2 3)totito = to tty * 

=> t1(0 1)(2 8)totito = titp tty" 

=> (0 1)(2 3)(0 1)(2 3)t(0 1)(2 3)totito = tytg tz’ 

=> (0 1)(2 3)¢0 YO Ditto = tty ez? 

=> (0 1)(2 3)tototyto = tito ‘ty! 

=> (0 1)(2 8)tq tito = tg tty+ 

=> to(0 1)(2 3)tp tito = tetyto ‘ty? 

=> (0 1)(2 3)(0 1)(2 3)te(0 1)(2 3)tg "tito = tetitp +7" 

=> (0 1)(2 3)t0 MC DET = totity ty! 

=> (0 1)(2 3)tgtp*tito = tetitg ‘ty! 

= tz1(0 1)(2 3)tgtp tito = ty tetito ‘ty’ 

= (0 1)(2 3)(0 1)(2 3)t3*(0 1)(2 3)tgty tito = ty tetito ‘ty 
=> (0 1)(2 3)(t34)© YO Stgto tty = tg totyto tty! 

=> (0 1)(2 3)tyttgtp tito = tg tetito ‘ty? 

=> [(0 1)(2 3)tzltgtzttrto] 2 9) = [tz ttetitg tet] 2 3) 
= (0 1)(2 3)ty tots ‘tots = to titety ty’ 

=> (0 1)(2 3)[tp Mtitg tégte]© YO %) = to Mytotsteg? 

= (0 1)(2 3)(0 1)(2 3)tg tity 1tgt2(0 1)(2 3) = to ‘ti tetz ty 
= et tity ltgte(0 1)(2 3) = to tytetz tz, which implies that 
Nto lity ttgtgN = Nt ‘titets'tz'N. That is, [01232] = [01232]. 


Finally, with the help of MAGMA, we know that Nip ltt lesty 1N = 
Ntg ‘tito tetz1N. 
Therefore, we conclude that there are no distinct double cosets of the form 


Nto ‘tity ‘tgt#'N, where i € {0, 1,2, 3}. 


We next consider the double coset Nig tide: ate IN, 


Let [0123] denote the double coset Ntg ‘tity ‘tz. 
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Note that N78) > N08 — (e). Thus nw a] > |(e)| = 1 and so, by Lemma 1.4, 
[Nig tty 'tg*N| = rete Sf = 24 


Therefore, the double coset [0123] has at most twenty-four distinct single cosets. 
Moreover, N(123) has eight orbits on T = {to, ti, ta,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length five given by w = tp ‘tty 1t31¢*!, ¢ € {0, 1, 2, 3}. 

But note that Ntp ‘tit; 1tz+t3N = NtpltitzleN = Ntp'tit7*N and 
Ntottity tty 1tg'N = Ntp tity t3°N = Nto ‘tity tsN. 

Moreover, with the help of MAGMA, we know that Ntp ‘tity t3‘toN = 

Nto tty Mtetitg'N, Ntpltity tz 1tg'N = Ntpltity to ‘ti, and 

Ntg tity itz !tiN = Ntp tity ‘tots’. 

Similarly, by relation (7.2), (0 1)(2 3)totito = to ‘tz’ 

=> (0 1)(2 3)totitoto = to ‘ty to 

= (0 1)(2 3)toti tp! = to ty "to 

=> to(0 1)(2 3)totito* = tato ty "to 

= (0 1)(2 3)(0 1)(2 3)t2(0 1)(2 3)totito’ = tetp ‘ty ‘to 

=> (0 1)(2 3) PO Dtot:451 = tot ey tt 

=> (0 1)(2 3)tgtotitg’ = tetp ty to 

= t31(0 1)(2 8)tgtotitg+ = ty ‘top t7 ‘to 

= (0 1)(2 3)(0 1)(2 3)tz1(0 1)(2 3)tstotitg’ = ty tetp t7 ‘to 

=> (0 1)(2 3)(tz1)©@ YE Degtoti tp! = ty tety ty to 

=> (0 1)(2 3)tyttgtotitg! = ty +tatp tty ‘to 

=> [(0 1)(2 3)t3 Mgtotaty 1] 219) = [ep tety ey p] 2 2 9) 

= (0 1)(2 3)t7 Motetsty? = to tity tz ‘te 

= (0 1)(2 3)[tp Mtitetsty*]© Y = to tity tz tte 

=> (0 1)(2 3)(0 1)tptitetsty (0 1) = to tity ty "te 

=> (2 3)tptitetst, 1(0 1) = to tity *t3 ‘te, which implies that 

Nto‘titetsty|N = Ntpltitz'tz1t2N. That is, [01232] = (01232). 


Finally, by relation (7.2), (0 1)(2 3)totito = tp ‘ty’ 
=> (0 1)(2 3)totitoto = to ty "to 


69. 


215 


= (0 1)(2 3)totitg’ = to’t7*to 
=> to(0 1)(2 3)totitp! = teto tt] to 
=> (0 1)(2 3)(0 1)(2 3)t2(0 1)(2 3)totyto* = tetp ty lto 
=> (0 1)(2 3) PO Deott5! = tyty Mey to 
=> (0 1)(2 3)tgtotito’ = tet ‘ty to 
=> t31(0 1)(2 3)tgtotitg! = tz tetp ty to 
= (0 1)(2 3)(0 1)(2 3)t3*(0 1)(2 3)tgtotito’ = tz *tetp ty ‘to 
= (0 1)(2 3)(t32)© YO Degtotity! = ty totp tty to 
=> (0 1)(2 3)tytgtotitg’ = tg teto t] ‘to 
=> [(0 1)(2 3)#5 ltgtotity 1]© 2 1 9) = [es toty Mey ttp]© 2 2 9) 
= (0 1)(2 3)tyttotetsty + = tot ty ty tte 
=> (0 1)(2 8)[tp Mtitetsts 1] ) = to tyty tty hte 
=> (0 1)(2 3)(0 1)tp*titetsty'(0 1) = to tity tz ‘te 
=> (2 3)tpMitetsty1(0 1) = tp tity ty tte 
=> (2 3)tp titetsty1(0 Lte = to tity t5 ‘tote 
=> (2 3)tzttetstz 1(0 1)te(0 1)(0 1) = to tity ty 445" 
=> (2 3)ty Mytotsty PY (0 1) = tp taty ty te7? 
=> (2 3)tgtytetsty tte(0 1) = tp ttnty tes eg? 
=> (2 3)tp tt tets(0 1) = to 4titz't3 tz, which implies that 


Nto‘titetsN = Nto'tity'tz/t7'N. That is, [01232] = [0123]. 

Therefore, we conclude that there is one distinct double coset of the form 

Ntp ‘tits tz t#"N, where i € {0,1,2,3}: Ntpltitz'tz*ty'N. 

We next consider the double coset N tot] ‘totot:N : 

Let [01201] denote the double coset Ntoty*tototiN. 

Note that N(1201) > )y01201 — (e), Thus w iomoH) > |(e)| = 1 and so, by Lemma 
1.4, |NtotyMtototiN| = rena < Ma 24. 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(!20)) has eight orbits on T = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = toty tototit", i € {0,1, 2,3}. 
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But note that Ntotyttgtotit;/N = Ntoty‘totoeN = NtotytetoN and 
Ntoty'tototitiN = Ntot]‘totot?N = Ntoty'tototy'N. 


Moreover, by relation (7.2), (0 1)(2 3)totito = to+ty+ 

=> te(0 1)(2 3)totito = tetp ty} 

=> (0 1)(2 3)(0 1)(2 3)t(0 1)(2 3)totito = toto tt7? 

=> (0 1)(2 3) PO Deotsto = toto ez 

= (0 1)(2 3)tgtotito = tetp ‘ty? 

=> t1(0 1)(2 3)tstotito = tg tatp 1ty? 

= (0 1)(2 3)(0 1)(2 3)é51(0 1)(2 3)tstotito = to ttetp ‘ty! 

=> (0 1)(2 3)(t91)© YO Degtotyto = tp toto ey + 

= (0 1)(2 3)tyttgtotito = to tteto‘ty* 

=> t1(0 1)(2 3)ty+tgtotito = tito tetg ‘ty? 

= (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)tyttstotito = tity ‘tety tty" 
=> (0 1)(2 3)t0 PC De etotrto = tity Mot M47? 

=> (0 1)(2 3)toty tgtotito = tity tetp t+ 

=> [(0 1)(2 3)toty ttgtotito]© Y = [tito ttetp te, 7] © Y 

= (0 1)(2 3)titptatitot, = tot] ttety tp? 

=> (0 1)(2 3)[toty ttetotito]° YE %) = tot] tetytep* 

=> (0 1)(2 3)(0 1)(2 3)toty tetotito(0 1)(2 3) = toty tety tp’ 
= ett] ltetotito(0 1)(2 3) = tot ‘tet; ‘tp’, which implies that 
Ntoty tototitoN = Ntot‘tot['to'N. That is, [012010] = [01210}. 


Therefore, we conclude that there are five distinct double cosets of the form 
Ntotytototit#'N, where i € {0,1,2,3}: Ntotytototitg'N, Ntoty ‘tototiteN, 
Ntot\tatotitg N, Ntoty‘tototitsN, and Ntot] ‘tetotityN. 

We next consider the double coset Ntoty ttotot; -N : 

Let [01201] denote the double coset Ntot]ttototy*N. 

Note that N(1201) > n01201 — (e). Thus |W oe] > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty'tetoty tN | = onan < 4 = 24, 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N (1201) has eight orbits on T’ = {to, ti, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = tot) tototy tF?, i € {0, 1,2, 3}. 

But note that Ntotytototy1tiN = Ntot[totoeN = Ntoty‘tetoN and 

Ntoty ‘tatoty t]'N = Ntot[‘tetot[?N = Ntot[‘tototiN. 

Moreover, with the help of MAGMA, we know that N tot] ‘tetoty ‘toN = 

Ntoty MotitsN, Ntot,ttototy to! N = NtotytetsN, and Ntotyltotot;tz'N = 
ZA get i 

Nt ty ty ts TigN. 

Therefore, we conclude that there are three distinct double cosets of the form 


Nioty Mtetoty U4t4N, where i € {0,1,2,3}: Ntotyttetoty taN, Ntotytototyty'N, 


7 
and Ntoty‘totot ttgN. 
We next consider the double coset N’ tot; *tototsN : 
Let [01203] denote the double coset NtotyltgtotsN. 


Note that N(01203) > )v01203 — (e), Thus cores) | > |{e)| = 1 and so, by Lemma 
1.4, | Ntot] *tototsN| = ow < 24 = 24, 


Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(!203) has eight orbits on T = {to, t1, ta, ta}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot, ‘tototst;", 4 € {0,1, 2,3}. 

But note that Ntotyltototsts/N = Ntot,*totoeN = Ntot]‘totoN and 
Ntot‘tototgts3N = Ntoty‘totot?N = NtotyltototsN. 

Moreover, with the help of MAGMA, we know that N tot] tototstoN = 

Ntoty 'totzN, Ntot,ltototstg\N = Ntoty‘totatiN, and Ntotytototsty'N = 

Nip tty tp ty WN: 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntot, ‘tototst*1N, where i € {0,1,2,3}: Ntoty‘tototstiN, Ntot; tototsty'N, and 
NtotytetotsteN. 


We next consider the double coset N tot] tatpts|N : 


Let [01203] denote the double coset Ntoty ttatots*N. 
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Note that N(01203) > yy01203 — (e), Thus [N | > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty ttotots2N| = pron S < Bam. 

Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(°!203) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 


Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = tot] ‘tatots ‘t#!, i € {0, 1, 2, 3}. 


But note that Ntot[ltetotzt3N = Ntot{'tatoeN = Ntot;‘totoN and 

Ntoty ltototz‘tz1N = Ntot|‘totots’?N = Ntot] tototsN. 

Moreover, with the help of MAGMA, we know that Niot; ltotots ligN = 
Ntotytotitg!N and Ntoty‘tetotz'to1N = Ntoty tot, N. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntoty'totots t#1N, where i € {0,1,2,3}: Ntotyttototy ‘ti N, Ntoty‘totots ‘tN, 
Ntoty ‘tatotz ‘teN, and Ntotytotots'tz1N. 


We next consider the double coset N toty tetito In, 
Let [01210] denote the double coset Ntotytotitp ‘N. 


Note that N(01210) > y01210 — (e), Thus | vtor230)| > |(e)| = 1 and so, by Lemma 
= [IN 
1.4, |Ntoty Mtatitg IN| = [worry < < 4-04, 


Therefore, the double coset [01210] has at most twenty-four distinct single cosets. 
Moreover, N(!219) has eight orbits on T = {to, ti, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {3}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length six given by w = tot, Batitg GE, i € {0,1, 2,3}. 

But note that Ntot]‘tetitg‘toN = Ntoty*tetieN = Ntot{‘tet1N and 

Ntoty ltotitp 1tj!N = Ntotyltetitg?N = Ntoty+tetytoN = Ntoty‘totots N. 
Moreover, with the help of MAGMA, we know that N toty ‘totito tN = 

Ntot tat] to 1N, Ntoty‘tetitoteaN = Ntotity‘to*t,N, and Ntot]‘tetitoty'N = 
Ntotitg‘tstiN. 
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Therefore, we conclude that there are three distinct double cosets of the form 
Ntotj‘totity #74N, where i € {0,1,2,3}: Ntoty tetitotiN, Ntoty totitg ‘tN, 
and Nioty‘totity ts/N. 

We next consider the double coset N tot; ‘totit3N : 

Let [01213] denote the double coset Ntoty ‘tgtit3N. 

Note that N(113) > yy01213 — (e). Thus [aw (ous) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty ltatitsN| = won < B= 24. 

Therefore, the double coset [01213] has at most twenty-four distinct single cosets. 
Moreover, N(°!?18) has eight orbits on T = {to, 1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw.N, where w is a 
word of length six given by w = tot, totitst#?, i € {0, 1, 2, 3}. 

But note that Ntot]+totitstzN = Ntoty‘totieN = Ntot]‘totiN and 
Ntotyltotitstg3N = Nioty totyt2N = Ntot]'totits'N. 

Moreover, with the help of MAGMA, we know that Nigty‘totitgtiN = Ntot[ltet3N 
and Nitot]‘tetitsty'N = Ntotyttotot] NV. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntoty 'tetitgt¢1.N, where i € {0,1,2,3}: NtotyltotitstoN, Ntotytotitstg ‘N, 
Niotyltotitst2N, and Ntoty‘totitsty N. 

We next consider the dicks coset N toty ‘totits In, 

Let [01213] denote the double coset Nioty‘tetitz*N. 

Note that N (2218) > 101213 — (e), Thus lw pes) > |(e)| = 1 and so, by Lemma 
1.4, |Ntotyttotity | = oT] <%=. 

Therefore, the double coset [01213] has at most twenty-four distinct single cosets. 
Moreover, N(!218) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 


Therefore, there are at’ most eight double cosets of the form NwN, where w is a 


word of length six given by w = tot; ‘tetits ‘t#", 4 € {0,1,2, 3}. 
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But note that Ntot]‘totitzt3N = Ntot]‘tetieN = Ntoty‘toti1N and 
Ntoty ltetitztz+N = Ntotyltotitz?N = Ntoty‘tetitsN. 


Moreover, with the help of MAGMA, we know that N toty ‘tot tz 1t,N = 
Ntoty tototito'N, Ntoty Mtotits t7'N = Ntoty tet; 'tz1N, Ntoty‘tetitstoN = 
Ntotity tz'tiN, and Nioty1tetitytz'N = Ntotity totiN. 


Therefore, we conclude that there are two distinct double cosets of the form 
Ntoty Moti ts 't¢1.N, where i € {0,1,2,3}: Ntoty Mtotitz 1toN and Ntoty tots tz ‘to 1N. 
We next consider the double coset N tot, tot; ‘toN ; 

Let [01210] denote the double coset Nioty ‘toty ‘to. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: N tot; ‘taty to = Nits Mots tty = Ntzty toto ‘ts. 


That is, in terms of our short-hand notation, 
01210 ~ 13231 ~ 30203. 

By conjugating the equivalence relation above with the elements of S4, we determine 
that the following single cosets are equivalent in the double coset [01210]: 

01210 ~ 13231 ~ 30201, 10201 ~ 03230 ~ 31213, 

21012 ~ 13031 ~ 32023, 01310 ~ 12321 ~ 20302, 

02120 ~ 23132 ~ 30103, 12021 ~ 23032 ~ 31013, 

20102 ~ 03130 ~ 32123, 21312 ~ 10301 ~ 02320 
Since each of the twenty-four single cosets has three names, the double coset [01210] 
must have at most eight distinct single cosets. 
Moreover, N(?2!9) has four orbits on T = {to, t1, ta, t3}: {0, 1,3}, {2}, {0,1,3}, and 
{2}. 
Therefore, there are at most four double cosets of the form NwN, where w is a 


word of length six given by w = tot; tot] ‘tot’, 4 € {0,2}. 


But note that Ntoty ‘tet; totg1N = Ntotyttet;’eN = Ntot]‘t2ty1N and 
Ntot tot; totoN = Ntoty toty t#2N = Ntoty ‘tot; tp N. 
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Moreover, with the help of MAGMA, we know that N tot; tot[ toteN — 
Ntoty*tetzttg’N and Ntoty tat toty1N = Ntoty*tots‘N. 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntot] tot] Mtot*1N, where i € {0, 1,2, 3}. 


We next consider the double coset N tot, tet, tp IN, 


Let [01210] denote the double coset Ntgty'toty tot N. 


Note the N (01210) > yy0l210 — (e). Thus IN | > |(e)| = 1 and so, by Lemma 
1.4, |Ntotyltaty pt] = [OE < 24 = 24. 
Therefore, the double coset [01210] has at most twenty-four distinct single cosets. 
Moreover, N(!210) has eight orbits on T = {to, ti, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = igty boty to te 3 i € {0, 1, 2, 3}. 

But note that Ntoty tet 'tpttoN = Ntoty*tet;teN = Ntoty*tot;'N and 

Ntoty totyttg tg 1N = Ntot] tet] 1to°N = Ntoty tet] ‘to’. 

Moreover, with the help of MAGMA, we know that Ntoty‘tety "tp 1tiN = 
Ntoty‘tatotito 1N, Ntot] ‘tet; tg 't71N = Ntoty tototiN, Ntot] tot] ‘tp tN = 
Nioty\totgtz'N, Ntoty tet; to1t71N = Ntoty|totetsN, Ntoty ‘tot; 'to‘tgN = 
Ntoty totity'N, and Nioty ‘tot; to 'tg'N = Ntot]‘tetitp ‘tN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty tet; to ‘t#1N, where i € {0, 1, 2, 3}. 


We next consider the double coset N tot; tot; ‘t3N . 
Let [01213] denote the double coset N tot ‘tot[ tt3N ; 


Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntoty ‘tot; 1ts = Ntitgltstp'te = Ntety‘titz ‘to = 
Ntgty ‘tots ‘tr. 


That is, in terms of our short-hand notation, 


01213 ~ 10302 ~ 23130 ~ 32021. 
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By conjugating the equivalence relation above with the elements of 54, we determine 


that the following single cosets are equivalent in the double coset {01213}: 
01213 ~ 10302 ~ 23130 ~ 32021, 10203 ~ 01312 ~ 23031 ~ 32120, 
21013 ~ 12320 ~ 03132 ~ 30201, 31210 ~ 13032 ~ 20103 ~ 02321, 
12023 ~ 21310 ~ 03231 ~ 30102, 13230 ~ 31012 ~ 20301 ~ 02123 
Since each of the twenty-four single cosets has four names, the double coset [01213] 
must have at most six distinct single cosets. 
Moreover, N©!213) has two orbits on T' = {to, t1, te, t3}: {0,1,2,3} and {0, 1, 2, 3}. 
Therefore, there are at most two double cosets of the form NwN, where w is a word 
of length six given by w = tot; ‘tty ltgt*?, i = 3. 
But note that Ntoty tat] ltsts!1N = Ntoty tot; 'eN = Ntot,‘toty'N and 
Ntot]ltoty ‘tgts3N = Ntoty ‘tet; t2N = Ntoty tet; 1tz'N. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntot] ‘tot, tst#1.N, where i € {0, 1, 2, 3}. 
We next consider the double coset Ntoty ‘tot; ‘tN. 
Let [01213] denote the double coset Ntoty tot] ‘ty'N. 
Note that N (01218) > 11213 — (e). Thus |N On) > |(e)| = 1 and so, by Lemma 


—1,.4-1,-1 N 24 
1.4, |Ntoty tot, t3 N| = Or = ahs 24. 


Therefore, the double coset [01213] has at most twenty-four distinct single cosets. 
Moreover, N(°!218) has eight orbits on T = {to, tz, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at’ most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot] ‘tet, ‘t3 ‘t#1, i © {0, 1, 2, 3}. 

But note that Ntot, tot; tz 1t3N = Ntotytety'eN = Ntoty] tot] 'N and 
Ntoty ‘tot; 143 1t31N = Ntoty tot, |tz?N = Ntot]‘tety ‘ts. 

Moreover, with the help of MAGMA, we know that N tot; ‘tet; tz ligN = 

Ntoty 1totitzN, Ntoty tet; tg t>'N = Ntot, ‘tototitgN, Ntoty tet; ty tiN = 
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Ntot]totity'tiN, Ntoty tet, ts 4[N = NtotytotstiN, Ntot[ ‘tet, tz teN = 
Ntoty ‘ty tp t2N, and Ntot]*tgt{ltz1ty1N = Ntot] ‘tg +toN. 


Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty ttoty tz t£1.N, where i € {0, 1,2, 3}. 


We next consider the double coset N tot, totstiN : 
Let [01231] denote the double coset N toty ‘totstiN : 


Note that N(1231) > 41281 — (e), Thus |rvcorasn| > |(e)| = 1 and so, by Lemma 


e). 
1.4, |Ntoty‘tetst:N| = Ory < 24 = 94. 


Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(°!231) has eight orbits on T= {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 


word of length six given by w = tot, ttotstit??, i€ {0,1, 2,3}. 


But note that Ntot]ttetstit;’N = Ntot;‘tetseN = Ntot{totsN and 
Ntoty‘tatatitiN = Ntot]‘totst?N = Ntot]‘totst]1N. 


Moreover, by relation (7.2), (0 1)(2 3)totito = tp‘tz! 
=> to(0 1)(2 3)totito = tetp ty + 
=> (0 1)(2 3)(0 1)(2 3)te(0 1)(2 3)totrto = tetg tty? 
=> (0 1)(2 340 YO tot to = tetp Lez" 
=> (0 1)(2 8)t3totito = tetg ‘ty! 
= tp 1(0 1)(2 3)tstotito = to teto tty + 
= (0 1)(2 3)(0 1)(2 3)tp1(0 1)(2 3)tstotito = tp tetg ty" 
= (0 1)(2 3)(t1)© YO Degtotito = to tet t+ 
=> (0 1)(2 3)t7 tgtotite = to teto tty+ 
=> t3(0 1)(2 3)t[ttgtotito = tgtp tet ‘t,* 
=> (0 1)(2 3)(0 1)(2 3)t3(0 1)(2 3)tyttgtotito = tgto ‘tatp ‘ty * 
=> (0 1)(2 3) MC De Ngtotity = tytg tot tz? 
= (0 1)(2 3)taty Mt3totito = tstp ‘tatp ty? 
=> [(0 1)(2 3)totyttgtotito]© 1 9) = [tgty tetp ty] 1 9) 
=> (0 2)(1 3)totz ‘totitati = tot tety't37 
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=> (0 2)(1 3)[toty *tatgtits]© 2G 9) = toty taty"t3* 

=> (0 2)(1 3)(0 2)(1 3)toty *tetgtit3(0 2)(1 3) = tot; tot] tz 7 

=> etot ‘totgtt3(0 2)(1 3) = tot] ‘tety ‘ty, which implies that 

Ntot,‘tatgtitsN = Ntoty ‘tet; 't3'N. That is, [012313] = (01213). 

Similarly, with the help of MAGMA, we know that NV tot, ttotgtitsN = 

Ntoty ‘totitg tN. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntot; ‘totgtit$1N, where i € {0,1,2,3}: NtotytetstitoN, Ntoty ‘totstitoN, 
Ntoty‘totgtiteN, and Ntoty totstity1N. 

We next consider the double coset N’ tot ‘tetsty IN. 

Let [01232] denote the double coset Ntoty‘totstz/N. 

Note that N(01232) > 701282 — (e), Thus Oo) > |(e)| = 1 and so, by Lemma 
1.4, |Ntotyltatgtz IN| = [Ors < 494. 

Therefore, the double coset [01232] has at most twenty-four distinct single cosets. 
Moreover, N(1282) has eight orbits on T = {to, 1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwJN, where w is a 
word of length six given by w= toty Mtotgty ttt}, i € {0,1, 2, 3}. 

But note that Ntoty‘tetstz+ta2N = Ntot[‘tetseN = Ntoty‘tot3N and 
Ntot]ltatgty ty 1N = Ntotyltetstz?N = Ntoty‘totstzN = Ntoty ‘ty 't3/N. 
Moreover, with the help of MAGMA, we know that Ntoty, ltotgty ligN = 
Ntotyltotet3N and Ntot]‘tetsty'tz1N = Ntoty tot; ltp1N. 

Therefore, we conclude that there are four distinct double cosets of the form 
Niot{‘totstz t+1N, where i € {0,1,2,3}: NtotytotstztoN, Ntoty‘totsty to‘ N, 
Ntot]‘totsty ‘tN, and Ntoty‘totsty/t,1N. 

We next consider the double coset N tot ‘tots nts IN, 

Let [01232] denote the double coset Ntot] ‘tats 'ty*N. 

Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntot] ‘taty'tz! = Ntitz‘tetp ‘ty = Ntstp tet; 't'. 
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That is, in terms of our short-hand notation, 
01232 ~ 13202 ~ 30212. 


By conjugating the equivalence relation above with the elements of $4, we determine 


that the following single cosets are equivalent in the double coset [0123]: 

01232 ~ 13202 ~ 30212 10232 ~ 03212 ~ 31202 21030 ~ 13020 ~ 32010 
13030 ~ 23010 ~ 31020 =: 20131 ~ 03121 ~ 32101 =: 02131 ~ 23101 ~ 30121 
01323 ~ 12303 ~ 20313 02313 ~ 21303 ~ 10323 
Since each of the twenty-four single cosets has three names, the double coset [01232] 

must have at most eight distinct single cosets. 

Moreover, N(©1282) has four orbits on T = {to, ti, te, t3}: {0, 1,3}, {2}, {0, 1,3}, and 
{2}. 

- Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length six given by w = tot) ‘teats ty t*", i © {2, 3}. 

But note that Ntoty ‘tots tz ‘taN = Ntot;'toty'eN = Ntot‘t2tz'N and 
Ntot; ‘tats ty ty N = Ntoty ‘tats 't7°N = Ntoty ‘tats ‘toN. 

Moreover, by relation (7.2), (0 1)(2 3)totito = to‘ty" 

=> t1(0 1)(2 3)totito = tity ‘ty? 

=> (0 1)(2 3)(0 1)(2 3)t(0 1)(2 3)totito = titty’ 

=> (0 1)(2 3)40 YC Ptot:t9 = tye ey" 

=> (0 1)(2 3)tototyto = tito ‘ty? 

=> (0 1)(2 3)to ‘tito = tytg tty" 

45 (0 D2 3) tte = 1, tite ty 

=> (0 1)(2 3)(0 1)(2 3)ty*(0 1)(2 3)to tito = ty titg ty" 

(012 3)Gat)* Ue nth St i a 

= (0 1) 3)ty ty tito S85 tits ty 

= t3(0 1)(2 3)ty tp tito = tgty tty tp lt77 

=> (0 1)(2 3)(0 1)(2 3)t3(0 1)(2 3)tz tty “tito = tgty tito ty 4 

=> (0 1)(2 310 VO Pe Neto = ety tyty Mey? 

=> (0 1)(2 3)tets tp tito = taty tytp t+ 


} 
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=> [(0 1)(2 3)tatyttg ttt] 9G 2 = fegtzteytg tty yO HC 

=> (0 1)(2 3)ti tg 1t3 tots = toty tots tty’ 

=> (0 1)(2 3)[toty M45 tate] YO 9) = totT tots ey! 

=> (0 1)(2 3)(0 1)(2 3)toty “ty ‘tgte(0 1)(2 3) = toty tots ‘ty? 

= etot, tty tgte(0 1)(2 3) = tot] tots ‘tz? 

=> etot] tz tgte(0 1)(2 3)t3 = tot] ‘tats ty ‘ts 

=> etot tz ‘tste(0 1)(2 3)t3(0 1)(2 3)(0 1)(2 3) = tot] ‘tats ‘tz ‘ts 
=> etoty Mt Mgtot© YP 90 1)(2 3) = tot] Mats tg ts 

=> etot tz ltgtote(0 1)(2 3) = tot] tots ‘ty ‘ts 

=> etot, ty ‘tt (0 1)(2 3) = tot] ‘tots ‘ty ‘ts, which implies that 
Ntot ‘tz tty 1N = Nioty*totz ‘tz ‘tN. That is, [012323] = [01233]. 
Similarly, by relation (7.2), (0 1)(2 3)totito = to‘tz? 

=> t,(0 1)(2 3)totito = tit ‘ty * 

=> (0 1)(2 3)(0 1)(2 3)t1(0 1)(2 3)totito = tito tty? 

=> (0 1)(2 3)¢0 PO Motto = tytp ey? 

= (0 1)(2 3)tototito = tito ‘ty + 

=> (0 1)(2 3)tp tito = tito ty" 

=> t31(0 1)(2 3)tp tito = ty titg ty? 

= (0 1)(2 3)(0 1)(2 3)ty1(0 1)(2 3)tp tito = ty tity tz! 

=> (0 1)(2 8)(t71)O YO Deo to = ty tetg yt 

=> (0 1)(2 3)tz tp tito = tp titty! 

=> t3(0 1)(2 3)tz1tp ‘tito = tata tito tt7+ 

=> (0 1)(2 3)(0 1)(2 3)t3(0 1)(2 3)tz tp tito = tgty tito tty! 

=> (0 1)(2 340 POC Met 5 tty = tgtz tty ty! 

= (0 1)(2 3)taty tp tito = tty tito ty? 

=> [(0 1)(2 3)tatztep tito] © 9G = [ests tee tey tO 9G 2) 

=> (0 1)(2 3)titp ty tats = tot] tats ey? 

=> (0 1)(2 3)[toty tty tate] DO %) = totyttetz 451 

= (0 1)(2 3)(0 1)(2 3)toty ty tgte(0 1)(2 3) = toty taty ‘y+ 


| => etot tp 1tst2(0 1)(2 3) = tot] ‘tots th" 


= etoty tz ttgto(0 1)(2 3)tz* = tot tet ‘ty 'tz’ 
=> etoty tty ltgte(0 1)(2 3)t31(O 1)(2 3)(0 1)(2 3) = toty tats ey t+ 
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=> etoty Mz ttgte(tz 1) VO (0 1)(2 8) = toty tet ty tz" 

=> etoty tz tgtety (0 1)(2 3) = tot] tats ty 1t3* 

=> etoty ‘tz /t3(0 1)(2 3) = tot] ‘tet ty ‘tg’, which implies that 
Ntot]‘tz't3N = Niotytotz ‘tz tz!N. That is, [012323] = [0123]. 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty tots t3t£1N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntoty ‘tz ‘tot: N. 

Let [01201] denote the double coset Ntoty tz ‘totiN. 

Note that N(01201) > 7y01201 — (e). Thus jrvtor301)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty "tz ltotiN] = won < < 494. 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(°!201) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = toty ty totite", 4 € {0, 1,2, 3}. 

But note that Ntoty ty ttotity'N = Ntoty1tztoeN = Ntot;'tz‘toN and 
Ntoty tp ltotitiN = Ntoty ‘tz 'tot?N = Ntoty'tz*tot;'N. 

Moreover, with the help of MAGMA, we know that N’ tis to. ltgtitoN = 
Ntotitets'N and Ntot] ‘tz totity'N = Ntotitets ‘tN. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntot, tz ‘totyt¢1N, where i € {0,1,2,3}: Ntoty ‘ty totiteN, Ntoty ‘ty ’totity'N, 
Ntot] ‘ty ‘totitsN, and Ntot, ‘ty ‘totitz‘N. 


We next consider the double coset Nioty tz ‘tot; 'N. 
Let [01201] denote the double coset Ntot] ‘ty *toty ‘NV. 
Note that N(1201) > 701201 — (e). Thus Ln‘ oe) > |(e)| = 1 and so, by Lemma 


1.4, |Ntoty ‘ty tot; +N = Ices 5] < 24 — 24, 


Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(©!20)) has eight orbits on T = {to,t1, te,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = igh ts toh i € {0,1, 2,3}. 

But note that Ntoty!tzltotyltiN = Ntot[lty1toeN = Ntot] ‘tz toN and 
Ntoty ty tot; t71N = Ntoty ty tot] °N = Ntoty ty tot. N. 

Moreover, with the help of MAGMA, we know that N toty ty lot) ltoN = 
Ntoty ty titoN, Ntot] ‘ty ltot[t2N = Niptitetp tN, Ntoty'ty‘tot]'tz7'N = 
NtotyltototiteN, Ntoty ‘tp \tot;'tz3N = Ntp't7't7'tsN, and Ntot[‘t7 tot] ty 'N 
= Nty'ty‘totstoN. 

Therefore, we conclude that there is one distinct double coset of the form 
Ntoty ‘ty 1toty tf4N, where i € {0,1,2,3}: Ntotytyttoty tg tN. 


We next consider the double coset N itty leotgN. 
Let [01203] denote the double coset Ntot] ‘tz ‘tots. 


Note that N(01203) > yy01203 — (e). Thus lw (01299)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty tp MtotsN| = ToT < 24 = 94. 

Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(°!203) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot] ‘ty ‘totst*?, 2 € {0, 1,2, 3}. 

But note that Ntoty tty totstz1N = Ntoty'tztoeN = Ntoty1tz1toN and 
Ntot tz totgt3N = Ntoty1tytot3N = Ntoty ta ‘tots |N. 

Moreover, with the help of MAGMA, we know that NV fot te ltotgtgN = 
Ntoty tz tz 1tg+N, Ntoty ‘ty totstiN = Nto't]‘tetsN, Ntoty'tz‘totgt]1N = 
Ntoltyttetst:N, Ntoty tz \totstzN = Nto‘ty‘tetitoN, and Ntoty*tz*totstz'N = 
Ntotity ‘totiN. 

Therefore, we conclude that there is one distinct double coset of the form 


Ntot, tz /totst?'N, where i € {0,1,2,3}: Ntot] ‘tz ‘totstp'N. 


We next consider the double coset Ntotyt3 ltotz*N. 


Let [01203] denote the double coset Ntoty ‘ty ‘toty*N. 
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Note that N(01203) > py01203 _ Ze Thus lw (ora8)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty ty tots'N| = te < 4 = 24. 

Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(91203) has eight orbits on T = {to, ti, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tots ts tote te i € {0, 1, 2, 3}. 

But note that Ntoty tz tot ‘t3N = Ntot] tz toeN = Ntoty‘ty‘toN and 

Ntot ‘ty totzt31N = Ntoty ty ‘tots’?N = Ntoty ty ltotsN. 

Moreover, with the help of MAGMA, we know that Ntoty ‘ty ‘tot3 ‘toN = 

Nto ltl ltg tit3N, Ntoty ty 1tots/tg'N = Ntoltitetots'N, Ntot] tz tots tN = 
Ntolty tty tgN, Ntoty ty totz ty N = Ntp1t[ tz tatiN, Ntot] {ty ‘tots ‘toN = 
Ntotitatz t1N, and Nioty ‘tz ‘tots tz'N = Ntoty‘tototstoN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty1tz\totz 1t#4N, where i € {0, 1,2, 3}. 


. We next consider the double coset Ntoty tz /tp ‘tN. 


Let [01201] denote the double coset Ntot/tz't7*tiN. 


Note that N(01201) > 7y01201 — (e), Thus ae cD) > |(e)| = 1 and so, by Lemma 
ae IN 
1.4, |Ntoty tty tg ttN| = won S wrote S 3 24 — 94, 


Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(°!201) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = ing, ty ts tik 4 € {0,1, 2, 3}. 

But note that Ntoty*tytp‘tit]'N = Ntoty'ty'tg'eN = Ntot;1tz71t7'N and 
Ntoty'ty'totitiN = Ntoty tp 1to‘#2N = Ntoty ‘tp 1to ty" N. 

Moreover, with the help of MAGMA, we know that Ntotyt7*tp‘titoN = 
Ntoty ty tot; to+N and Ntoty'tz'tptity'N = Ntoty ‘tz totstp'N. 
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Therefore, we conclude that there are four distinct double cosets of the form 
Ntoty ty 1to+tt¢4N, where i € {0,1,2,3}: Ntotytty*tp tito N, 
Ntoty ty ltotiteN, Ntoty ‘ts 1to‘titsN, and Ntoty ‘ty ‘tp tits‘ N. 

We next consider the double coset NV ies en ‘EON. : 

Let [01201] denote the double coset Nioty ‘ty ‘tg ty *N. 

Note that N(01201) > 401201 — (e), Thus IN i) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty tty ltg ty tN| = [WOE < 4 = 24. 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(°!20D) has eight orbits on T = {to, t, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = igh ts te te i € {0, 1,2, 3}. 

But note that NtptyltyltgtytiN = Ntotytty'tpl'eN = Ntotyltztg’N and 
Ntoty tty tg ty ty N = Ntoty tp lig t7?N = Ntoty ‘ty ‘tg‘tN. 

Moreover, with the help of MAGMA, we know that N ijig ty bts ae IN = 
Ntoty ty ltitoN, Ntot, tty {tp ty +teaN = Ntot7/t7tz*toN, and 

Ntot ty to ty tg 1N = NtotttototN. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntoty tty tote tt, where i € {0,1,2,3}: Ntoty tz tt ty toN, 
Niet 6th te ia, ond Nigt, t4 th ty th NG 

We next consider the double coset Ntot] ‘tz ‘to ‘teN. 

Let [01202] denote the double coset Ntoty tz ‘to ‘tov. 

Note that (01202) > 101202 — (e), Thus |N (ope) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty tty tg teN| = [ara < 4a 04. 

Therefore, the double coset [01202] has at most twenty-four distinct single cosets. 
Moreover, N(°!202) has eight orbits on T = {to,t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = tot) ‘ty ‘tp Mtot#1, i © {0, 1,2, 3}. 
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But note that Ntotylty!tjltetz'N = Ntotyltyttg'eN = Niot;!t71t7'N and 
Ntoty tty tp teteN = Niot[ tz tg 4ZN = Nioty ty 1tg‘ty'N = Ntot{ tote. 
Moreover, with the help of MAGMA, we know that N tpic ty os ltotoN = 
Ntoty tp ‘taN and Ntoty*tz+tptetp'N = Ntot) ‘tet; ty N. 

Therefore, we conclude that there are four distinct double cosets of the form 
Ntot, ‘tz 1to+tot#4.N, where i € {0,1,2,3}: Ntoty {ty +tp tot N, 
Ntoty ty to ‘tet]N, Ntoty ‘tz tp tetsN, and Ntot;1tz ‘tp ‘tots ‘N. 

We next consider the double coset N toe, ty at ligN ; 


Let [01203] denote the double coset Nigty ‘tz !tp ‘ts. 


Note that N(01203) > 701203 — (ec), Thus [w On) > |(e)| = 1 and so, by Lemma 
—1;— |N 
1.4, |Ntot7 tty tg tt3NV| = worm S <%=, 


Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(°1203) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{7}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot, ‘ty tp ltgt*1, i € {0, 1, 2, 3}. 

But note that Ntotyttz1tjttstg'N = Ntoty!tytp'eN = Ntot]‘tz/to'N and 
Nioty't5 1tp lists N = Not, tz {t742N = Nioty tz 4) 1ty'N. 

Moreover, with the help of MAGMA, we know that Ntoty ‘tg ‘tj ltstoN = 
Ntpititetots!N, Ntot; tz 1tp tgteaN = Ntotyltz tito‘ N, and Ntot| ‘tz 1tp‘tstz'N 
= Ntotytets*tiN. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntoty ‘ty 1tottst¢1N, where i € {0,1,2,3}: Ntoty ty ltgtsto iN, 
Ntot ‘tz to ltatiN, and Ntoty tz 1tqtsty1N. 


We next consider the double coset Ntoty tts ne oi IN, 


Let [01203] denote the double coset Ntot] ‘tz *tp ‘tz 'N. 


ee vor) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty ty “#5445 °N| = prema] S 3 = 24. 


Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
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Moreover, N(°1203) has eight orbits on T = {to, t, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = toty ‘tp ‘to ‘ty #1, ¢ € {0, 1,2, 3}. 


- But note that Ntotyttgltg!tz ltgN = Ntot[ltz!tgleN = Ntoty tz *tp1N and 


Nipty ty to ty tg (N a Nigt, ty ig ty N = Not, th ty ta. 

Moreover, with the help of MAGMA, we know that NV tot; ty 7 tte ti IN = 
Ntoty tp 1tgtpN, Ntoty tz tp1tzt2N = Ntotitet3N, and Ntoty'ty'tptz‘tz|N 
= Ntotitotst N. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntoty ty "to ‘ts t#4.N, where ¢ € {0,1,2,3}: Ntoty {ty tp ty to, 
Ntot] 1tg tp 1t3 1t1N, and Nipty tp {to tg ‘ty N. 

We next consider the double coset N tot; ts LEtoN. 

Let [01210] denote the double coset Ntoty ‘ty ‘tito. 

Note that N(01210) > yy01210 — (e), Thus In (OT9) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty ty MitoN| = [rat < = 04. 

Therefore, the double coset [01210] has at most twenty-four distinct single cosets. 
Moreover, N(°!?10) has eight orbits on T = {to,t1,to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot] ‘ty ‘titots"’, 7 € {0, 1, 2, 3}. 

But note that Ntotytz+titotg'N = Ntoty1tz1tieN = Ntot;'tz't,N and 
Ntoty tz ‘titotoN = Ntoty {ty *tit2N = Ntoty tz 1titp'N. 

Moreover, with the help of MAGMA, we know that N tot; ty leitotiN = 
Nitoty ty {to tty1N, Ntoty tz titoty1N = Ntotyty1tp ty 1toN, 

Ntoty ty ‘titotaN = Ntoty ‘ty ‘tot; to'N, Ntoty ‘ty 'titoty'N = 
Ntoty ‘tz tot] 'N, Ntoty ‘tz 'titotsN = Ntp‘titets'to'N, and 

Ntoty tty ‘titots‘N = Ntg‘titetsN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntot ty ‘titots'N, where i € {0, 1,2, 3}. 
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We next consider the double coset N tot ty tity‘. 

Let [01210] denote the double coset Ntoty ‘tz; {titg'N. 

Note that (01210) > yy01210 — (e). Thus rae io) > |(e)| = 1 and so, by Lemma 
oe eyes N 

LA, |Ntoty ty 'titp 1] = [won < wean < = 24. 

Therefore, the double coset [01210] has at most twenty-four distinct single cosets. 

Moreover, N(°!210) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 

{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN , where w is a 

word of length six given by w = tot te tite te i € {0,1,2, 3}. 

But note that Ntot] ‘tz ltitp'toN = Ntoty'tz‘tieN = Ntot]‘ty't1N and 

Ntot| ‘ty ttt to 1N = Ntotltytito?N = Ntoty tz titoN. 

Moreover, with the help of MAGMA, we know that N tot; ‘ty ‘tity li N = 

Ntoty ‘ty ltg tetsN, Ntoty {tg ‘tito ty +N = NtotitetstiN, 

Ntoty ity 1titg‘teN = Ntotitetz'tiN, Ntoty'ty*titoty'N = 

Ntoty ty ltpltgN, and Ntoty ‘ty ‘tito ltgN = Ntpltito’ty ‘ts. 

Therefore, we conclude that there is one distinct double coset of the form 

Ntoty tty tit) UF4N, where i € {0,1,2,3}: Ntoty tty tito tg 1N. 

We next consider the double coset Ntgty‘tz*titz!N. 

Let [01213] denote the double coset Ntoty!ty ‘tity N. 

Note that N(°1#12) > yy01212 — (e). Thus |or232) | > |(e)| = 1 and so, by Lemma 

1 [N| 24 _ 

1.4, |Ntoty ty tity’ N| = wor < B= 24. 

Therefore, the double coset [01212] has at most twenty-four distinct single cosets. 

Moreover, N(!#12) has eight orbits on T’ = {to, ti, te, ta}: {0}, {1}, {2}, {3}, {0}, 

{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = gts by ht eS 4 € {0,1, 2, 3}. 

But note that Ntoty ‘ty tity 1teN = Ntot]'tz*tieN = Ntoty'ty1tiN and 

Ntoty ty tity tg 1N = Ntoty ty 1titz?N = Ntoty ty ‘tite. 
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Moreover, with the help of MAGMA, we know that Nioty‘tz+tit;toN = 
Ntotitots ‘teN, Ntoty ty 1tity"to'N = Ntoty*ty ‘tp titp'N, 
Ntoty ty tity tN = Ntoty‘totiN, Ntoty tz tity‘t71N = 

Ntotity‘tiN, Ntot, ‘tz ltity‘tgN = Nt 'ty'tz'toN, and 

Ntot tz tity ‘t31N = Ntotitg ‘tet: N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntot ‘ty tity t#1N, where 7 € {0, 1,2, 3}. 

We next consider the double coset N tpt; ty lHtgN. 

Let [01213] denote the double coset Nigt; ‘tz ‘tits. 

Note that N(01213) > yy01213 — (e), Thus [w coma) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty tty ttt3N| = wor < 4a, 

Therefore, the double coset [01213] has at most twenty-four distinct single cosets. 
Moreover, N(%213) has eight orbits on T = {to, ti, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at’ most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot 1ty 1ttst#*, 7 € {0, 1, 2, 3}. 


But note that Ntoty1tztitsts1N = Ntot,‘ty‘tieN = Ntot; tj) "tN and 
Ntoty tg titgtg3N = Ntoty {ty 'tit2N = Nioty {ty ltt3'N. 


Moreover, with the help of MAGMA, we know that N tot; te lt tgtpN = 
Nto‘t7'tp‘totiN, Ntoty tz *titstp'N = Ntp‘titetyN, 
Ntot, tz ltitgtiN = Ntot] ‘ty t3'tiN, Ntot] ty titst;'N = 

Ntg tty ty totz!N, and Nioty ty titstz'N = Ntoty ‘tz ‘tst;'N. 


Therefore, we conclude that there is one distinct double coset of the form 
Ntoty ty 1titst#1N, where ¢ € {0,1,2,3}: Ntoty ‘ty titstelN. 

We next consider the double coset N toty tty thts IN. 

Let [01213] denote the double coset Ntoty;+tz tits! N. 

Note that N (118) > 1y01218 — (e). Thus lw (o1218) > |(e)| = 1 and so, by Lemma 
1.4, |Ntotyt#y1tt3+N| = ory <%= 24, 


Therefore, the double coset [01213] has at most twenty-four distinct single cosets. 
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Moreover, N(!243) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot; ‘tz ‘tit, ‘¢#1, i © {0, 1, 2, 3}. 

But note that Ntot; ty tity1t3N = Ntot]‘tytieN = Ntoty*tz1tiN and 
Ntoty tty ‘tity 1ty1N = Ntoty tz 1tit3°N = Ntoty ‘tz ‘tits. 

Moreover, with the help of MAGMA, we know that Ntoty1t7‘tit3 ‘toN = 

Ntp tito tg ltgN, Ntoty tz tity ttg'N = Ntotitety ts °N, 

Ntoty ty {tity tiN = Nto'ty tp ‘titoN, Ntoty ‘tp ttits t71N = 

NtotitetotiN, and Ntoty tz ‘titz‘taN = Ntotitotp ‘tN. 

Therefore, we conclude that there is one distinct double coset of the form 
Ntoty ty ‘titz t#4N, where i € {0,1,2,3}: Ntoty ty ‘titz ‘tz. 

. We next consider the double coset N’ tpt; t leotg NV. 

Let [01230] denote the double coset Ntoty tz ‘tstoN. 

Note that N(01280) > 1y01280 — (e). Thus [N oe) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty tz HstoN| = rons < 4 = 94, 

Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
Moreover, N(9!230) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot) ‘ty tgtot*?, i € {0, 1, 2, 3}. 

But note that Ntoty ty 1t3totp'N = Ntoty*tz1tseN = Ntot;‘tz'tgN and 
Ntoty ty tgtotoN = Ntoty tz 1tstZN = Ntoty ‘tp ‘tstp/N. 

Moreover, with the help of MAGMA, we know that Not] ‘tz ltstoty'N = 
Nto'ty ty totsN, Ntoty tz tstotsN = Ntoty ‘tz ‘tot3'N, and 
Ntoty tz tgtots1N = Ntoty1ty'to1tztoN. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntoty ty ltgtot#4.N, where i € {0,1,2,3}: Ntoty ‘tz tstot:N, Ntoty ‘ty ‘tstoty'N, 
and Ntoty tz’ tstoteN. 
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98. We next consider the double coset Ntoty ‘ty "tsto*N. 


99. 


Let [01230] denote the double coset Nigty tz 1t3ty‘N. 


Note that .N(01230) > py01230 
1.4, |Ntoty ty *tstg'N| = 


(e). Thus [Nw (orz30)| > |(e)| = 1 and so, by Lemma 


Lites < 3 = 24. 


Therefore, the double coset 4 has at most twenty-four distinct single cosets. 

Moreover, N‘°!28°) has eight orbits on T = {to,t1,t2,t3}: {0}, {1}, {2}, {3}, {0}, 

{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = toty ty Maia ts a € {0, 1, 2, 3}. 

But note that Not, 1tztstp toN = Ntot, tz‘tzeN = Ntoty ‘tz ‘tgN and 

Ntoty ltytstp tg1N = Ntoty ‘tp ‘tstp°N = Ntot, ‘tz ‘tstoN. 

Moreover, with the help of MAGMA, we know that Ntot] ‘tj ‘tgtj‘tiN = 

Ntotitetz‘toN, Ntoty ty tatp ta = Nto ty ty tN, 

Ntoty tz tgtp tg1N = Nto tty ty ltitsN, Ntoty tz tstp‘t3N = 

Ntoty ty 1totetiN, and Ntot] ‘tz ‘tstp't3’N = Nto‘titetotiN. 

Therefore, we conclude that there is one distinct double coset of the form 

Ntoty tz 1t3tp tt4N, where i € {0,1,2,3}: Ntoty1t7*tgto t7 +N. 

We next consider the double coset Ntoty; ‘tz ‘tstiN. 

Let [01231] denote the double coset Ntot] ‘tz *tstiN. 

Note that N(01281) > 101231 — (e), Thus N (oms)| > |(e)| = 1 and so, by Lemma 
= IN 

1.4, |Ntoty tty ‘tatiN| = pronsny S 24 — 24. 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 

Moreover, N(°1231) has eight orbits on T = {to, 1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 

{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = tel ts istit 4 € {0,1, 2, 3}. 

But note that Ntot]!t3ltgtyt;1N = Ntoty‘ty‘tzeN = Ntoty‘tz't3N and 

Ntot] ‘tp ltstitiN = Ntot, ty 1tst?N = Ntoty‘ty*tsty'N. 
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Moreover, with the help of MAGMA, we know that N toty tty Metity 1N = 
Ntoty ty 1toltiteN, Ntoty ty ltgtitgN = Ntpotitety'N, and Ntoty1tz'tstitz'N = 
Ntotitaty tN. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntoty tz !tgtit¢1N, where i € {0,1,2,3}: Ntot]+tzltgtitoN, Ntot) ‘ty tstitoN, 
and Ntot[1tz*tstiteN. 


We next consider the double coset N lot; te ‘tgty N ‘ 

Let [01231] denote the double coset Ntoty tz ‘tsty +N. 

Note that N (01231) > y01231 — (e). Thus lw oe > |(e)] = 1 and so, by Lemma 
~ly-ly y-1 N 

1.4, |Ntoty ty ttsty'N| = worsny < 4 = 24, 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 

Moreover, N(°1231) has eight orbits on T = {to, ti, te, ts}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = tot, ‘ty ‘tat, 1t#*1, i € {0,1, 2, 3}. 

But note that Ntotyty+tst74t:N = Ntoty1tz!tzeN = Ntoty‘tz*t3N and 

Ntoty tty ltgt[ ty 1N = Ntoty tty ltst[?N = Ntoty tz ‘tstiN. 

Moreover, with the help of MAGMA, we know that Ntoty;'tz*t3t7‘toN = 

Ntotitato 1t3N, Ntoty ity tgt[ tp 1N = NtpltitetstiN, Ntot[ tty \tstyt2N = 

Ntotty ty ttN, Ntoty ty ttgt7tg1N = Nip ty ty titoN, Ntoty ‘tz tst{'t3N = 

Ntoty 1ty1tyt3N, and Ntot[ tp lt3t[‘tz'N = Ntoty ‘ty 'titsteN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntot; ty ‘tt; t#4.N, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntoty ty 1tgt;1N. 

Let [01232] denote the double coset Ntot71t71t3tzN. 

Note that N(01232) > 101232 — (e). Thus IN (of2s9)| > |(e)| = 1 and so, by Lemma 


ad: —l N 4 
1.4, |Ntoty tz t3ty1N| = [ors <P = 24. 


Therefore, the double coset [01232] has at most twenty-four distinct single cosets. 
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Moreover, N(!232) has eight orbits on T’ = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 

{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = tot; ts tats i € {0,1, 2, 3}. 

But note that NtotyltztgtzteN = Ntot] ‘ty tseN = Ntot] ‘tz ‘t3N and 

Ntoty ty ‘tgty ‘ty+N = Ntot ‘ty tsty°N = Ntoty ty ltstoN. 

Moreover, with the help of MAGMA, we know that N tgts ty. lista ligN = 

Ntotty ty ttitoN, Ntoty ty ttatytp1N = Ntp lt) ‘tz totsN, Ntoty ty ltsty tN = 

Ntgttytty titgN, Ntotytgltatgt71N = Ntoty ty 1tp titeN, Ntoty ‘ty ‘tty tN 

= Ntot]ltoteN, and Ntot|'ty‘tsty'tz'N = Ntot{‘totetsN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty ‘tz 1tgty 1t='N, where i € {0, 1,2, 3}. 

We next consider the double coset Ntot] tz ‘tz *toN. 

Let [01230] denote the double coset Ntoty tz ‘tz 'toN. 

Note that N(01230) > jy01230 — (e). Thus | nv(0%280)| > |(e)| = 1 and so, by Lemma 
-1,-1,-1 N 

1.4, |Ntoty tz 1t3 toN| = [rer < 24 = 94. 

Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 


Moreover, N(°!289) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 


{I}, {5}, and {3}. 


Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot; ‘tz ‘tz ‘tot#"', 4 € {0, 1, 2, 3}. 

But note that Ntot;1tg!tgltotg’N = Nitoty1ty'tz34eN = Ntot,'tz'tz'N and 
Ntoty tty tz totoN = Ntoty ‘ty tg t2N = Ntot]tz+t3 ‘tp’ N. 

Moreover, with the help of MAGMA, we know that N tot; ty ty 1tot,N = 
Nto'titetsN, Ntoty'ty ‘tz ‘tot; N = Nto‘titetstoN, Ntot)'ty'ty'totaN = 

Ntotj ltototst] +N, Ntoty*ty't3totz3N = Ntp titetotiN, and Ntoty ‘tz ‘ts ‘totz1N 
= Nighy ts ty ty 

Therefore, we conclude that there is one distinct double coset of the form 


Ntoty tz 1t3 ‘tot#'.N, where i € {0,1,2,3}: Ntoty'ty ‘tg ‘toty'N. 
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We next consider the double coset Ntoty ie ie iG In, 


Let [01230] denote the double coset Ntot;‘t71tz1tp1N. 

Note that N (01230) > 7y01230 — (e). Thus [Nv oz) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty ty 1t3 tg 1N| = wou S < 4a 24 

Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
Moreover, N(°1230) has eight orbits on T’ = {to, f1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length six given by w = tot, ty 1tz1tg ‘t=, i € {0, 1, 2, 3}. 

But note that Ntoty‘tzttgltgtoN = Ntoty1tz'tz'eN = Ntot]‘tz'tz’N and 
Nigty tts tg ty NS Nigh ts te tg NN Sigh, tp te tO 

Moreover, with the help of MAGMA, we know that Ntoty1t7 ‘tz ‘to 't.N = 
Ntot‘tototitsN, Ntot] tz tz tp tgN = Ntot[ ‘tz ‘totstpN, and 
Ntoty ‘ty tz to ty1N = Ntoty "tz ltotsN. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntoty 'ty1tz ‘tp tF1N, where i € {0,1,2,3}: Ntoty1ty'tg tot, 
Nigty thts to tN, aud Nipt; (ie tg ty NN: 

We next consider the double coset Ntoty tty ‘tz/tiN. 

Let (01231] denote the double coset Ntot,*t51tz/t1N. 

Note that N(01231) > yy01281 — (e). Thus [w (ors1)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty t¢y tz 44. | = wor < 494, 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(1231) has eight orbits on T' = {to, ti, te,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = toty4t7‘t3*t1t#", i € {0, 1,2, 3}. 

But note that Ntgtylzltytity1N = Ntoty'tz1tz+eN = Ntoty*tz1tz'N and 
Niot] hy ha N = Niet] ty aN = Niet, ye NN. 
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Moreover, with the help of MAGMA, we know that N igh ts, A lEtoN = 
Ntotyto‘tatgN, Niot[ ty 1tz‘titeaN = Ntoty‘totitstg'N, Ntot, ‘ty ‘tz‘titsN = 
Ntoty ty ltitgteN, and Ntot, ‘ty tz1ttg'N = Ntotitp tetiN. 


Therefore, we conclude that there are two distinct double cosets of the form 
Ntoty ty ‘tz 'tyt#1N, where i € {0,1,2,3}: Ntot) ‘tz ‘tz‘titg'N and 
Ntoty tz tz ttt 1 N. 


We next consider the double coset Ntot]‘tz't3‘t7*N. 


Let [01231] denote the double coset Ntoty'tz'tz1t71N. 


Note that N(01231) > 101231 — (e). Thus ln ore > |(e)| = 1 and so, by Lemma 
1.4, |Nigty yt ty N| = [HOPED < %=24. 


Oa | — 1 
Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(°123)) has eight orbits on J’ = {to, ti, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. | 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot; ‘ty ‘tz 1t71t#", 4 € {0, 1,2, 3}. 
But note that Ntotylty!ts't7t4N = Nitoty'ty1t3’eN = Ntoty;1tz'tz'N and 
Nigts (tj is ti NN EN te tN KS Noe ey EN. 
Moreover, with the help of MAGMA, we know that Niot;‘tz1t; ‘ty 1tg1N = 
Nto‘tytotstiN, Ntot;'ty'tz't7tsN = Ntp't,'tz‘totz'N, and 
Nigty ty ts ty te NS Nigh, ty hits. 
Therefore, we conclude that there are three distinct double cosets of the form 
Ntot, ‘tz !t3t7t#1N, where i € {0,1,2,3}: Ntoty "ty 1tz‘t]‘toN, 
Ntoty ty \tz‘t7‘teN, and Ntot;*tz'tz ‘ty ty‘ N. 


We next consider the double coset N tot; ‘tot; ‘toN : 


Let [01010] denote the double coset Ntoty tot] ‘to. 


Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Nitoty1toty'to = Ntotz tot ‘to = Ntotz‘tots'to = 
Ntito tito ti = Ntitz tity lt, = Ntity tty t, = Ntoty Motz te = Ntotg tetg ‘te 
= Ntgty ‘tots ‘te = Ntgt[ tgt[ tz = Ntgty'tsty ‘ts = Ntgto ‘tstp ‘ts. 
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That is, in terms of our short-hand notation, 
01010 ~ 02020 ~ 03030 ~ 10101 ~ 12121 ~ 13131 ~ 
21212 ~ 20202 ~ 23232 ~ 31313 ~ 32323 ~ 30303. 
Since each of the twelve single cosets has twelve names, the double coset [01010] 


must have at most one distinct single coset. 


An alternative approach for determining the order of the double coset is as follows: 
We note that (01010) > yy0l0l0 — ((2 3)) = So. In fact, with the help of MAGMA, ° 
we know that N(toty tot] to) ) = Neto ltitpti = Ntot] ‘tot; ‘to implies that 
(0 1) € N11) | and N(totyttptyttp) © 2 = Ntotyltot[ tte = Nipty1totz 1to implies 
that (0 2) € N(1010), and N(totyttoty to) 9) = Netgtytésty ‘ts = Ntoty tot, ‘to 
implies that (0 3) € N(!10)_ Therefore, (0 1),(0 2),(0 3) € N(!1), and so 
NOTOI0) > ((0 1), (0 2), (0 3)) ¥ Sa. Thus | w¢oteto) > |S4| = 24 and so, by Lemma 
1.4, |Ntoty Mot; toN| = pera < 4 =1, 

Therefore, as we concluded earlier, the double coset [01010] has at most one distinct 


single coset. 

Moreover, N(119) has two orbits on T = {to, t1, te, tg}: {0,1,2,3} and {0, 1, 2, 3}. 
Therefore, there are at most two double cosets of the form NwN, where w is a word 
of length six given by w = tot toty tote 41=0. 

But note that Ntoty*toty totg1N = Ntot] ‘totl-teN = Ntoty ‘tot; 'N and 

Ntoty tot] totoN = Ntoty ‘tot, t2N = Ntot] ‘tot; ‘to'N = Ntp'tito tN. 


Therefore, we conclude that there are no distinct double cosets of the form 


" Ntotyltoty ltot#4.N, where i € {0, 1,2, 3}. 


We next consider the double coset N tot; ‘totetsN ' 

Let [01023] denote the double coset Ntot]*totetsN. 

Note that N(01023) > )y01023 — (e). Thus [N ie) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty MtotatsN| = [roy] < 4 = 24, 

Therefore, the double coset [01023] has at most twenty-four distinct single cosets. 
Moreover, N(°1028) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = toty totetst#*", i € {0,1, 2,3}. 

But note that Ntot‘totetstz'N = Ntot]+toteeN = Ntot]‘toteN and 

Ntot{ Motatst3N = Ntotytotet3N = Ntotytotetz1N = Ntoty ‘tz ltsty‘N. 
Moreover, with the help of MAGMA, we know that N tot; ltotetsty IN = 
Ntoty ty 1tottgtg 1N, Ntot]ttotetstiN = Ntoty1tz1titz1t7+N, Ntoty totetst;'N 
= Ntotitotot]1N, Ntot[totetgtaN = Ntot[ tet; 1tg1N, and Nioty'totetstz’N = 
Ntoty totgtz iN. 

Therefore, we conclude that there is one distinct double coset of the form 

Ntoty totatgt#!.N, where i € {0,1,2,3}: Ntot]‘totatstoN. 


We next consider the double coset N tot, to ltotg NV. 


Let [01023] denote the double coset Ntot] ‘tg ‘tots. 


Note that (01023) > 7y01023 — (e). Thus jpv(ot02s)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty to totsN| = [ror < 24 = 24. 


Therefore, the double coset [01023] has at most twenty-four distinct single cosets. 
Moreover, N(°1023) has eight orbits on T = {to,t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at} most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot) ‘tp ‘tatst*", ¢ € {0, 1, 2, 3}. 

But note that Ntoty tp ‘tetstsN = Ntoty ‘to 'taeN = Ntot]‘tp*teN and 
Ntoty to MotstzN = Ntot] ‘ty ‘tet8N = Ntot] ‘tp ‘tots. 

Moreover, with the help of MAGMA, we know that Ntot] ‘to ‘totsty'N = 

Ntot, ltototitg'N, Ntoty to ‘tetstiN = Ntotytz'to‘tstiN, and 
Ntoty tp tatsteN = Ntoty ‘to ‘ty ts‘ N. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntoty to ‘totgt*1N, where i € {0,1,2,3}: Ntot] ‘to totstoN, Ntoty to ‘tetst;*N, 
and Nioty ‘tp ‘tetstzN. 


We next consider the double coset Ntot] ‘tg ‘tets'N. 


Let [01023] denote the double coset Ntoty ‘tp tets‘N. 
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Note that N(1028) > n01023 — (e). Thus lw (can) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty tp ttgts*N| = [rotary < Mam. 

Therefore, the double coset [01023] has at most twenty-four distinct single cosets. 
Moreover, N(°1023) has eight orbits on T = {to, ti, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {3}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot; ta Neate it i € {0,1, 2, 3}. 

But note that Ntot, ‘tp ‘tetz1t3N = Ntot] ‘tp ‘teeN = Ntoty;'tpteN and 

Ntot tty tats ‘ty 1N = Ntot, ‘to tets2N = Ntoty ‘to ‘totsN. 

Moreover, with the help of MAGMA, we know that N tot; ty ‘tots ‘toN a 
Ntotiteto‘tiN, Ntoty ‘to tets‘to1N = Ntoty ‘tp tz+t7teN, Ntot] ‘tp ‘tots ‘tiN 
= Ntotitet!t3N, and Ntoty to ‘tetytaN = Ntoty to ‘ty ‘tsN. 

Therefore, we conclude that there are two distinct double cosets of the form 
Ntoty to ‘tty tf1N, where i € {0,1,2,3}: Ntoty ‘to ‘tetz't7'N and 
Ntoty tp tots ty 1 N. 


We next consider the double coset N tot; tty eS LN. 

Let [01021] denote the double coset N tote ty. aS TiN. 

Note that N(01021) > yy01021 — (e). Thus |W (o1023)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty tg ttt N| = wotny S < 424. 

Therefore, the double coset [01021] has at most twenty-four distinct single cosets. 
Moreover, N(2021) has eight orbits on T = {to, t1, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length six given by w = tot, ‘tp 1tytit#1, i € {0, 1, 2, 3}. 

But note that Ntoty'tpltglatyiN = Ntoty'toltz'eN = Ntoty*to't7'N and 
Ntot ‘tg ty titiN = Ntot; ‘to ‘tet? = Ntot, to ‘tet; 'N. 

Moreover, with the help of MAGMA, we know that N it, ats LitoN = 

Ntoty Mtototz 1tg1N, Ntoty to ty ‘tito’ N = Ntoty*tz‘tp'ty‘toN, 
Ntoty tp ttzttitzN = NtgltitetoN, and Nioty lig ltztitg1N = Ntgltiito ty N. 
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Therefore, we conclude that there are two distinct double cosets of the form 
Ntot, ‘tp tty titt1N, where i € {0,1,2,3}: Ntoty1to’tz‘titsN and 
Ntoty to 1ty tity. 


We next consider the double coset Niot; to ‘tz ‘ty’ N. 


Let [01021] denote the double coset Ntoty+tp ‘ty 1ty1N. 


Note that N(1021) > 11021 — (e), Thus N cry) > |(e)| = 1 and so, by Lemma 
1.4, |Ntot tp tty ty tN | = [roan < 404. 

Therefore, the double coset [01021] has at most twenty-four distinct single cosets. 
Moreover, N(!21) has eight orbits on T = {to,t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot, tp ltz e741, i © {0, 1, 2, 3}. 

But note that Ntotyltotty'ty'tiN = Ntoty'to’tz'eN = Ntoty*to'tz'N and 
Nigt, ty ty ee NS Nets to ts ON SN tg oN. 

Moreover, with the help of MAGMA, we know that Ntotytottz*t7*tp'N = 

Nto tty ltetitoN, Ntoty to ty ty taN = Ntp tity ltetg!N, Ntot, tp +tp {ty 1ty*.N 
= Ntjlitg teN, and Nigt; ‘to ltzltyltsN = Ntottity tz ty tN. 

Therefore, we conclude that there are two distinct double cosets of the form 
Ntoty to 1ty ty 't#1.N, where i € {0,1,2,3}: Ntoty'to’tyt7‘toN and 

Nigly tg ts ty te. 

We next consider the double coset Nioty ‘tp ‘tz ‘ts. 

Let [01023] denote the double coset Ntoty ‘tp ‘tz ‘t3N. 

Note that N(01023) > yy01028 — (e), Thus [n cotees)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntpty1tp tz 1t3N)| = erty < 4#=94, 

Therefore, the double coset [01023] has at most twenty-four distinct single cosets. 
Moreover, N(1023) has eight orbits on T’ = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 


Therefore, there are at most eight double cosets of the form Nw, where w is a 


‘word of length six given by w = tot) ‘tp ‘tz ‘tst#1, i € {0, 1, 2, 3}. 
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But note that Ntotyttj'tylistz1N = Not, tpttz'eN = Ntoty'tp'tz'N and 
Ntoty tp tty ttgtg3N = Ntoty tp tg 14#2N = Ntoty ‘to tty |tg/N. 

Moreover, with the help of MAGMA, we know that N tot te te ltstoN = 

Nioty ‘tatoty tg N, Ntoty tg ty tatg(N = Nip ty, tots N, 

Ntot tpt !tgtiN = Ntot[ltz'tstotiN, Ntot] tp ‘tp *tst;/N = 
Ntottp tz ltoty1N, Ntoty tp ty ltsteN = Ntoty ‘to ‘tots t71N, and 
Ntoty ‘ty tty tgtg iN = Ntoty to tots |W. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntot; tp ttz+tgt*2N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntgty ‘tg !tz't31N. 


Let [01023] denote the double coset Ntoty ‘tg ‘ty ‘tz N. 


Note that N(01023) > yy01023 — (e). Thus N colo) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoty ty tty test N| = wert < 24 = 24, 

Therefore, the double coset [01023] has at most twenty-four distinct single cosets. 
Moreover, N(01023) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length six given by w = bgt ty tie i € {0,1, 2,3}. 

But note that Ntotyltottgtz1tgN = Ntoty1to'tyleN = Ntoty'to'ty'N and 
Nigt ty t, {tg tg NS Nig tg te aN SNE ty te ig. 

Moreover, with the help of MAGMA, we know that Ntoty "to 'tztz‘toN = 

Ntoty ‘totgtitoN, Ntot] ‘ty ty ‘t3 to1N = Ntoty ‘ty ‘totiteN, 
Not, ty th ty tp NS Nit, ts ty te NN Nt i a N= 
Ntoty ‘to ltetstzN, and Ntoty ‘tg ty ts ty1N = Ntoty ‘to ‘tots. 

Therefore, we conclude that there is one distinct double coset of the form 


Ntoty to tty tg 1¢#1N, where i € {0,1, 2,3}: Ntoty ‘tg ‘ty *t3 ‘tN. 


We next consider the double coset Nigt tatot,N. 


Let [01201] denote the double coset NtotitetotiN. 
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Note that (01201) > 01201 - (e). Thus |N(01901)] > |(e)| = 1 and so, by Lemma 
1.4, |NtotitototiN| = Wor <M = 24. 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(101) has eight orbits on T = {to, ty, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totitetotit*!, i € {0, 1, 2, 3}. 

But note that Nitotitetotity'N = NtotitetpeN = NtotitetoN and NtotitetotitiN = 
Niotitotot?N = Ntotitetoty NN. 

Moreover, with the help of MAGMA, we know that NiotitototitoN = 
Ntoty ‘ty tits'N, Ntotitototito'‘N = Ntp't71tz*titoN, Ntotitatotit.N = 

Nt itz tty ltg1N, Ntotitetotity’N = Nig lt) tty 1tp'tiN, and Ntotitetotits |N 
=Nitr th ht i N- 

Therefore, we conclude that there is one distinct double coset of the form 
Ntotitototit¢N, where i € {0,1,2,3}: NtotitototitsN. 


We next consider the double coset N totitotot; (N ; 
Let [01201] denote the double coset Ntotitatot7!N. 


Note that N(01201) > yv01201 — (e), Thus jrv(o1200) > |(e)| = 1 and so, by Lemma 
1.4, | Ntotitetoty ‘N| _ NOHO < 24 = 24. 


Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(°!2°l) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 


yt 4 S410; 1, 2,38}; 


word of length six given by w = totitatot, t, 
But note that Ntottetot] tN = NtotitotyeN = NtotitotoN and Ntotitetoty 't;'N 
= Ntotitatot; °N = Ntotitotot,N. 

Moreover, with the help of MAGMA, we know that NV totitotot; toN = 
NtotyltotetgN, Ntotitetot; tg '|N = Ntot,‘tg+titzt7'N, Ntotitetot; tz’ N = 
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Ntotitp ty 1tg!N, NtotitetotytsN = Ntoty'tpltz‘tity1N, and Ntotitetot; t;'N 
= Ntoty*tetity ts. 
Therefore, we conclude that there is one distinct double coset of the form 


Ntotitgtot tt N, where 7 € {0, 1, 2, 3}: Ntotitatot] ‘to. 


We next consider the double coset Ntotitetots In, 
Let [01202] denote the double coset Ntotitgtot; | N. 


Note that N(01202) > yy01202 — (e). Thus IN iota) > |(e)| = 1 and so, by Lemma 
|N 

1. 4, |Ntotitototy ‘N| = = worn S ~ a4 = 2A, 

Therefore, the double coset [01202] has at most twenty-four distinct single cosets. 

Moreover, N(0!202) has eight orbits on T = {to,t1,t2,t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = totitatoty 't*1, i € {0, 1, 2, 3}. 

But note that Ntotitetots ‘taN = NtotitetoeN = NtotitetoN and Ntotitetoty tz’ N 

= Ntotytototy?N = NtotitetotaN = Ntotitg tp /N. 

Moreover, with the help of MAGMA, we know that Ntotitotots lioN = 

Ntotity tyt3N, Ntotitgtoty to+N = Ntolty'tety'N, Ntotitetoty ‘tiN = 

Ntoty‘totots ‘taN, Ntotitatotyty'N = Ntotity‘tits'N, Ntotitatoty 'tszN 

= Nit] tatitgt2N, and Ntotitetoty t3'N = Ntotity tity 'N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntotitetots ‘t#!N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntot tototsN. 

Let [01203] denote the double coset Niotitatot3N. 

Note that N(01203) > jy01203 — (e). Thus |.N(1203)| > |(e)| = 1 and so, by Lemma 
1.4, [NtotitototsN| = ORE <4= 04. 

Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 


Moreover, N(°1203) has eight orbits on T = {to,t1,to,t3}: {O}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totitototst**, 4 € {0,1, 2, 3}. 

But note that Ntotitototstz ‘N = NtotitetpeN = NiotitotpN and Ntotitototst3N 
= Ntotitotot?N = NtotitetotsN. 

Moreover, with the help of MAGMA, we know that NtotitatotstoN = 
Niotitoty tp! N, NtotitetotstiN = Ntoty tz ‘to 'titz1N, Ntotitetotst;1N = 
Ntoty ltotitatoN, and Ntotytototsty|N = Ntg't ty tt ‘ty tN. 

Therefore, we conclude that there are two distinct double cosets of the form 


Ntotitetotst*'N, where 7 € {0, 1, 2, 3}: Ntotitatotstp \N and NiotitototstoN. 


We next consider the double coset Niotitetots IN, 

Let [01203] denote the double coset Ntotitatotz 1N. 

Note that N(01203) > y01203 — (e), Thus [Nw (e108), > |(e)| = 1 and so, by Lemma 
1.4, |Ntotitotots 1N| = rons <4#= 94. 

Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, (1203) has eight orbits on T = {to, t1, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN , where w isa 
word of length six given by w = totitotots tf", i € {0,1, 2, 3}. 

But note that Ntotitetoty‘tg3N = NtotitotoeN = NtotitotoN and Niotitetots 1tz+N 
= Ntotitototz”N = NtotitototsN. 

Moreover, with the help of MAGMA, we know that Ntotitetotz WiN= 
Niotyltototy ‘taN, Ntotitetotyt71N = Ntolty tpt 1t]'N, Ntotitetots ‘toN = 
Ntot] ltototgt2N, and Ntottototz 'ty'N = Ntotity ‘tots. 

Therefore, we conclude that there are two distinct double cosets of the form 
Ntotitototy t¢1.N, where i € {0,1,2,3}: Ntotitotots toN and Ntotitetots ‘tg 1N. 


We next consider the double coset Ntotyteto LEN. 
Let [01201] denote the double coset Ntotitetg ‘tN. 
Note that N(01201) > yy01201 — (e), Thus [N ome) > |(e)| = 1 and so, by Lemma 


1.4, |Ntotitety tiN| = [ona < A = 24. 


120. 


249 


Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 

Moreover, N(°120) has eight orbits on T = {to, t1, to,t3}: {0}, {1}, {2}, {3}, {O}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 

word of length six given by w = toti tot ti t#?, t € {0, 1, 2, 3}. 

But note that Ntotitety tit; 1N = Ntotitety'eN = Ntotitetp'N and 

Ntotitato ‘titi N = Ntotitetot?N = Ntotitetaty'N = Ntot] ty 'tstiN. 

Moreover, with the help of MAGMA, we know that Niotiteto lito = 

Ntot ty tity 1tz1N, Ntotitetytitg'‘N = Ntot] ‘tg tits'N, Ntotitotp ‘titeN = 

NtotytatotyteN, Ntotitotottitg1N = Ntoty tz 'tot]N, Ntotitoto ‘titsN = 

Ntoty ty 1tz1t7 tN, and NtotitetottityN = Ntoty ‘to 1tets'N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntotitato 'tit#1N, where i € {0, 1, 2, 3}. 

We next consider the double coset Niotitety ltoN. 

Let [01202] denote the double coset Ntotitetp ‘to. 

Note that N(01202) > yy01202 — (e). Thus |W | > |(e)| = 1 and so, by Lemma 
=f N 24 

1.4, |Ntotitat *taN| = TOI] < B=, 

Therefore, the double coset [01202] has at most twenty-four distinct single cosets. 

Moreover, N(°!202) has eight orbits on T’ = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = tot, tet ‘iat i € {0, 1, 2, 3}. 

But note that Ntotitetp toty'N = Ntotitoty 'eN = Ntotitato'N and 

Ntotitot ‘toteN = Ntotiteto tN = Ntotiteto ‘tz 'N. 

Moreover, with the help of MAGMA, we know that Ntotitetp lintpN = 

Nto‘ty tet] N, Ntotiteto tetg'N = Ntotitp ‘tN, Ntotiteto tet; 'N = 

Nig ltl tz ltstp1N, Ntotitot totsN = Ntg'titp'tz'N, and Ntotitato tety'N 

= Nis ty ts iN. 
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Therefore, we conclude that there is one distinct double coset of the form 


Ntotitotp ‘tot#1N, where i € {0,1,2,3}: Ntotitetg tot: N. 


We next consider the double coset Ntotitetp 7 IN, 

Let [01202] denote the double coset Ntotytoty ty‘ N. 

Note that (01202) > .y01202 — (e), Thus [nw | > |(e)| = 1 and so, by Lemma 
1.4, |Ntotitetg tty2N| = [WOH] < 4 = 9A. 

Therefore, the double coset [01202] has at most twenty-four distinct single cosets. 
Moreover, N(!202) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot tety Me ae i € {0,1, 2, 3}. 

But note that NégtitatsMtltaN = NiotitotsleN = Ntotitotp'N and 
Ntotitaty ity tg1N = Ntotitetptz?N = Ntotitotp tN. 

Moreover, with the help of MAGMA, we know that Ntotiteto tte ltoN = 
Ntotito ty 1.N, Ntotiteto tz'to1N = Ntotity toN, Ntotitetpty*tsN = 
Ntoty tz 1titgteN, and Ntotiteto ty !tz*N = Nto‘titetst71N. 

Therefore, we conclude that there are two distinct double cosets of the form 


Ntotitetg ‘ty t=1N, where i € {0,1,2,3}: Ntotitetg tz 1tiN and 


7 


Ntotiteto ty ty N. 


We next consider the double coset Niotiteto ligN. 
Let [01203] denote the double coset Ntotitety ‘t3V. 


Note that N(01203) > 101203 — (e). Thus N | > |(e)| = 1 and so, by Lemma 
1.4, |Ntoti toto ts | = [rosy < 4am, 

Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(°1203) has eight orbits on T = {to,t, ta, ts}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = tot tet> a 4€ {0,1,2, 3}. 
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But note that Ntotitets ttgt31N = Ntotitety'eN = Ntotitetg'N and 

Ntotitot ttgtgN = Ntotitet> t3N = Ntotiteto ‘ty. 

Moreover, with the help of MAGMA, we know that Ntotitatg‘ts3toN = 
Niotytatoty ‘tg 1N, Ntptitetp ‘tstg‘N = Ntoty*to ‘ty 1titz1N, Ntottotp tstiN = 
Ntoty tty tots t71N, Ntotitetotst{1N = Ntotyltoltets'N, Ntotitetg tsteN 

= NtjtitetgtiN, and Ntotiteto ‘tst;1N = Ntoty tz *tgt7'N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntotitgty ‘t3t=+N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntotitatp 1451N : 
Let [01203] denote the double coset Ntotitety ‘tz ‘N. 


Note that N(01203) > py01203 — (e), Thus ln cm > {(e)| = 1 and so, by Lemma 


1.4, |Ntotitetp ts’ N| = wou < < “= 24. 


Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(°1203) has eight orbits on T’ = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw.N, where w is a 
word of length six given by w = totitato ‘tz 1t#", i € {0, 1, 2, 3}. 

But note that Ntotiteto'tz!t3N = Ntotitetg'eN = Ntotitoto’N and 
Ntotitato 'tz tg N = Ntotitetg 'ty°N = Ntotitety ‘ts. 

Moreover, with the help of MAGMA, we know that Niotitoto a IN = 
NtotitotgtoN, Ntotitety itz t[1N = Ntp‘titetsto1N, Ntotitety ‘tz toN = 
Ntoty1tyttitz1N, and Ntotiteto tz ty1N = Ntj ‘tito ‘ty ‘ts. 

Therefore, we conclude that there are two distinct double cosets of the form 


Ntotytoty ‘tz t£1N, where i € {0,1, 2,3}: Ntotitotpty+toN and Ntotitetp ‘tz tN. 


We next consider the double coset Niotitot3toN. 
Let [01230] denote the double coset NtotitotstoN. 


Note that N (01280) > BiG 


). Thus [ncete2e) | > |(e)| = 1 and so, by Lemma 
1.4, |NtotitetstoN| = t 


(e 


Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
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Moreover, N(!8°) has eight orbits on T = {to,t1,t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totitotstot+?, 4 € {0, 1,2, 3}. 

But note that Ntotitetstoty'N = Ntotitot3eN = Ntotitot3N and NiotitotstotoN = 
Ntotitotst2N = NtotitetstN. 

Moreover, with the help of MAGMA, we know that Ntotitot3totiN = 
Ntot, ta tgtot; (N, Ntotitetstot; N = Ntot]‘tetotiteN, NtotitetstotsN = 
Nitotitoto tz1N, and Ntotytotstotz'N = Ntotitety tz ‘to. 

Therefore, we conclude that there are two distinct double cosets of the form 
Niotitatstot**N, where i € {0,1,2,3}: NtotitotstoteN and Ntotitetstoty N. 

We next consider the double coset Ntotitat3tg IN, 

Let [01230] denote the double coset NtotitetstpN. 

Note that N(01230) > yy01230 — (e). Thus lw | > |(e)| = 1 and so, by Lemma 
1.4, |Ntotitetstg ‘| = TOI] < 4 = 24, 

Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
Moreover, N‘°1280) has eight orbits on T’ = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totitot3to re 4 € {0,1, 2, 3}. 

But note that Ntotitotsty ‘toN = NtotitetzeN = Ntotitet3N and 

Nitotitatsto ‘to N = Nitotitot3tp?N = NtotytatstoN. 

Moreover, with the help of MAGMA, we know that Niotitotst> 1tiN= 
Ntoty‘tototstiN, Ntotitetst t7'N = Ntg ‘tity tp 'tiN, and Ntotitotstg ‘toN 

= Ntot]‘totot] ts. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntotitatstp t='N, where i € {0,1,2,3}: Ntotitotsty tz 'N, NtotitetstotszN, and 
Ntotitotstg ‘ty N. 


We next consider the double coset Nigt tot3tN. 
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Let [01231] denote the double coset Ntotitatsti N. 


Note that N(01281) > 01251 — (e), Thus |N(1231)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntotytot3tiN| = = wor < & = 24. 


127. 


Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(°!281) has eight orbits on T’ = {to,t1, t2,t3}: {O}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totitetstit*’, i € {0, 1, 2, 3}. 

But note that Ntotitotstity +N = NtotitetzeN = NtotitatsN and Ntotitot3tit,N = 
Ntotitotst? N = Ntotitetst;1N = Ntoty ‘ty ‘totz'N. 

Moreover, with the help of MAGMA, we know that Ntotytot3tito IN = 
NtgttyttgtolisN, NtotitotstitaN = Niot,tz'tz1t;1t7'N, Ntotitetstity'N = 
Ntotitety ‘tz +toN, NtotitetstitsN = Ntot; ‘ty tity'N, and Ntotytotstit; ‘N 

= Nioty ty tg totsN. 

Therefore, we conclude that there is one distinct double coset of the form 
Niotitotstit#1N, where i € {0,1,2,3}: NtotitetstitoN. 

We next consider the double coset Ntotitotsty IN. 

Let [01232] denote the double coset Ntotitetstz'N. 

Note that N(01232) > 101232 — (e). Thus |W (ois) > |(e)| = 1 and so, by Lemma 
1.4, |[Ntotitatstz1N| = [WOH < Ma 4. 

Therefore, the double coset [01232] has at most twenty-four distinct single cosets. 
Moreover, N (1282) has eight orbits on T = {to, tr, to, ts}: {O}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totitatsty t#", i € {0, 1, 2, 3}. 

But note that Niotitat3t, LioN = NtotitetzeN = NtotitotsN and Niotitetst a 1N 
= Ntotitatstz’?N = NtotitotstaN = Ntotity1t;*N. 


Moreover, with the help of MAGMA, we know that Ntotitetst> lioN = 
Nioty‘tatoty 't1N, Ntotitetstz tg'N = Ntotytotity ‘tp 'N, Ntotitetsty'tiN = 
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Ntot]‘tetitstoN, Ntotitetstyt71N = Ntot]‘tetitg t3'N, Ntotitetsty‘t3N = 
NtotytytitoN, and Ntotitetsty'tz'N = Ntoty ‘ty 'tg tito 'N. 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntotitotstz t#1.N, where i € {0, 1,2, 3}. 


We next consider the double coset N totitets ‘toN : 
Let [01230] denote the double coset N totitets ‘toN : 


Note that N(01280) > yy01230 — (e). Thus lw (op) > |(e)| = 1 and so, by Lemma 


1.4, |Ntotitats toN| = wor < < Hf = 24. 


Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
Moreover, N(91289) has eight orbits on T’ = {to, t1, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totitets ‘toti*, i € {0, 1, 2, 3}. 

But note that Ntotitety‘toty N = Ntotitets'eN = Ntotitot;'N and 

Ntotitets ‘totoN = Ntotitety 1t2N = Ntotitets to +N. 

Moreover, with the help of MAGMA, we know that Ntotitotz lot, N = 
Ntoty ty *tgtot]'N, Ntotitets ‘tot; 'N = Ntoty'tzltstg'N, Ntotitets ‘toteN = 
Ntjlty ty tstiN, Ntotitetstoty'N = Ntg'titety'N, Ntotitotz totsN = 


" Ntotitetgtytz'N, and Ntotytets ‘totz1N = Ntplty'tyttoty 1 N. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntotitats ‘tot#1N, where i € {0, 1, 2, 3}. 

We next consider the double coset N totitets ‘to LN. 

Let [01230] denote the double coset Ntotitatz tg 1 N. 

Note that N(01230) > .y01230 — (e), Thus \w (p20) > |(e)| = 1 and so, by Lemma 
1.4, |Ntotitets to1N| = worn < 24 — 24, 

Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
Moreover, N (©1280) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = iptifots ty t', 4 € {0,1, 2, 3}. 

But note that Ntotitets tp ‘toN = Ntotitets'eN = NtotitetzN and 
Ntotitety ‘tp ltg 1 N = Ntotitets'to°N = Ntotitety to. 

Moreover, with the help of MAGMA, we know that Ntotitat; om a 1N = 

Ntotity ltotgN, Ntotitets ‘tp taN = Ntotitytz!N, Ntotitets‘tptp1N = 
Ntotity!tz1toN, Ntotitets‘tp1tg3N = Ntotitetotstp'N, and Ntotitets ‘tg 'tz'N 

= NtiottototsN. 

Therefore, we conclude that there is one distinct double coset of the form 


Ntotitaty tty ‘t#1N, where i € {0,1,2,3}: Ntotitets ‘tot. 

We next consider the double coset Nitotitet; LN. 

Let [01231] denote the double coset N toti tet; 1t,N : 

Note that N(01231) > 101231 — (e), Thus jaro781)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntotitety ‘ti N| = wena < 4 = 94, 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(!281) has eight orbits on T = {to, t1, ta, #3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = totitaty ti¢#", i € {0, 1, 2, 3}. 

But note that Ntotitets tity 'N = Ntotitets'eN = Ntotitetz'N and 
Ntotitgtz ‘titi N = Ntotitets 42N = Ntotitets 't7'N = Ntoty tz ‘totiN. 
Moreover, with the help of MAGMA, we know that Ntotitety‘titoN = 
Ntoty ltototsteN, Ntotitetz tity 'N = Ntot; ‘tp ‘totz'N, Ntotitets ‘titeN = 
Ntotits tz1tiN, Ntotitets 'tity'N = Ntotitetg'N, Ntotitets*titsN = 
Ntoty tz ‘tots, and Ntotitots ‘tits'N = Ntot] ‘tz 'titg‘N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotytot; 1t,t#1.N, where i € {0, 1, 2, 3}. 


We next consider the double coset N toti tot; ‘toN ; 


Let [01232] denote the double coset Ntotitet3 ‘to. 
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Note that N(01282) > 701282 — (e). Thus lav ions) > |(e)| = 1 and so, by Lemma 
1.4, |Ntoti tots to] = [OT < 4 24. 

Therefore, the double coset [01232] has at most twenty-four distinct single cosets. 
Moreover, N(!?82) has eight orbits on T = {to,t1, ta, ts}: {O}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot tots ‘tot#?, i € {0,1, 2,3}. 

But note that Ntotitets ttety'N = Ntotitetz'eN = NtotitetsN and 
Nioti tots ‘tataN = Ntotitetst2N = Ntotitetz t7'N. 

Moreover, with the help of MAGMA, we know that Ntotitots ltotoN = 
Ntoty*tz1tp ltaty1N, Ntotitoty totgN = Ntot) ‘tg tp lty'toN, Ntotitets ‘tot; 'N 
= Ntoty ply ltytz1N, Ntotitets ttetzN = Ntoty ‘tz ‘tp 1titgN, and 

Ntotitets tots’ N = Ntoty tz tity N. 

Therefore, we conclude that there is one distinct double coset of the form 
Ntotitaty ‘tot#'N, where i € {0,1,2,3}: Ntotitets ‘tot: N. 


We next consider the double coset Nigtitot3 thy IN, 
Let [01232] denote the double coset Ntotitot; ‘ty 'N. 


Note that N(01232) > ny01232 _ (e). Thus \w ios?) > |(e)| = 1 and so, by Lemma 
1.4, |Ntotitety tty 1.N| = [rors < 24 = 94, 

Therefore, the double coset [01232] has at most twenty-four distinct single cosets. 
Moreover, N(1282) has eight orbits on T = {to,¢1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = totytats tty ttf, i € {0, 1,2, 3}. 

But note that Niotitets tty htaN = Ntotitety 'eN = Ntotitaty'N and 
Ntotitotz ‘tp 1t71N = Ntotitetsty’N = Ntotitoty to. 

Moreover, with the help of MAGMA, we know that Ntotitet3 tt ttoN a 
Ntotity to 1ty'N, Ntotitets tz‘t1N = Ntp lt) 'tetstg'N, Ntotitety'ty/t]'N = 
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Niotity tz tN, Ntotitets tz 'tgN = Ntotity!tito'N, and Ntotitaty ty] ‘tz 'N 

= Niotity1t3N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntotitotz 1tzt*#1.N, where i € {0, 1,2, 3}. 

We next consider the double coset Ntotit, laotN. 

Let [01201] denote the double coset Ntotity MtotiN. 

Note that N(1200 > 01201 — (e), Thus |1v(01200)| > |(e)| = 1 and so, by Lemma 
= N 

1.4, |Ntotitz tot: N| = [ona < 24 = 24, 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 

Moreover, N(°120l) has eight orbits on T’ = {to, t1, to, t3}: {0}, {1}, {2}, {8}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = totity tot t??, 4 € {0, 1, 2, 3}. 

But note that Ntotitytotit; +N = NtotityttoeN = NtotitytoN and 

NtotytyltotityN = Ntotity1tot?N = Ntotity tot; |N = Nto'ty toto N. 

Moreover, with the help of MAGMA, we know that Ntotita ltotitoN = 

Ntot[ttgtitz1N, Ntotitg‘totity'N = Ntotity tz 'tiN, Ntotity‘totitaN = 

Ntotitetoty tN, Ntotity ‘totity'N = Ntoty'ty1tz‘tolty'N, Ntotity'totitzN = 

Ntot1tztot3N, and Ntotitz totits'N = Ntg'tytotitoN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoti tz 'totit#'N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntotitg liotgN. 

Let [01203] denote the double coset Ntotit;‘tot3N. 

Note that N(01203) > yy01203 — (e). Thus I cpiz08) > |(e)| = 1 and so, by Lemma 
1.4, |Ntotity tots] = [on] < 24 = 24, 

Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(123) has eight orbits on T' = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totits Ltotstt?, i € {0,1, 2, 3}. 

But note that Ntotit; ltotstz|N = Ntotit ‘toeN = Ntotity toN and 

Ntotity Mtotgt3N = Ntotitytot3N = Ntotity'totz1N = Ntp'tyltets1N. 
Moreover, with the help of MAGMA, we know that Ntotity ltot3tpN = 
Niotitety'tp1N, Ntotity ttotstp‘N = Ntotitetyto‘tiN, Ntotitz‘totstiN = 
Ntotity1tp1tg!N, Ntotitytotsty'!N = Ntp lt] *totitsN, Ntotity totsteN = 
Ntotytotots!N, and Ntotitz'totstz'N = Ntot] ‘tetotsteN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotity ‘totgt+1N, where i € {0, 1, 2,3}. 


We next consider the double coset Ntotit, tt li. 


Let [01301] denote the double coset Ntotity to ti. 


Note that N(1201) > 401201 — (e). Thus [N oy > |(e)| = 1 and so, by Lemma 


1.4, |Ntotitz to ‘ti N| = oun < 4a 24. 


Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(1201) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = hits tik 4 € {0, 1, 2, 3}. 

But note that Ntotit; to ltity1N = Ntotityto‘eN = Ntotity‘tp'N and 
Ntotits to titi N = Ntotity tp 't?N = Niotity tp ty" N. 

Moreover, with the help of MAGMA, we know that Ntotity to titoN = 
Ntotitg!tgtiN, Ntotity1to1titg'N = Ntotyltotity'N, Ntotitz to 'titeN = 
NtotityltgtoN, Ntotity to tity'N = Ntoty'tz*to‘tsty;'N, Ntotitz ‘to ‘titaN = 
Ntot] ‘tetotitgN, and Ntotity‘to‘tits'N = Ntoty ty1tz‘toty‘N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntotitz to ‘tit#"N, where i € {0, 1, 2, 3}. 


We next consider the double coset Nigtity tot] ‘N. 


Let [01201] denote the double coset Ntotity ty t71N. 
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Note that N (1201) > 101201 — (e). Thus lw a) > |(e)| = 1 and so, by Lemma 
L.A, |Ntotity tg ¢z1N| = onan < 4a 04. 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(!201) has eight orbits on T = {to, tz, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totit, ‘to +t, 1¢#*", i € {0, 1, 2, 3}. 

But note that Ntotity tp t¢71t1N = Ntotitytp'eN = Ntotity‘to'N and 
Ntotity to tty ty N = Ntotyty tp ty 2N = Ntotity ‘to ‘tiN. 


Moreover, with the help of MAGMA, we know that Ntotit, Lie ler ttoN = 
Ntotyttototy 'ty1N, Ntotity to tty to1N = NtotitytitoN, Ntotity to ‘ty ‘teN = 
Ntotitets tty to1N, Ntotity to ‘t7't71N = Ntotitets 't7'N, and 
Ntotity to lt 1tz1N = Ntotitetstoty N. 

Therefore, we conclude that there is one distinct double coset of the form 
Niotity ‘tp t¢71t#1N, where i € {0,1,2,3}: Ntotity ‘tp ty tN. 

We next consider the double coset N totity tp ligN. 

Let [01203] denote the double coset Ntotitz ‘tg ‘ts. 

Note that N(01203) > 1y01203 — (e). Thus aaa > |(e)| = 1 and so, by Lemma 
1.4, |Ntotityto*tsN| = pretea < 4 <4 04. 
Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(°!203) has eight orbits on T’ = {to,t1, to, ts}: {0}, {1}, {2}, ish {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totit ‘to ttt! ,2€ {0,1, 2, 3}. 

But note that Ntotit; tp ttgtz1N = Ntotity1tp’eN = Ntotity‘tg'N and 
Ntotity to ltst3N = Ntotity tp 't#2N = Ntotity ‘to ‘tz 'N. 

Moreover, with the help of MAGMA, we know that Ntotit; ‘tp ‘t3to.N = 

Nto it]! t5 ltgteN, Ntotity tg ltgtg|N = Ntoty ‘ty totits'N, Ntotity tg ‘tst] 'N 
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= Niot] Metgtyt{1N, Ntotit;1tp tgt2N = Ntp'ty tot] ‘tp'N, and 
Ntotitg tg ltstyN = Nitoty‘tz‘tp ‘tet; *N. 

Therefore, we conclude that there is one distinct double coset of the form 
Niotyty1t9 ttgt*1N, where i € {0,1,2,3}: Ntotity ‘tp ‘tstiN. 

We next consider the double coset Ntotit, ts Ten : 


Let [01203] denote the double coset Ntotity tp ‘tz ‘N. 


Note that N(01203) > ny01203 — (e). Thus [N (01208) | > |(e)| = 1 and so, by Lemma 
en N 
1.4, |Négtity tg 4s*N| = [wor < <4=94, 


Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(!203) has eight orbits on T’ = {to,t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totity to ‘tg t#1, i € {0, 1, 2, 3}. 

But note that Ntotity tg ‘ty ‘t3N = Ntotity'tj'eN = Ntotity tg +N and 
Ntotyty1tp1tz1tg1.N = Ntotity'tp't3°N = Ntotity tg ‘tN. 

Moreover, with the help of MAGMA, we know that Ntotity1to't3/tp1N = 
Ntotity tstoN, Ntotity to tz 7t1N = Ntoty‘tototst] N, Ntotity ‘to 'ty ‘ty; 'N 

= Nioty to tty 't31tiN, Ntotity‘tp'tzteN = Ntp't]‘tetitsN, and 
Ntotitz to ‘tz tg1N = Ntotity ‘tots. 

Therefore, we conclude that there is one distinct double coset of the form 
Ntotitg to tz ‘t#1N, where i € {0,1,2,3}: Ntotity ‘to tty to. 

We next consider the double coset Ntotits la toN. 

Let [01210] denote the double coset NtotitytitoN. 

Note that N(01210) > yy01210 — ee Thus jor > |(e)| = 1 and so, by Lemma 
1.4, |Néoti tz 1t1toN| = [ror] < 4 24. 
Therefore, the double coset [01210] has at most twenty-four distinct single cosets. 
Moreover, N(°!219) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totity ‘titot??, i € {0,1, 2, 3}. 

But note that Ntotit; ‘titotg1N = NtotitytieN = Ntotity'tiN and 

Ntotity tytotoN = Ntotity tt2N = Ntotitz titp'N. 

Moreover, with the help of MAGMA, we know that Ntotity ltitotiN = 
Niotity tp t{1N, Ntotity titot;!N = Ntoty‘tototy ty 1N, Ntotity‘titoteN 

= Ntoty'tzltpltitg'N, Ntotity titotg'N = Ntotitetstz'N, Ntotity ‘titotsN 

= Ntotitatz tot, N, and Ntotitztitoty'N = Ntoty ‘tz ‘totity*N. 

Therefore, we conclude that there are no distinct double cosets of uae form 
Ntotits Avil iV: where 7 € {0, 1,2 cor 

We next consider the double coset Ntotity ‘Hits iN 

Let [01210] denote the double coset Ntotity tity In, 

Note that N(01210) > jy01210 — (e), Thus | v(o1220)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntotity tity 1N| = womsy S < Ma. 

Therefore, the double coset [01210] has at most twenty-four distinct single cosets. 
Moreover, N21) has eight orbits on T = {to, ¢1, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 


- Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = totity ‘tity t#", i € {0, 1, 2, 3}. 

But note that Ntotity‘titg‘toN = Ntotit;tieN = Ntotityt,N and 
Ntotity tito 1tg1N = Ntotitgtito?N = Ntotitg titoN. 

Moreover, with the help of MAGMA, we know that Ntotity‘tit9'tiN = 
Ntotitetoty'N, Ntotity tito ty!N = Ntot{|totitsteN, Ntotity tito ‘toN 
= NtotitsltgN, Ntotity tito tg'N = Ntotitots ‘ty 'N, Ntotity tity 't3N 
= Ntp ty ltt; toN, and Ntotity tito tz1N = NtotitetotsteN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotity ‘tytgtf1N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntotity lhtg. 


Let [01213] denote the double coset Ntotyty‘tits.N. 
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Note that N(01213) > )y01213 — (e). Thus jvo1239)| > |(e)| = 1 and so, by Lemma 
-1 ___IN 24 _ 

1.4, | Ntotity tyt3.N | a works 7S 24, 

Therefore, the double coset [01213] has at most twenty-four distinct single cosets. 

Moreover, N(1213) has eight orbits on T’ = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = totity ‘titst@?, i € {0,1, 2, 3}. 

But note that Ntotitztitsts1N = NtotitytieN = Ntotity't,N and 

Ntotitz titstzN = Ntotity'tt3N = Ntotity tits 'N. 

Moreover, with the help of MAGMA, we know that Nitotitz ltytg3tp IN= 

Nto ity ttetstiN, NtotitgtitstiN = Ntotity'tz't7'N, Ntotity ‘titst;'N 

= Nigty Mtotitgtz!N, Ntotitz1tyt3tg2N = Ntp\ty tet] 'N, and Nitotitz‘titatz'N 

= NtotitetotyN. 

Therefore, we conclude that there is one distinct double coset of the form 


Ntotytz ‘titgt*!.N, where 7 € {0,1,2,3}: NéotitytitstoN. 


We next consider the double coset Nigtyty This IN, 
Let [01213] denote the double coset Ntotity tity IN. 


Note that N(01213) > 191213 — (e). Thus [w | > |(e)| = 1 and so, by Lemma 
1.4, |Néotity tity 1N| = [Wor < 4 = 4. 

Therefore, the double coset [01213] has at most twenty-four distinct single cosets. 
Moreover, N(°213) has eight orbits on T’ = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totity ‘tity 't**, 7 € {0, 1, 2, 3}. 

But note that Ntotity titz‘t3N = NtotitytieN = Ntotitz ‘ti N and 
Ntotity ‘titz 1tz1N = Ntotitytits?N = Ntotity titsN. 


Moreover, with the help of MAGMA, we know that Nitott, thks ligN = 
Nto ty tot] toN, Ntotity tits tiN = Ntotitetoty'N, Ntotity‘tityt7'N 
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= Ntotyltototy te, Ntotity tity teN = Ntotitg'teN, and Ntotitz ‘tit 't>'N 
= Ntj tpg tg iN. 
Therefore, we conclude that there is one distinct double coset of the form 


Niotyty tty 4#4N, where i € {0,1,2,3}: Ntotity tity ‘tg 'N. 


We next consider the double coset Ntotit, lesto lV. 

Let [01230] denote the double coset Ntgtityt3toN. 

Note that N(01230) > j701230 — (e), Thus IN oi) > |(e)| = 1 and so, by Lemma 
1.4, |NtotitzltstoN| = [OTD < 4 = 24, 

Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
Moreover, N(0230) has eight orbits on T = {to, ty, ta, t3}: {0}, {1}, {2}, {3}, {5}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totity 1tgtot#!, i € {0, 1, 2, 3}. 

But note that Ntotity 1tstotgN = NtotitytseN = Ntotitz‘tsN and 

Ntotitz ltgtotoN = Ntotitytgt2N = Ntotitgtatg'N = Ntp'tytots1N. 
Moreover, with the help of MAGMA, we know that Ntotit, ltgtot; |N = 
Ntotitoto ‘tp tiN, Ntotyty‘t3toteN = Ntot,'tz'tp1tst;'N, Ntotitgtstoty'N 

= Niotity to 'tiN, Ntotits tstotg3N = Ntotity'tp'tz'N, and Ntotity‘tstot;'N 
= Ntotity "to tz !toN. 

Therefore, we conclude that there is one distinct double coset of the form 

Ntotitg ‘tgtot"N, where i € {0, 1, 2, 3}: Niotit3 ‘tg3totiN. 

We next consider the double coset Ntotity lati N. 

Let [01231] denote the double coset Niotity leat  N. 

Note that N(1231) > 701231 — (e). Thus jrou230| > |(e)| = 1 and so, by Lemma 
1.4, |Ntotity ttgt1.N| = [ronan] < 4 = 24, 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(°!231) has eight orbits on T = {to, t, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totity ‘tstit??, 4 € {0, 1, 2, 3}. 

But note that Ntotity!t3tit]/N = Ntotitz'tgeN = NtotitytsN and 

Ntotitg t3titiN = Ntotity 'tgt?N = Ntotity1tgt;1N = Nip ‘ty ltetg LN. 
Moreover, with the help of MAGMA, we know that Nitotit; lestitoN = 

Ntoty MatotataN, Ntotity tstitg'N = Nto'tylty'tp'tsN, Ntotity tstiteN 

= Nioty tg tg ty ltgN, Ntotity tatty N = Nto ‘ty ‘tetstoN, Ntotity tstitsN 

= Nioty Mtetitg1N, and Niotityltstitz1N = Ntotity tg tN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntotyty ‘t3tyt#1N, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntotit, tte toN : 

Let [01230] denote the double coset Ntotity ‘tz ‘to’. 

Note that N(01280) > 701280 — (e). Thus [nv cap) > |(e)| = 1 and so, by Lemma 
LA, |Ntotity 'ty toN| = OTT < 44 = 24, 

Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
Moreover, N(°1280) has eight orbits on T’ = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 


word of length six given by w = totity ‘tz ‘tot’, ¢ € {0, 1, 2, 3}. 

But note that Ntotity't3*totg'N = Ntotity't3'eN = Ntotitytz'N and 
Ntotity ‘tz ‘totoN = Ntotytz tz #2N = Ntotity tz 'to'N = Ntotitat;'to'N. 
Moreover, with the help of MAGMA, we know that Ntotit, 143 tot; |N = 
Ntoty ty totets1N, Ntotity tytotaN = Ntoty ‘tz 'tp‘tz ty‘ N, 
Ntotity ‘tz toty 1N = Ntot]‘tetstzto'N, Ntotity ‘tz ‘totszN 

= Nip ltr tts gt2N, and Ntotity 143 Mtoty 1N = Ntot] ‘ty ‘tots, NV. 
Therefore, we conclude that there is one distinct double coset of the form 
Ntotitz ‘tz ‘tot71N, where i € {0,1,2,3}: Ntotity ty totiN. 


We next consider the double coset Ntotity as LN. 


Let [01231] denote the double coset Ntotitz tt LN. 
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Note that N(01231) > 1y01231 — (e). Thus lw (o1zs1)| > \(e)| = 1 and so, by Lemma 
1 IN 

1.4, |Ntotity ty ‘tH N| = Twos < a = 24. 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 

Moreover, N28!) has eight orbits on T = {to, ti, te, ts}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = ight ts tite, 7 € {0, 1,2, 3}. 

But note that Ntotyt; tz; 1tjt]1N = Ntotity'tz'eN = Ntotitytz'N and 

Ntotity tz ‘titiN = Ntotyty tz #?2N = Ntotity'tz*ty7*N. 

Moreover, with the help of MAGMA, we know that Ntotita 143 ‘titoN = 

NtoltitetoN, Ntotity*tz‘tito'N = Ntotitety'tiN, Ntotity'tz*titeN 

= Niotytotgtg tz! N, Ntotity tz tity'!N = NtpltitetstoN, Ntotity tz ‘tits 

= Niptytz tot; N, and Ntotytz1tz+titz1N = NtotytetitzN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntotitz tz 1tit#1N, where i € {0, 1, 2, 3}. 


We next consider the double coset Nigtit, Meat ON. : 
Let [01231] denote the double coset Ntotity tz t71N. 


Note that N(0123)) > 11231 — (e). Thus [w oi) > |(e)] = 1 and so, by Lemma 
1.4, |Ntotity test N| = wor < 4= 24, 


Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(1231) has eight orbits on T’ = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totyty 'tz/t7"t#, i € {0, 1,2, 3}. 

But note that Ntotitsty+¢71t1N = Ntotity+t3!eN = Ntotitz't31N and 
Nitotity tz tp Uy 1N = Ntotity tz t7?N = Néotity tz tN. 

Moreover, with the help of MAGMA, we know that Ntotits 14s ty to a 
Ntotytots 1ty'N, Ntotity tz t{1to'N = Nto‘ty‘tetstg'N, Ntotity ‘ty ‘ty 't3N 

= Ntot]ltgtitgty1N, and Ntotity1tz1t71t31N = Ntotity titsN. 
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Therefore, we conclude that there are two distinct double cosets of the form 
Ntotity tts lt; 4t4N, where i € {0,1,2,3}: Ntotyty tj /t7'teN and 
Nights ty t,t, NN: 

We next consider the double coset Ntotito loti N. 

Let (01021] denote the double coset Ntotity ‘totiN. 

Note that N(01021) > yyo1021 Ree Thus Iw coms) > |(e)| = 1 and so, by Lemma 
1.4, |Ntotity tot: V| = wows < = 24, 

Therefore, the double coset [01021] has at most twenty-four distinct single cosets. 
Moreover, (01021) has eight orbits on T = {to, tz, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = totity tet t=", i € {0,1, 2,3}. 

But note that Ntotitp1tetity'N = Ntotitg'teeN = Ntotitp ‘teN and 

Ntotity ‘tetitiN = Ntotito ‘tet?N = Ntotitytety'N = Nipt)‘toto'N. 
Moreover, with the help of MAGMA, we know that Ntotitg ltotitpN = 
Ntotitatgtg lt3N, Ntotito ‘totitg'N = Ntotity tgtotiN, Ntotity‘totiteN 

= Ntoty ty 1titz+N, Ntotitotetity1N = Nto‘ty!tytoN, Ntotito ‘totitsN 

= Ntoty tty tz 1t1N, and Nitotitg tetits'N = Ntoty tz titgtoN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoti tg Mtotit#+N, where i € {0, 1,2, 3}. 

We next consider the double coset Niotito ltotg NV. 

Let [01023] denote the double coset Ntotito tots. 

Note that N(01023) > 101023 — (e), Thus IN i) > |(e)| = 1 and so, by Lemma 
1.4, |Ntotity 'tet3N| = protay <3 < 24 = 24, 

Therefore, the double coset [01023] has at most twenty-four distinct single cosets. 
Moreover, N(91023) has eight orbits on T' = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = totits ‘totst*?, i é€ {0,1, 2, 3}. 
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But note that Ntotitp ‘tetsts ‘N = Ntotitp taeN = Ntotity‘teN and 
Ntottg ttatgtsN = Ntotito tet3N = Ntotito ‘toty*N. 


Moreover, with the help of MAGMA, we know that Ntotitg ltotgtpN = 
Ntoty tz 1tz1titgN, Ntotito ttetstg'N = Ntoty'ty'tz1tiN, Ntotito ‘totstiN 
= Ntoty ty tz to ty’ N, Ntotitotetsty1N = Nig lt) ‘tp 1to*t1N, and 
Ntotto ‘totgtaN = Ntotitg*tz'tzN. 

Therefore, we conclude that there is one distinct double coset of the form 
Ntotitp ‘totstf4.N, where i € {0,1,2,3}: Ntotitg ‘totsty NV. 

We next consider the double coset Ntotyto ‘tots N ; 

Let [01023] denote the double coset Ntotitg ‘tots 1N ’ 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntptito Tots * =N titgt| ‘toto l_N tstoty ‘tot’. 
That is, in terms of our short-hand notation, 

01023 ~ 13120 ~ 30321. 
By conjugating the equivalence relation above with the elements of 54, we determine 


that the following single cosets are equivalent in the double coset [01023]: 

01023 ~ 13120 ~ 30321 10123 ~ 03021 ~ 31320 21203 ~ 13102 ~ 32301 
01032 ~ 12130 ~ 20231 02013 ~ 23210 ~ 30312 12103 ~ 23201 ~ 31302 
20213 ~ 03012 ~ 32310 21230 ~ 10132 ~ 02031 
Since each of the twenty-four single cosets has three names, the double coset [01023] 

must have at most eight distinct single cosets. 

Now, NV(°1023) has four orbits on T = {t, t1, ta, t3}: {0,1,3}, {2}, {0, 1,3}, and {2}. 
Therefore, there are at. most four double cosets of the form NwN, where w is a 
word of length six given by w = totits ‘tats te i € {2,3}. 

But note that Ntotitg ‘tats 't3N = NtotityteeN = Ntotito‘teN and 
Ntotito ‘tats ‘ty1N = Ntotito tets°N = Ntotito ‘tots. 

Moreover, with the help of MAGMA, we know that Niotit> ‘tots ligN = 
Ntotito ty ta. 
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Therefore, we conclude that there is one distinct double coset of the form 
Ntotitg ttatz 1t=1N, where i € {0,1,2,3}: Ntotitoltetzttz'N. 

We next consider the double coset Ntotitg i legN. 

Let [01023] denote the double coset Ntotitg ‘tz ‘ts. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntgtyt9 ‘tz ‘ts = Ntytgt, ‘tz to = Ntstot3 ‘tz 1t. 


That is, in terms of our short-hand notation, 
01023 ~ 13120 ~ 30321. 
By conjugating the equivalence relation above with the elements of S4, we determine 
that the following single cosets are equivalent in the double coset [01023]: 
01023 ~ 13120 ~ 30321 10123 ~ 03021 ~ 31320 21203 ~ 13102 ~ 32301 
01032 ~ 12130 ~ 20231 02013 ~ 23210 ~ 30312 12103 ~ 23201 ~ 31302 
20213 ~ 03012 ~ 32310 21230 ~ 10132 ~ 02031 


Since each of the twenty-four single cosets has three names, the double coset [01023] 
must have at most eight distinct single cosets. 


Now, N(01023) has four orbits on T' = {to, 1, ta, t3}: {0, 1,3}, {2}, {0, 1,3}, and {3}. 


Therefore, there are at most four double cosets of the form NwN, where w is a 


word of length six given by w = toty ty ‘ty Mtgtt?, i € {2,3}. 


But note that Ntot;ty tz ‘tsts'N = Ntotitg1tz+eN = Ntotity‘tyz/N and 
Ntotity ‘ty ‘tatg3N = Ntotito tz t2N = Ntotitg tz 't3'N. 


Moreover, with the help of MAGMA, we know that Ntotitp tq ‘tst2N = 
Ntotitg btats tp 1N and Ntotitp ‘tz ‘tsty'N = Ntotit ‘tats N. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntotitg 1ty 'tst#+N, where i € {0, 1,2, 3}. 
We next consider the double coset Ntotitg Die the IN, 


Let [01023] denote the double coset Ntotitg ty ‘ty 'N. 
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Note that N(1023) > 101023 — (e). Thus IN ou) > |(e)| = 1 and so, by Lemma 
1.4, |Ntotito tty 1t31N| = [ronan < 4 = 24, 

Therefore, the double coset [01023] has at most twenty-four distinct single cosets. 
Moreover, (92923) has eight orbits on T' = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = igtit, ts ty 4 € {0, 1, 2, 3}. 

But note that Ntotitg tz 1t3)t3N = Ntotito'ty'eN = Ntotitgtz'N and 
Niotitp tty 1t3 1ty+N = Ntotity ty ‘tz°N = Ntotito tz ‘ta. 

Moreover, with the help of MAGMA, we know that Ntotitg lis tts ltoN = 
Ntottytotgt[ +N, Ntotito ity ‘tz‘tiN = Ntotitototy'N, Ntotitp ty 1tz’t7'N 

= Ntotitetot]teN, Ntotity tz ‘tz teN = Ntotitpttetstz/N, and 
Ntotito ‘tz tz 1tz+N = Ntotito ‘tots. 

Therefore, we conclude that there is one distinct double coset of the form 


Niotity tz 1t3 tN, where i € {0,1,2,3}: Ntotito tty ty 'tg'N. 


We next consider the double coset Ntg tt totitoN : 

Let [01210] denote the double coset Ntg‘ty‘tetitoN. 

Note that N(@1210) > 7y01210 — (e). Thus lw nD) > |(e)| = 1 and so, by Lemma 
1.4, |NtgltyltotitoN| = wor < 4 = 94. | 
Therefore, the double coset [01210] has at most twenty-four distinct single cosets. 
Moreover, N11) has eight orbits on T = {to, ti, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = to lty ltetitotz’, i € {0,1, 2, 3}. 

But note that Ntp1t[ltetitotg'N = Ntg'ty]‘tetieN = Ntp'ty ‘tot; N and 

Nto itz ltetitotoN = Ntp ty totitZN = Ntp't]‘totity'N. 

Moreover, with the help of MAGMA, we know that Nto‘t]‘tetitot;N = 
NtotitytotiN, Ntg ‘ty +tetitot; N = Ntoty‘ty'totsN, Nto‘ty‘tetitoteN 

= Ntgtytoltylty1N, and Nto't]ltetitoty’N = Ntoty to ‘ty *t7ltoN. 
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Therefore, we conclude that there are two distinct double cosets of the form 
Ntg tty ltotytot#'N, where i € {0,1,2,3}: Ntplty'tetitotsN and 
Nto ‘ty 1totitots/N. 


We next consider the double coset Ntp 1 tatty IN. 
Let [01210] denote the double coset Ntj1ty1tetito'N. 


Note that N(1219) > yy01210 — (e). Thus lw nia) > |(e)| = 1 and so, by Lemma 
1. 4, Nig ey ltotito' N|= = [OEE] < ae => 24. 


Therefore, the double coset [01210] has at most twenty-four distinct single cosets. 
Moreover, N©!210) has eight orbits on T’ = {to, ti, ta, #3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tee tatat, tes 4 € {0, 1, 2, 3}. 

But note that Nto1t] totitgtoN = Nto*tyltetieN = Ntpt]‘tetiN and 
Ntolt_tatitg to LN = Ntg tty tetity’N = Ntj ‘ty totitoN. 

Moreover, with the help of MAGMA, we know that Nt 1 otto LN = 

Ntotitz titgtoN, Ntp ty] tetitot{1N = Ntotity tity'tg'N, Nto ty ‘tetity teN 
= Nto'tytyttg*tN, and Ntp'tyltotito tg N = Ntp tity ltz1N. 

Therefore, we conclude that there are two distinct double cosets of the form 

Nto lty‘tgtito 't=".N, where i € {0,1,2,3}: Ntp‘t7‘tetito 'tsN and 

Ntolty tetitotz1N. 

We next consider the double coset Ntj*t]‘totitsN. 


Let [01213] denote the double coset Ntp ‘tT tetitsN : 


Note that N (01218) > jy01213 — (e), Thus a otis) > |(e)| = 1 and so, by Lemma 
1.4, |Ntp ty ltetitsN| = ita <7 < 4 = 24, 


Therefore, the double coset [01213] has at most twenty-four distinct single cosets. 
Moreover, N(!213) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw.N, where w is a 


word of length six given by w = ts ty iatitat i € {0,1, 2, 3}. 
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But note that Ntjltyltetitsts'N = Nto't7‘tetieN = Nto‘ty‘totiN and 
Nto tty ltetitsts3N = Ntp ty tetit2N = Nig ‘t7‘totits|N. 

Moreover, with the help of MAGMA, we know that Nip ley tetitgtiN — 
NtotitytotgN, Ntp it] +tetitst;1N = Ntotity to+tg1N, Ntp ‘ty 'tetitsto.N 
= Ntj tity ‘tetgN, and Ntj't]‘totitstg'N = Ntoty tp ‘tz ‘tty 'N. 
Therefore, we conclude that there are two distinct double cosets of the form 
Ntp1tyltetitst#'N, where i € {0,1,2,3}: Ntj't]‘tatitstopN and 
Ntpltyltotitsty‘N. 


We next consider the double coset Ntp Ler totits IN. 
Let [01213] denote the double coset Nt ltr tetity IN, 


Note that N(1213) > 1y01213 — (e), Thus N ong) > |(e)| = 1 and so, by Lemma 
1.4, |Ntp tty ttetit31N| = wou < < 24 = 24, 


Therefore, the double coset [01213] has at most twenty-four distinct single cosets. 
Moreover, N(!213) has eight orbits on T = {to,t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length six given by w = tg ty tehits te i € {0,1, 2, 3}. 

But note that Ntp ‘ty; *totits'tg3N = Ntp'ty;‘tetieN = Ntp't]‘tetiN and 

Nt ity ‘tetits ty1N = Ntp'tytotits?N = Ntp'ty totitsN. 

Moreover, with the help of MAGMA, we know that Nt> Pe atits: ote IN = 
Nigty ty ty to tg (Ny Nig ty totity tN = Nit, ty tp tot, (N, 

Ntg ty tetitz ty N = Ntot[totots‘teN, Nto‘t7‘tetitz+t2N = 

Nig tits tp ty LN, and: Nip tetits tN = Niy tity ty N. 

Therefore, we conclude that there is one distinct double coset of the form 
Ntp!tyMtotitg t##1.N, where i € {0,1,2,3}: NtjléyMotitytoN. 

We next consider the double coset Ntj'ty tot] ‘to. 

Let [01210] denote the double coset Ntp ‘ty 'tety to. 

Note that N(1210) > yy01210 — a Thus [N “a > |(e)| = 1 and so, by Lemma 


—1,-1 <= 
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Therefore, the double coset [01210] has at most twenty-four distinct single cosets. 
Moreover, N (1210) has eight orbits on T = {to, ti, ta,t3}: {O}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = fot tote tote i € {0,1, 2, 3}. 

But note that Nijlt[ttet[totg'N = Ntp'tyttetyleN = Nip’t,‘tety1N and 
Nig tty ttat] totoN = Nip ley tetp aN = Nig ty tse igi. 

Moreover, with the help of MAGMA, we know that Ntg 1eTltotT tot N = 
Ntotytz tity tg'N, Nto lt) 'tety tot; N = Ntotity tytz1N, Ntplty'tety ltoteN 
= Nig liz tz ltgtgN, Nto ity tet; toty +N = Ntg ‘ty tety1N, Ntp‘ty tot; ‘tots 
= NiotitetotstzN, and Ntj tty ltotyMtots’N = Ntotity tity N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntg‘ty tot] ‘tot#1N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntp ‘ty +tat) tp 1N. 


Let [01210] denote the double coset Ntg1ty!tetyttg tN. 


Note that N(01210) > 7701210 — (e), Thus ln’ (012 AD) > |(e)| = 1 and so, by Lemma 
re IN 
1.4, |Ntg ‘ty tet; *tgN| = ae) < 4-24 


Therefore, the double coset [01210] has at most twenty-four distinct single cosets. 


Moreover, N12!) has eight orbits on T = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = te ty tot, ty ts ]S40,15 2,3): 

But note that Ntjtipttat[ltg*toN = NtpltyttetyleN = Ntp'ty‘tot; +N and 
Nig ty tet te tg NSN fy tt tg NHN Gt ON 

Moreover, with the help of MAGMA, we know that Ntg‘ty1tety1to*tiN = 
Ntoty tp ‘to tet[1N, Ntp ty tet] tp ty'N = Ntotity tp ‘tN, 
Nigtt, tat, ty tN = Nit igtaty NN t,t, ty te 
Ntotitoty tot, N, and Nto'ty ‘tet tp ltgN = Ntotitets ty 'tg*N. 
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Therefore, we conclude that there is one distinct double coset of the form 
NtgltyMtety to 4F1N, where i € {0,1,2,3}: Nég ‘ty toty tp lty +N. 

We next consider the double coset Ntp ltr totstoN , 

Let [01230] denote the double coset Nt ‘ty *tot3toV. 

Note that N(01230) > 101230 — (e). Thus lw oy) > |(e)| = 1 and so, by Lemma 
1.4, |Ntg tty MtotstoN’| = rere <%= 24 

Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
Moreover, (©1239) has eight orbits on T’ = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN , where w is a 
word of length six given by w = tp 141 totstote*, i € {0,1, 2, 3}. 

But note that Ntp'tytotstotg'N = Ntp‘tytetseN = Ntp'ty'totsN and 

Ntp lt 'tetstotoN = Nig ‘ty tetst2ZN = Ntplt[‘totstgN. 

Moreover, with the help of MAGMA, we know that Ntp 147 totstotiN = 
Ntoty ty 1toty'N, Ntp ty ‘tetstoty'N = Ntp ‘ty ‘ty ‘tN, 

Ntg it] MtotstoteN = Ntp'ty tp 1t>tz'N, Ntp‘t]‘tetstots1N 

= Ntot ity ltstitoN, Ntp ‘ty tetstotsN = Ntotity‘tgtiN, and 

Ntp lt \tetstotz N = Ntot tp‘ty'ty*tsN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Nt lt] Mtetgtot*1N, where i € {0, 1, 2, 3}. 

We next consider the double coset Nto 1ty totsto IN, 

Let [01230] denote the double coset N’ to ty Mtotsty N. 

Note that N (1230) > ny01230 — (e), Thus [Nw Oi220)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntp ty ltatstg1N| = [OE] < 4 = 94, 

Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
Moreover, N(9!280) has eight orbits on T = {to, ti, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = bite Matata tees + € {0, 1, 2, 3}. 
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But note that NtjltyltotstpltoN = Ntp'tyltetseN = Nto ‘ty *totzN and 

Nto ity tetstp to+N = Nto ‘ty ‘tetstp°N = Nto' ty totstoN. 

Moreover, with the help of MAGMA, we know that Ntp tr Mtotsto ltN= 
Ntoty tg tty titgN, Ntp't[ltetsto tty! N = Ntotity ‘tz *totiN, Nig ‘ty ‘totstg 't3N 
= Ntotity ty 47 1N, and Ntj'ty!totstp ty 1N = Ntotitety tz 1N. 

Therefore, we conclude that there are two distinct double cosets of the form 

Nig ty ttetgtp tt+1N, where i € {0,1,2,3}: Nto‘tyltetgtp teN and 

Nto ‘ty ‘totstg ty N. 


We next consider the double coset Ntj*t]‘tet3tiN. 


Let [01231] denote the double coset Ntg't7totstiN. 


Note that N(1231) > 101231 — (e). Thus |v 61281)| > |(e)| = 1 and so, by Lemma 
1.4, |Nt5 47 ltatgtiN| = [wera <A = 24, 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N (1231) has eight orbits on T = {to, ti, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {8}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = to ‘t7‘totstit#!, ¢ € {0, 1,2, 3}. 

But note that Nto ‘ty totstity'N = Ntp'ty*totszeN = Ntp'ty‘tetsN and 

Nto ity ‘tetgtitiN = Nto ty tetst?N = Ntp't,ltetst;'N = Ntoty ‘tz ‘tots. 
Moreover, with the help of MAGMA, we know that Ntp 147 totgtitoN = 
Ntotity tz 1toN, Ntp‘t]tetstitg'N = Ntp't] ty tsteN, Ntp ‘ty ‘totgtiteN 

= Ntoty Mtetsty tN, Ntolt[tetstitsN = Ntotity ‘titszN, and Nto ‘ty ‘totstit;'N 
= Ntotity‘titstoN. 


Therefore, we conclude that there is one distinct double coset of the form 

Ntg ity tetgtit#N, where i € {0,1,2,3}: Ntp tty totstity'N. 

We next consider the double coset Ntp ‘ty ‘totstzN. 

Let [01232] denote the double coset Ntg't]‘totstyN. 

Note that N (01232) > yy01282 _ (ce). Thus lw ae > |(e)| = 1 and so, by Lemma 


See ares N 24 
1.4, |Ntgtt7ttotsty!N| = era $7 = 24. 
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Therefore, the double coset [01232] has at most twenty-four distinct single cosets. 
Moreover, N(©1232) has eight orbits on T = {to, tz, te, tz}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tote ltotsta te 7 € {0,1, 2, 3}. 

But note that Ntj1t]ttgtgtyteN = Ntp lt] ltetseN = Ntp'tytotsN and 

Ntp ty Mtetgt, tg 1N = Ntpt]tatsty?N = Ntp‘t]totstaN = Nip 't, ‘tz ty 'N. 
Moreover, with the help of MAGMA, we know that N ty tj tatety lioN = 

Nto tty ltetitstoN, Ntj ty Mtetsty tg4N = Ntp ty ltetito ‘ts! N, 

Nto ity ltotgty 1tyN = Nt ity totitotzN, Nt ‘ty tetaty t7'N 

= Niotyttghtz tg tig! N, Nip t7ltetsty‘tsN = NtotitototetiN, 

and Ntj't[ltatstz tg1N = Ntp ‘ty tot; to‘ N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Nto'ty ltotgty tt1N, where 7 € {0, 1,2, 3}. 


We next consider the double coset Ntp tte loti N : 


Let [01201] denote the double coset Ntj*ty7*tz*totiN. 

Note that N(01201) > yy01201 — (e). Thus N ove) > |(e)] = 1 and so, by Lemma 
1.4, |Ntp tty ty tot: N| = OTT < 24 = 24, 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(!20l) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tg !t,+t3ltotit#1, i € {0, 1, 2, 3}. 

But note that Ntj'tyltyMtotity*-N = Ntp'ty'tptoeN = Nto'ty't7*toN and 
Nto tty tty ltotitiN = Ntp’ty ty tot?N = Nto'ty {tp tot; N. 

Moreover, with the help of MAGMA, we know that Nip se liotitoN = 
Ntjltitets!N, Ntg't71tp ltotity1N = Ntot, tg 1titgN, Ntp‘t7*ty‘totityN 

= Niotytototztg'N, and Ntp tty ‘ty ltotitsN = Ntoty ty ‘tito ty‘ N.- 
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Therefore, we conclude that there are two distinct double cosets of the form 
Nto tty Mtotit#'N, where i € {0,1,2,3}: Ntp‘ty1tytotiteN and 

Nty ty ty totity |. 

We next consider the double coset Ntp/t] ty *tot; 1N. 

Let [01207] denote the double coset Ntg lt, tp ltoty1N. 

Note that N(101) > yy0120 
1.4, |Nto't7 ty toty'N| = 


= (e). Thus |rv(or204)| > |(e)| = 1 and so, by Lemma 
rae 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(1201) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot; tp toty ‘#71, i € {0, 1, 2, 3}. 

But note that NtjttyttyttotytiN = NtpltyltyttoeN = Ntpltytty'toN and 
Nis te ts tot, tN Sty te ty tot NN SNES oN 

Moreover, with the help of MAGMA, we know that Nto es ‘tot; toN = 

Nig ty ts tito, Nts te 45 tot, aN = Nigtitot, ‘toN i Nig tt tot, ty N 
= Ntotitotsto't3'N, Nto ‘ty ty tot[tsN = Ntot;'tp'tz‘tgN, and 

Nto ty tty ltot] t3'N = Ntot] ‘tz tstotiN. 

Therefore, we conclude that there is one distinct double coset of the form 

Nto ty lty tot; t71N, where i € {0,1,2,3}: Nig ttyty tot] ‘tg tN. 


We next consider the double coset Nig ‘ty ‘tz tots. 


Let: [01203] denote the double coset Ntj'ty tz ttotsN. 


Note that N (01203) > 7y01203 — (e). Thus ln ee) > |(e)| = 1 and so, by Lemma 
1.4, |Ntp ley tty tots | = [oT < 24 = 24, 

Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(©!208) has eight orbits on T = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = de ty ty totale i € {0, 1, 2, 3}. 
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But note that Néplty'ty‘totsts1N = Nto'ty7‘ty toeN = Netp'ty'tz*toN and 
Ney lt ty otstsN = Nto te, tty tpt = Nt lt, lig ttptg IN. 

Moreover, with the help of MAGMA, we know that Nt> Mots ltotgtpN = 
Ntoltp tg ttg tg iN, Nt lt) ty \totst:N = Ntoty!tz*tgtoN, Ntp‘ty'ty‘totst;’N 
= Nioty tz tgtoteN, Ntp ‘ty tz MtotstaN = Ntoty ‘tz tstz'N, and 

Nto it] tp totsty/N = Nto ty ‘ty tito. 

Therefore, we conclude that there is one distinct double coset of the form 


Nto it] ty totgt*1N, where i € {0,1,2,3}: Nto‘ty ty totatg (N. 


We next consider the double coset Nt t71tz‘totz/N. 


Let [01203] denote the double coset Ntg‘ty tz 'toty'N. 


Note that (01203) > yy01203 — (e). Thus lw ee) > |(e)| = 1 and so, by Lemma 


Se ey le N 


Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 


Moreover, N(!03) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = to 1t71t7 ‘tots +t#*, « € {0, 1, 2, 3}. 

But note that NijleyltyltotyltgN = Ntp'ty'ty‘toeN = Ntp'ty'ty!toN and 
Nig tin ty tot, tN SH Nig tty tote NS NG ty ty tot. 

Moreover, with the help of MAGMA, we know that Ntj ny te Motz ligN = 
Ntoty tz tg tet3N, Ntp'ty ‘tg tots ‘tg 'N = Ntoty‘totstitg'N, 

Nto lt ty tots tN = Ntoty ‘to ltgttsN, Nto ‘ty ‘tz ‘tots t7'N 

= Ntotytototy'ty'N, Ntp'ty ‘tj ‘toty*taN = Ntoty ‘tz ‘titgN, and 

Nig ty tg totg ty N= Nigty tpt, tN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntp tty ty ‘totz t#='N, where 7 € {0,1, 2,3}. 


We next consider the double coset Ntg/ty'tz ‘to 't.N- 


Let [01201] denote the double coset Ntjlty'ty tp tiN. 
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Note that N (01201) > 1y01201 — (e). Thus [Nw a) > |(e)| = 1 and so, by Lemma 
1.4; Nip tty tt tp aN |= [rita < 4a. 


el 


Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N20) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tts te tte 4 € {0, 1, 2, 3}. 

But note that Néj'ytig tg ney N = Neg lt ltg tiple = Nip {ty lig lig iN and 
Nis tt ig tig htN = Nig ep ag tg EN = Nig tp ty LN = NigtitatotiN. 
Moreover, with the help of MAGMA, we know that Ntp't]'t‘to‘titoN = 

Nis tte tot, tg NN te lg NING tits & ty 

Nto tty ty tp ltiteN = NiotitytetsN, Nto ‘ty ty 1to‘ttg/N 

= Nioty tty tg 1tp lt] 1N, and Nto'ty{tj1tp titsN = Ntp ty tetitsty N. 
Therefore, we conclude that there is one distinct double coset of the form 

Nto tty tty tp ltitf4N, where i € {0,1,2,3}: Ntp tty *ty tg tits N. 

We next consider the double coset Ntg'ty tz ‘tj ‘ts NV. 


Let [01203] denote the double coset Ntp!ty1ty1tp1t3V. 


Note that N(01203) > y01203 — (e). Thus [N ims)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntg tty ey tp 1égN| = OTe] < Ma 2A, 


Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(1203) has eight orbits on T = {to, t1, ta, t3}: {O}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tot, 1ty1tpltst#", ¢ € {0, 1, 2, 3}. 

But note that Ntj‘t; tj tj tsts*N = Ntpt]‘t71tp’eN = Nto't)‘t7"tp'N and 
Nig ty ts ti tata SNtp et tp BN = Nig ty tt gl. 

Moreover, with the help of MAGMA, we know that Nip tits tt ltstp)N = 
Ntoty‘tetstitgN, Nto'ty'tylto‘tstiN = NtotitetstiN, 
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Nig ty ty lto tat; 'N = NtotitotstitoN, Nto ‘tty 'tp‘tsteN 

= Ntotity'tatiN, and Nto'ty'ty1tp+tstg’N = Ntot[‘tototst2N. 
Therefore, we conclude that there is one distinct double coset of the form 
Nto ity ty to ltgtt4N, where i € {0,1,2,3}: Nto‘tyty+tptstoN. 

We next consider the double coset Nto ike ~ “ 1N. 


Note that (1203) > yy01203 _ = (e). Thus |N see > |(e)| = 1 and so, by Lemma 
= a |N 


{1}; 2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tp 1t71t71tp1¢3 1t#", i € {0, 1,2, 3}. 

But note that Ntjltylptép tg ltgN = Ntpltytty'toleN = Ntp'ty tz 1to+N and 
Nix tp ty ty NSN ti te te NENG 1 ty ty a: 

Moreover, with the help of MAGMA, we know that Nip ‘tty ‘tg *t3‘toN = 
Ntot] ‘tz *tgtitoN, Nt lt ty tg'tsto1N = Ntg't{ltotstoN, 

Nig ty ty tp ta ti S NGG ey tatitg tg Ny Ny ty to ty te tO 

= NtotitetotsN, and Ntgtty typ és tg1N = NtotitetotateN. 

Therefore, we conclude that there is one distinct double coset of the form 
Nigti7 ty tg ty iN, where 4.€ {0,1,2,3}: Nep‘er ay ip ay aN. 

We next consider the double coset Nto se leitoN. 

Let [01210] denote the double coset Ntjty'tz*titoN. 

Note that N(01210) > y01210 — (e). Thus lw (61210) > |(e)| = 1 and so, by Lemma 
Therefore, the double coset no has at most twenty-four distinct single cosets. 
Moreover, N(°1210) has eight orbits on T' = {to,t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {3}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = to ‘ty tz )tytot#?, 4 € {0, 1, 2, 3}. 

But note that Nijltyltytitotg'N = NtjltyltyptieN = NtpltyttytiN and 
Nt tty ty eitotoN = Nip ty ty tte = Nig ty ty tp | N = Nit, 4, ‘taty NV. 
Moreover, with the help of MAGMA, we know that Ntp1t7+t3 ‘titotiN = 
NtotitatotiN, Ntp ity ty titot;(N = Ntoty ty 'tits!N, Ntg'ty'ty‘titoteN 

= Nig, ts tot, tg NING ty ty titot, NN = Nt, Ee tot, 

Nto ity tty titotg3N = NtpltyltyttotsN, and Nto ‘ty, ‘tp‘titots'N 

= Ntot] tz ltsty1N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Nto tty ty +tytot#1N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntjtt[‘tz ‘tits. 
Let [01213] denote the double coset Ntj*ty'tz ‘tits. 


Note that N(01218) > 101213 — (e), Thus lw (Ozis) > |(e)| =1 and so, by Lemma 
1.4, |Ntp tty ttyttitsN| = oT < 4 = 94. 


Therefore, the double coset [01213] has at most twenty-four distinct single cosets. 
Moreover, N(©!218) has eight orbits on T’ = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length six given by w = to ‘ty ‘tz titgt#", i € {0, 1, 2, 3}. 

But note that Ntj'tylig ttsts'N = NtpltyltgtteN = Nto't)'ty'tiN and 
Ntp ity tp tytgt3N = Ntg tty ity tt?N = Ntg‘ty tty tits'N = Ntoty ty ‘tstp1N. 
Moreover, with the help of MAGMA, we know that Nt) a ltitgtpN = 
Ntoty ty 445 'ttoN, Ntp ey ley ttstp1N = Ntoty ty ltgty!N, Netley leg ltitgtiN 
= Nig tp ty tg tt N, Nig ty ty tits N = Nipt; ig ty hts NN, 

Nto ity 1ty tytgtaN = Ntp'titetots'N, and Ntg ‘ty ty 'titstz'N 

= Ntoty tz totz1N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Nto tty {ty 1tytgt#4N, where i € {0, 1,2, 3}. 
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We next consider the double coset Ntp1ty1tzltstiN. 

Let [01231] denote the double coset Ntg*ty "tz ‘tstiN. 

Note that N(01231) > 101231 — (e), Thus jnor39) > |(e)| = 1 and so, by Lemma 
1.4, [Neg tty ttyMtst:N| = [rea < 24 = 24, 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(1231) has eight orbits on T’ = {to, tz, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tat ta tate 4 € {0,1, 2, 3}. 

But note that Nijltytiytstity'(N = NtpltyttgttszeN = Ntpltyttyz'tsN and 
Nip tty tty ltgtytyN = Nip ity ‘tp ltgt?N = Nig ltyltyltst[1N = Ntoty ‘ty tots N. 
Moreover, with the help of MAGMA, we know that Ntp‘t)'t7/tstitg 'N = 
Nioty ty leg ltstiN, Neg lty ty ltetiteN = Ntotitets ty tg 'N, 
Nto't) tp ltgtitg1N = Ntot) ‘tp ltotitsN, Nto*ty1ty‘tatitsN 

= Ntp'titety!N, and Ntj'ty'ty‘tstits'N = Ntotitety ‘to. 

Therefore, we conclude that there is one distinct double coset of the form 


Nto ty ty 1tgtit#+.N, where i € {0,1,2,3}: Ntotty tty ltstitol. 


We next consider the double coset Ntp/t] ‘tz ‘t3t2V. 


Let [01332] denote the double coset Nto ‘ty lty‘tstoN. 

Note that N(1232) > yy01232 _ (e). Thus [Nv iOS?) > |(e)| = 1 and so, by Lemma 
1.4, |[Ntp te; tj HsteN| = ror < 4 = 04, 

Therefore, the double coset [01232] has at most twenty-four distinct single cosets. 
Moreover, N(!282) has eight orbits on T = {to,t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most sight double cosets of the form NwN, where w is a 
word of length six given by w = to ‘ty tz ltgtot#", i € {0, 1,2, 3}. 

But note that NtjléyttyMatety1N = Ntg'tytpltzeN = Ntp ty ‘tz 'tsN and 
Nto ity ty tgtoteN = Nip ty ltyltst2N = Ntg'ty ty ltgty 1 N. 
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Moreover, with the help of MAGMA, we know that Nt tig ta ltstotoN = 
Nioty tty totty'N, Nip lty tty ltgtetg'|N = Ntotitz ‘tp ltsN, Ntp ty {ty ltstetN 
= NtoltytotstiN, Ntot) tg tstet] (N = Ntotity tz 1toN, Ntg ty ‘tz ‘tstetgN 
= Ntplt[ttety1N, and Ntp‘ty1tzltstets1N = Nto‘ty tet] ‘to. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntg ty tty tgtet=1N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntp‘t] ty /tstz'N. 


Let [01233] denote the double coset Ntj ‘tty ltsty (NV. 


Note that N (01282) > 01232 — (e). Thus | nots) > |(e)| = 1 and so, by Lemma 
14, [Nig ‘ey ty tety" | = paoteny S 3 = 24. 


Therefore, the double coset [01232] has at most twenty-four distinct single cosets. 
Moreover, N (01282) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = inte ty tats te i € {0, 1, 2, 3}. 

But note that Ntj'tyttgtgty'teN = NtpltytyttseN = Nto'tylty'tsN and 
Nig ty ty tata ty NS Nt ty ety NSH Nig ty ty tN. 

Moreover, with the help of MAGMA, we know that Nt) TUT tp tate lioN = 
Ntoty ty to ‘tetiN, Ntg‘t] ty tat to'N = Ntot] to ‘tg titsN, 
Nitty ts tats tyN- = Wit] ty ty tata, Nig ty te tt tN 

= Nto tty tety tp ltg'N, and Nigj‘ty'ty*tsty tz 'N = Ntotytotg ‘tetiN. 
Therefore, we conclude that there is one distinct double coset of the form 

Nto tty tty tata tF4N, where i € {0,1,2,3}: Ntp‘t] ‘tp tgty tsN. 

We next consider the double coset Ntp ‘ty tz 't3 ‘to. 

Let [01230] denote the double coset Ntj‘t)1t71tz to. 

Note that N (01280) > 1701280 — (e), Thus IN (1229) > |(e)| = 1 and so, by Lemma 
14, Nig ty te tN |= [oH < 24 = 24. 


Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
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Moreover, N (1280) has eight orbits on T = {to, 1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = iar ig i a aa i € {0,1,2, 3}. 

But note that Ntjltyttzltzltotg1N = NtpltyltgttyleN = Ntg'tytzt3’N and 
Nt5 ty ty ty toto = Nig tt ty tg WEN = Ntp ty ty ty ty NN. 

Moreover, with the help of MAGMA, we know that Nt5 re ee loti N = 
Ntotyltetoty'N, Ntp tty ty tg ‘tot; |N = Ntot]‘tototy ts, 

Ntg t[ ig Mtg tote = Ntoty ty tptgtp 1N, Nip ity tig ty ‘tty iN 

= NtotyltatotstiN, Ntplt{1t51t31tot3N = NtotytetotiteN, 

and Ntg!tylty1tztot3!N = Ntotyteto tg t71N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntp lt) ty tz ltt! where i € {0, 1,2, 3}. 


We next consider the double coset Ntg'ty ty 1tz1tg'N. 


{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = tpt) 't7‘tzt>‘t#", i © {0, 1,2, 3}. 

But note that Ntptylzttz tp toN = Ntg't] ‘ty tg'eN = Ntp'ty ‘ty tg'N and 
Nis ite ts iy NS Nip Fi te ts tp NSN GG ON. 

Moreover, with the help of MAGMA, we know that Ntp'ty7'tj‘tz1tg*t:N = 
Ntotytotsto‘ty1N, Ntp tty tig ty tg tpi N = Ntoty ty ‘tstot; 'N, 
Nigtt tis tat, ta = Nigtits tp BN Nig tf te ety te 

= Niot]ltotstitg'N, Ntp lt, ty 1tg to 'tsN = Ntg‘t7 ty totstpN, and 

Nig it th ts tg ty NENG ty ty tote. 
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Therefore, we conclude that there are no distinct double cosets of the form 
Ntgltytty tty ttg tN, where i € {0, 1,2, 3}. 

We next consider the double coset Ntj!ty1tz1tz*t1N. 

Let [01231] denote the double coset Ntp‘tylty*tz*tiN. 

Note that N18) > v0! — (e). Thus |NO5)] > |(c)| = 1 and so, by Lemma 
1.4, [Mig tiylagtg tty | = eran < #4 = 24, 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N!231) has eight orbits on T’ = {to, t1, to, tg}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = to 1t, ‘ty ‘tz 1tyt#", ¢ € {0,1, 2, 3}. 

But note that Né, 4) 4, 1t7 tit, (N= Nip 't] ty ty teN = Nig ttt, 'N and 
Nis tit Gb SN Ge GEN ab, ts tN: 

Moreover, with the help of MAGMA, we know that Nt> Ae tte hy ltigN = 

Nig hithts ty Ny Nts te ty HEN HS Nt ty talaty tN; 
Ntotty ity ltztitgN = Ntj‘titetots'N, and Ntp ‘ty; ‘tz ‘tytitz1N 

= NtptitetoN. 

Therefore, we conclude that there are two distinct double cosets of the form 
Nto1t, 1#5 14g t*'.N, where i € {0,1,2,3}: Np ity tig tts tiitg1N and 
Niji Ge te hits N. 

We next consider the double coset Ntplt71t514z1ty1N. 


{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = tj !t)!tj1tg/t71¢#", i © {0, 1,2, 3}. 
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But note that NégltylyttytytN = Ntp ty lty'ty'eN = Nto't71t;'tz'N and 
Nie tN SN te i NSN ty 
Moreover, with the help of MAGMA, we know that Nt, tte Tt. Ate ee ligN = 
Ntotitetots'N, Nto ty tp tz 't[to1N = Ntot]‘tetoty tN, 

Nts t,t t,t, tN = Nth tr tp totaty (N,N tt 

= NtotitetotitzN, Nig ity ty ltytt[ltgN = Ntoty ‘to ‘ty tity 'N, and 
Ntpley ley eg ty eg t= Neg ley leg tytn. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntg ty ty ty ty tF1N, where i € {0, 1, 2, 3}. 

We next consider the double coset Nt5 its ‘toto IN, 

Let [01020] denote the double coset Ntgtitg‘tetp'N. 


Now, with the help of MAGMA, we know that that the following right cosets, or sin- 
gle cosets, are equivalent: Ntplijtotetp! = Ntyltetyttsty! = Netz ltstz1toty* = 
Ntz ‘tot ‘titz*. 


That is, in terms of our short-hand notation, 
01020 ~ 12131 ~ 23202 ~ 30313. 
By conjugating the equivalence relation above with the elements of S4, we determine 
that the following single cosets are equivalent in the double coset [01020): 
01020 ~ 12131 ~ 23202 ~ 30313, 10121 ~ 02030 ~ 23212 ~ 31303, 
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1030, 30323 ~ 02013 ~ 21232 ~ 13101 

Since each of the tenets single cosets has four names, the double coset [01020] 
must have at most six distinct single cosets. 

Moreover, N(1020) has two orbits on T’ = {to, t1, te, t3}: {0,1,2,3} and {0, 1,2, 3}. 
Therefore, there are at most two double cosets of the form NwN, where w is a word 
of length six given by w = tg tity tots to 4=0. 


But note that NtpltitgltetgtoN = Nto‘titg‘teeN = Ntg‘titg‘teN and 
Ntp tito tatg tg 1N = NtpltytoMtetp2N = Ntg‘tito tetoN = Ntot) ‘tp ty 't,'N. 
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Therefore, we conclude that there are no distinct double cosets of the form 
Ntj't1tp ‘toto tN, where ¢ € {0, 1,2, 3}. 
We next consider the double coset Nip Shits lots N. 
Let [01023] denote the double coset Nt ‘tito ‘tats. 
Note that N(01023) > 7y01023 — (e). Thus fal (gues) > |(e)| = 1 and so, by Lemma 
1.4, |NtglttyttotsN| = wows < 3 < 4a 4. 
Therefore, the double coset [01023] has at most twenty-four distinct single cosets. 
Moreover, N(01023) has eight orbits on T’ = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = to tity tatste 4 € {0,1, 2, 3}. 
But note that Ntgttitotetsty1N = Ntj {tito tteeN = Nip ‘tito'teN and 
Nto ‘tito ttetstgN = Ntoltyto tet8N = Nto ‘tito ‘tetz*N. 
Moreover, with the help of MAGMA, we know that Nto lity ltotgtoN = 
Ntoty to tty ‘ty t31.N, Ntoltitotetgtg‘N = Ntg ‘ty ‘tetitsN, Nig ‘tito ‘tetstiN 
= Nig tty to'ty iN, Ntg tito tetst; (N = Ntotytp'tp ‘ty tt, 
Nto tito tetateaN = Ntg‘tito't7'tz1N, and Nt ‘tito ‘tetstzN 
= Nto'titetstyN. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntp ‘tito ‘tetst#1N, where i € {0, 1,2, 3}. 
We next consider the double coset Nig Mity, ‘tots IN, 
Let [01023] denote the double coset Ntj‘titgtety1N. 
Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntp 1titj tots! = Nt{ltst] toto’ = Ntz*totz‘tety*. 
That is, in terms of our short-hand notation, 

01023 ~ 13120 ~ 30321. 
By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [01023]: 


01023 ~ 13120 ~ 30321, 10123 ~ 03021 ~ 31320, 
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21203 ~ 13102 ~ 32301, 01032 ~ 12130 ~ 20231, 
02013 ~ 33210 ~ 30312, 12103 ~ 23201 ~ 31302, 
30213 ~ 03012 ~ 32310, 21230 ~ 10132 ~ 02031 


Since each of the twenty-four single cosets has three names, the double coset [01023] 
must have at most eight distinct single cosets. 

Now, N(1023) has four orbits on T = {to, t1, to, t3}: {0, 1,3}, {2}, {0, 1,3}, and {2}. 
Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length six given by w = tp titg tots t=", ¢ € {2, 3}. 

But note that Ntj‘titjttetz!tgN = Ntp lito lteeN = Nig‘titp‘teN and 
Ntpttytg Mats tg (N = Ntpltytp tetg2N = Népltity ‘tote. 

Moreover, with the help of MAGMA, we know that Nto‘titptetz‘teN = 

Ntp itty ltgN and Ntottto ‘tots 1tg'N = Ntp‘titets ty 1N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Nto tito tots t=1N, where i € {0, 1,2, 3}. 

We next consider the double coset Ntplttp tz /t3N. 

Let [01023] denote the double coset Ntj ‘tito ‘tz ‘tN. 

Note that N (01023) > 701023 — (e). Thus [N (estan) > |(e){| = 1 and so, by Lemma 
1.4, |Nto tito tty tsN| = con <4 = 24. 

Therefore, the double coset [01023] has at most twenty-four distinct single cosets. 
Moreover, N(9023) has eight orbits on T’ = {tp, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = to hits i Be i € {0, 1,2, 3}. 

But note that Ntoltito‘tyltstz1N = Ntp'itottyteN = Ntolttoltz'N and 
Nip tity ‘ty ltgt3N = Nip itty ty #N = Nig titp ty ‘ty °N. 

Moreover, with the help of MAGMA, we know that Nt) Hits ‘ta lt3to.N = 
Ntoty ‘ty tito lty1N, Nip tito ‘ty tstp1N = Ntoty ‘ty tity 'N, 

Nip ltitg tz tgt, N = Ntotitety 't3'N, Ntg tito ‘ty 1tgt7'N = Ntoty ‘ty ‘titz'N, 
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Ntp tito 1tg ltgtaN = Ntp‘titety tz 1N, and Ntp ‘tity ‘ty ‘tstz'N 
= Ntpltitety1N. 


Therefore, we conclude that there are no distinct double cosets of the form 
Nig tit tg ‘tgt*1N, where i € {0, 1,2, 3}. 
We next consider the double coset Ntg*titg ‘ty tz N. 


Let [01023] denote the double coset Ntg!titg ty tz tN. 


Note that N(01023) > 1701023 — (e), Thus [N (Cures) > |(e)| = 1 and so, by Lemma 
1.4, |Ntpttyto lg tts tN] = rors <4, 


Therefore, the double coset [01023] has at most twenty-four distinct single cosets. 

Moreover, N(01023) has eight orbits on T’ = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 

{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwJN, where w is a 

word of length six given by w = thts te i € {0,1, 2,3}. 

But note that Nijtitotiztz4tsN = Ntp'tito'ty’eN = Ntj'titg'tz'N and 

Nig titj tg ty tg NS NG tity ty tg NSN hig ts ta 

Moreover, with the help of MAGMA, we know that Ntj‘t,to‘t7/t3‘toN = 

Nigt, te tata NiNig tito tp th ANS NG tt hy tN, 

NG ita ts Ge NSE ty te, tg NN is 

= Ntp‘titetsty1N, and Nto ‘tito tty {tg 1t51N = Nto tito ‘tots. 

Therefore, we conclude that there is one distinct double coset of the form 

Nig ttity tg tg WE N, where é € {0,1,2,3}: Nig tity estes eg LN: 

We next consider the double coset Ntg lt tototrN. 

Let [01201] denote the double coset Ntj*titetotiN. 

Note that N(1201) > 401201 — (), a |w (61200) > |(e)| = 1 and so, by Lemma 
|N 

1. 4, |Nty ‘titototiN| = worn < oS — = 24. 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 

Moreover, N (201) has eight orbits on T = {to,t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = to tytototit?, 7 € {0,1, 2, 3}. 

But note that Ntj‘titetotity !N = NtgtitetoeN = Nto‘titotoN and 
NtottitototitiN = Nig ltitetot?N = Nto‘titetoty'N. 

Moreover, with the help of MAGMA, we know that Nt) lt tototitoN = 
Ntoty tty lt3tp'N, Ntgltitototito!N = Ntot] ‘tz ‘to‘tatiN, Nto ‘titatotiteN 

= Ntoty tztig ty tN, Nip ltitetotitg|N = Ntoty'tz1t3toN, Nt ‘titototitsN 

= Ntoty tp ttetgtpN, and Ntp‘titetotits!N = Ntotitets tp ‘tN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Nto‘titgtotyt*#!N, where i € {0, 1,2, 3}. 


We next consider the double coset Nto lt totot] |N : 
Let [01201] denote the double coset Ntj‘titetoty'N. 


Note that N (1201) > 701201 — (e). Thus |N a > |(e)| = 1 and so, by Lemma 


1.4, |Ntp*titetoty ‘| = rou < 4a 24. 


Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N20) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


Wl 4 e {0, 1,2, 3}. 


word of length six given by w = to ‘ty tototy i> 
But note that Ntp*titetoty 'tiN = Nt ‘titetoeN = Ntp titotoN and 
Ntoltitetot; ty] 'N = Nto'titetoty?N = Ntp'titototiN. 

Moreover, with the help of MAGMA, we know that Nt 1titototy ‘toN a 
Ntotiteto ‘tot: N, Ntpltitetot; to 1N = Ntoty tz *tstp ty'N, Ntp‘titatot; tN 
= Niotitetstp tyN, Ntpltitetot;tz'N = Ntot] ‘tz ‘tito 't3'N, and 

Nip titatot, BN SN th ty ty GN 

Therefore, we conclude that there is one distinct double coset of the form 


Nt5ltitetot; ¢#1N, where i € {0,1,2,3}: Ntp‘titetoty ty N. 


We next consider the double coset Nig 1titototz 1N : 


Let [01203] denote the double coset Ntpltitetots1N. 
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Note that N(01203) > yy01203 — (e). Thus Iw outs) > |(e)| = 1 and so, by Lemma 


1.4, |Ntott1tatoty*N| = [ory < 24 = 24, 


| Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 


Moreover, N(!203) has eight orbits on T = {to,t1, t,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = to Mitetots tf’, 4€ {0,1,2,3}. 

But note that Ntpltitotots't3N = Nto'titotoeN = Nto‘titetoN and 

Nip ltitetots 1tz1N = Ntpltitetots?N = Nip ‘titetotgN = Nig ‘ty 'tz'tz tN. 
Moreover, with the help of MAGMA, we know that Nto lt tetots ligN = 

Ntoty 1tz1t9 ‘tgtg'N, Ntg‘titetots 'to'N = Ntoty‘ty'totsN, Ntp ‘titetots ‘ti N 
= Niotytz tp tz ttgN, Ntptitototyt7’N = Ntot] ‘tz ltotiteN, Nt ‘titetots toN 
= Nioty tty toty1N, and Nto‘titetoty 1ty'N = Ntp lt) ‘ty tits. 

Therefore, we conclude that there are no distinct double cosets of the form 
Nto‘titototy t#4N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntg Le totgtoN. 


Let [01230] denote the double coset Ntj!titotstoN. 


Note that N (01230) > 7y01230 — (e), Thus w ne) > |(e)| = 1 and so, by Lemma 
= N 


Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 
Moreover, N1239) has eight orbits on T = {to, t1, to, tz}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = ij ltitetatott?, 4 € {0,1, 2, 3}. 

But note that Ntp‘titetstotg’N = Ntp‘titetszeN = Ntj*titotsN and 

Nip titetstotoN = Ntp titetst2N = Nto‘titetstp'N = Ntoty‘ty't3'toN. 
Moreover, with the help of MAGMA, we know that Nto lt totgtotiN = 
Ntotitototy ‘taN, Nto*titatstoteaN = Ntotytototz'ti1N, Ntp'titetstot3N 

= Niptytytz!t,N, and Ntp ‘titetstots1N = Ntotitetstp ‘ty N. 
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Therefore, we conclude that there are two distinct double cosets of the form 


Nt5tytotgtott!N, where i € {0,1,2,3}: Ntp titetstot;N and Ntp*titetstoty NV. 


We next consider the double coset Nip leitotat N. 

Let [01231] denote the double coset Ntg‘titetstiN. 

Note that N (1231) > 791231 — (e), Thus jrv(o3230) > |(e)| = 1 and so, by Lemma 
1.4, |Ntp ltrtotst:N| = [worn] < 4 = 04, 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(2231) has eight orbits on T’ = {to,t1,t,t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length six given by w = to titetstit?’, i € {0,1, 2, 3}. 

But note that Ntp‘titetstit;‘N = Nto‘titatzeN = Ntp‘titets3N and 

Nip titetstitiN = Ntp‘titotst?N = Ntg‘titetst] 'N. 

Moreover, with the help of MAGMA, we know that Nt> ltitotgtitoN = 
Ntoty ty tz t71N, Ntptitetstitg1N = Ntot;/tzt3lty7+toN, Nig ‘titetstiteN 

= NtotitetotitsN, Ntpltitetstity!N = Ntot] tz 'tgtotiN, Nto ‘titetstitsN 

= Ntot‘tz'tgt]1N, and Nig ‘titotstits'N = Ntotitety 'tsN. 

Therefore, we conclude that there bee no distinct double cosets of the form 

Nto ‘titetstit#'N, where i € {0, 1,2, 3}. 

We next consider the double coset Nto ltitetst; +N ‘ 

Let [01231] denote the double coset Nt ‘titetst;'N. 

Note that N(01231) > 7y01231 — (e), Thus \w | > |{e)| = 1 and so, by Lemma 
1.4, |Ntp‘titetsty1N| = | wean S < 24 = 94, 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(1231) has eight orbits on T = {to,t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at; most eight double cosets of the form NwN, where w is a 


word of length six given by w = to titetsty tP?, i € {0, 1, 2, 3}. 
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But note that Ntjliitetsty't:N = Ntg‘titetseN = Ntg‘titetsN and 

Ntoltitetgt] tty 'N = Ntgltitetst;°N = Nt titetstiN. 

Moreover, with the help of MAGMA, we know that Nt> Lt totgty ttoN = 

Ntotyty tz tg ttg'N, Ntp‘titetst; tp! N = Ntotitg ‘ty 1t3'N, 

Nip‘ titetsty teN = Ntp'ty ty ttp tits’N, Ntg‘titetstyt71N 

= NtjltytetytoltgN, Ntpltitetsty t3N = Ntptitetgtz'N, and 

Nto‘titetst, ‘ts'N = Ntot] tz ‘titsteN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Nto titetst, 1t71N, where i € {0, 1,2, 3}. 

We next consider the double coset Nty ‘ty totgty IN, 

Let [01232] denote the double coset Ntp‘titetstz'N. 

Note that N(01232) > 101282 — (e). Thus Iw a) > |(e)| = 1 and so, by Lemma 
-1 —-1 = N 24 

1.4, |NtjMitetsty+N| = worn < 4 = 24. 

Therefore, the double coset [01232] has at most twenty-four distinct single cosets. 

Moreover, N©!282) has eight orbits on T = {to,t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length six given by w = to ‘titatsty ‘t#*, i € {0, 1, 2, 3}. 

But note that Ntpltitetstz!ta2N = Ntp‘titetseN = Nto‘titetsN and 

Nto'titetstz tz1N = Nt titetsty°N = Ntpltitetst,N = Ntp ‘tity 1tz'N. 

Moreover, with the help of MAGMA, we know that Nip ‘ty totst> ligN = 

Ntotity ‘to lt, tt3N, Ntptitetsty to+N = Ntotity ‘tty ‘ty 1N, 

Ntotitetsty 'tiN = Nto lt, Matstp teN, Nt ‘titetstytsN 

= Ntj tty ltetsN, and Ntp'ttetstyty'N = Ntg'tito't71tg*N. 

Therefore, we conclude that there is one distinct double coset of the form 

Nto‘titotaty t#1.N, where i € {0,1,2,3}: Ntpttitetsty ty". 

We next consider the double coset Ntg ‘ty tots ‘ty IN, 


Let [01230] denote the double coset Nt ‘ttetz ty! N. 
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Note that N(1280) > py01230 — (e), Thus [w Onn) > |(e)| = 1 and so, by Lemma 
1.4, |Ntpttitets tg4N| = [roy < A = 24. | 

Therefore, the double coset [01230] has at most twenty-four distinct single cosets. 

Moreover, N(!280) has eight orbits on T’ = {to, ti, te, ta}: {O}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. . 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = te tiiets tye 4 € {0,1, 2, 3}. 


But note that Ntj‘ttety to ltoN = Ntp‘titetzleN = Ntp'titetz'N and 
Ntg1titetz tg tg1.N = Ntpltytets‘tg’N = Nig ‘titetztoN = Ntoty tz 'titoN. 


Moreover, with the help of MAGMA, we know that Nt ‘titetz tp 1tiN = 
Ntoty ‘ty légtot| | N, Nip ltutety tg iN = Ntoty tty ig tte, 
Ntpltitets tp taN = Ntotitetot31N, Nip ‘titety ‘tp ‘ty'N = Ntotiteto ‘tz tN, 
Nip titats tp igN = Nt ttylg tts tito N, and Nip tutaty ‘tp tg ¢N 

= Ni, ty, i uN. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntottitatg ‘tp tt1.N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntg ‘ty tots 1S IN, 
Let [01232] denote the double coset Ntp ‘titets ‘tz N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntj‘titet; ‘tz | = Ntjltotots to’ = Ntztotits‘t7*. 


That is, in terms of our short-hand notation, 
01232 ~ 12030 ~ 20131. 
By conjugating the equivalence relation above with the elements of S4, we determine 
that the following single cosets are equivalent in the double coset [01232]: 
01232 ~ 12030 ~ 20131, [0232 ~ 02131 ~ 21030, 
31202 ~ 12303 ~ 23101, 03212 ~ 32010 ~ 20313, 


01323 ~ 13020 ~ 30121, 13202 ~ 32101 ~ 21303, 
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30212 ~ 02313 ~ 23010, 31020 ~ 10323 ~ 03121 
Since each of the twenty-four single cosets has three names, the double coset [01232] 


must have at most eight distinct single cosets. 

Now, N(©1282) has four orbits on T = {to, ty, te, t3}: {0,1,2}, {3}, {0, 1,2}, and {3}. 
Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length six given by w = to hitata tty te 4 € {2, 3}. 

But note that Ntj‘titets ty teN = Nto‘titetz'eN = Ntp'titets'N and 
Ntgltitaty ty ltg1N = Ntpltytetst>2N = NtpltitetsltgN = Ntp tito ‘tz ts. 
Moreover, with the help of MAGMA, we know that Nt> \titots (ty ligN = 

Nto tito ‘tets+N and Ntp‘titets ty ty1N = Ntp tity ltgN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntg‘titatz ty Utt1N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntp lity ‘i la N. 
Let [01201] denote the double coset Ntp lity to tN. 


Note that N(61201) > yy01301 _ (e). Thus N (O04) > |(e)| = 1 and so, by Lemma 
1.4, |Nto tity tot | = wen] < 4 = 24, 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(°201) has eight orbits on T = {to,t1, ta, ts}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at’ most eight double cosets of the form NwN, where w is a 
word of length six given by w = ts tits tp tale 4 € {0,1, 2, 3}. 

But note that Nto ‘tity to*tity1N = Ntj'tity'tg'eN = Ntp'tity'tp'N and 
Nig tity th ttiN = Nip hig tg BN = Ni ty to ty 

Moreover, with the help of MAGMA, we know that Nip ‘tity be LEitoN = 

Nto tity 1tg'N, Nto tity to titg'N = Nto't]‘tetito'N, Ntg tity to‘ titeN 

= Nioty to tats t71N, Nto ‘tity to titz'N = NtotitetstitoN, 

Nto itty tp titgN = Ntotitetstj!N, and Ntg ‘tity 'to‘titz'N 

= Ntot]‘tetotstiN. 
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Therefore, we conclude that there are no distinct double cosets of the form 
Nto tty ttp tit*#'N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntp tts i “TiN . 


Let [01201] denote the double coset Ntp’titz tp lt; 1. 

Note that N(01201) > yy01201 — (e), Thus lw im) > |(e)| = 1 and so, by Lemma 
1.4, |Ntpltatytoley1N| = worn < 4 = 24, 

Therefore, the double coset [01201] has at most twenty-four distinct single cosets. 
Moreover, N(©!201) has eight orbits on T = {to,t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of aed: six given by w = i tits ty te i € {0,1, 2,3}. 

But note that Ntp‘tityltpltyttiN = Nto\tityto'eN = Ntp*tity ‘tg’ N and 

Nip tits teh tt N = NG tity ty EN ENG as A 

Moreover, with the help of MAGMA, we know that Nt, tits 75 tte ligN = 
Ntoty tp tp ty toN, Ntp tity tg ty to’ N = Nip tito ‘tetsN, 

Nip tits ty ty aN S Niet to ts AN NG iG 4 NN 

= Ntotitatgtgty'N, Nto ‘tity tp lty1tgN = Ntot]‘tetstiteN, and 
Ntoltity tg ley ty 1N = Nto‘titetgtots‘N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoltity tp 47 U4s1N, where i € {0, 1,2, 3}. 

We next consider the double coset Nig ‘tity tp 't3*N. 

Let [01203] denote the double coset Ntotttz tp 1tz1N. 

Note that N(01203) > yy01203 — (e). Thus [N om)| > |(e)| = 1 and so, by Lemma 
14 Nes tie ty ey |S [ror] < 4 = 24, 

Therefore, the double coset [01203] has at most twenty-four distinct single cosets. 
Moreover, N(01203) has eight orbits on T = {to, t1, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length six given by w = to 1titz 1tgte3 1¢F1, i € {0, 1, 2, 3}. 
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But note that Ntj‘ity1t>1431t3N = Ntp ‘tty ttpleN = Nt tity ‘tp 'N and 
Nt5tyty to tty tty IN = Nto'tyty tp 'tg2N = Nt tity to tgN 

= Ntj tz Metits ‘N. 

Moreover, with the help of MAGMA, we know that Nto Ts tt pie ligN = 
Ni, tits ty ty Not Hits t,t tg NS Nig tity aN; 

Nig his ts th NSN ty te tog Ni Nig it ty Et 

= Niotytototy+t3N, Nto ‘tity to 1t3teaN = Ntoty'tototsNV, and 

Nto tity to 1tz'ty'N = Ntot]‘tetotstelN. 


Therefore, we conclude that there are no distinct double cosets of the form 
Nto ‘tity to ‘tzt=".N, where i € {0, 1,2, 3}. 


We next consider the double coset Nto lity ge tN . 
Let [01231] denote the double coset Ntp ‘tity ty't7/N. 


Note that N(18D) > 01231 — (e). Thus |ar1383)| > |(e)| = 1 and so, by Lemma 
1.4, |Ntg tity tty 471] = ott < 3 = 24. 

Therefore, the double coset [01231] has at most twenty-four distinct single cosets. 
Moreover, N(281) has eight orbits on T = {to,t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwwN, where w is a 
word of length six given by w = i tits Gt ey i € {0,1, 2, 3}. 

But note that Ntpltit't3‘t71t1N = Ntp ‘tty !tz1eN = Nip tty 1tz1N and 

Nin tit, tet tN ENG hits tN HSN he te aN 

= Nip tity ty tg. 

Moreover, with the help of MAGMA, we know that Ntp‘tity'tz‘t]toN = 
Ntotitetots to’ N, Nto*tity'tz ty 1tp'N = Ntoty ‘to ‘tetsty'N, 
Ntottity tz 1t[taN = NtotytotstoteN, Nip ltitz tz /t71ty'N 

= Ntotyltototits1N, Nto tity tz ty ltgN = Ntoty ‘tpt {ty ts‘, 

and Ni tits i ti, N SNigts ty tS ty 

Therefore, we conclude that there are no distinct double cosets of the form 

Nto ‘tity ts ‘ty t#1N, where i € {0, 1,2, 3}. 
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197. We next consider the double coset N tot] ‘tetotito IN, 
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Let [012010] denote the double coset Ntotjtototity‘N. 

Note that N(012010) > py012010 — (e). Thus |W (oo) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty ‘tototitg +N | = [NOTA < %4 = 94. 

Therefore, the double coset [012010] has at most twenty-four distinct single cosets. 
Moreover, N(°12929) has eight orbits on T’ = {to, t, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{IT}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length seven given by w = tot] ‘tototitg t*1, i € {0, 1, 2, 3}. 

But note that Ntot]‘tgtotito ‘toN = NtotytetotieN = Ntoty‘tototiN and 

Ntoty ttetotitp tg 'N = Ntot[*tatotitp?N = NtotyltetotitoN = Ntoty tet; 1t57N. 
Moreover, with the help of MAGMA, we know that N tot; ‘tetotitp N= 

Ntoty ‘tot7t3!N, Ntotytototitg ‘t71N = Ntoty‘tetitz'N, and 

Ntot; tgtotitg ‘taN = Ntot] ‘tty {ty toN. 

Therefore, we conclude that there are three distinct double cosets of the form 
Ntoty ‘tototitp 1t+1N, where i € {0,1,2,3}: Ntotyttetotity ty'N, 

Ntoty tototito ‘tz, and Ntoty*tototito ‘tz 1N. 

We next consider the double coset N tot; ‘tototiteN : 

Let [012012] denote the double coset Ntot]‘tototiteN. 

Note that yy (012012) > 012012 _ (e). Thus favors) > |(e)| = 1 and so, by 
Lemma 1.4, |NtotyMtototiteN| = Torso] < 4a 24. 

Therefore, the double coset [012012] has at most twenty-four distinct single cosets. 
Moreover, N(!?012) has eight orbits on T = {to, ti, t2,t3}: {O}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = toty‘tototitet#}, i € {0, 1, 2, 3}. 

But note that Ntot]‘tetotitety1N = Ntoty*tototieN = Ntoty*totot:N and 

Ntoty ltototitetaN = Ntot]‘tetotit3N = Ntotytetotity'N. 
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Moreover, with the help of MAGMA, we know that N tot, ‘tototitetoN = 
Ntotitato ty tt] 1N, Ntot]ttetotitetg|N = Nto'ty ‘tz tz 1toN, 
Niot]‘tototitet;N = Ntot{1tyltot +N, NtotytototitetyN = Ntotiteto tN, 
NtotytototitotzN = NtotitetstoN, and Ntot, ‘tototitetsN 

= Ntoty ‘ty lt3toty'N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty ‘tototitet*'N, where i € {0, 1,2, 3}. 

We next consider the double coset N toty tototity IN. 

Let [012012] denote the double coset N tot] ‘tototity In, 

Note that N(012012) > yy012012 _ {e). Thus IN (012012) > \(e)| = 1 and so, by 
Lemma 1.4, |NtotyMtototity +N] = [NOTA] < 4 = 94. 

Therefore, the double coset [012012] has at most twenty-four distinct single cosets. 
Moreover, N (12012) has eight orbits on T = {to, t, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = toty tototity et i € {0,1, 2,3}. 


But note that Ntot]‘tetotity‘t2N = Ntot[tetotieN = Ntot]‘tetoti1N and 
Ntot] ‘tetotity ‘ty'N = Ntoty‘tetotity’N = Ntoty'tototitoN. 


Moreover, with the help of MAGMA, we know that Ntot[‘tetotitztoN = 
Ntoty ty tz totg'N, Ntoty‘tetotity tg1N = Ntotity to'tiN, Ntot]tetotitz tiN 
= Ntot, ‘to ltot3N, Ntotytototity t]'N = Ntoty'tp‘tetstoN, and 
Ntoty‘tototitytsN = Ntot; ‘tp ‘tp *t3*tiN. 


Therefore, we conclude that there is one distinct double coset of the form 
Ntot]‘tototyty t#1N, where i € {0,1,2,3}: Ntoty*tototity tz 1N. 

We next consider the double coset NV toty ‘tototitsN : 

Let [012013] denote the double coset N’ tot; ‘tototitsN : 


Note that N(012018) > yy012013 — (e). Thus [sv¢o72032)| > |(e)| = 1 and so, by 


Lemma 1.4, | Ntoty ‘tototitsN| = [WOT] < 24 = 24, 


Therefore, the double coset [012013] has at most twenty-four distinct single cosets. 
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Moreover, N(!2013) has eight orbits on T = {to, ti, to, ts}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, tototrtstZ?, i € {0,1, 2, 3}. 

But note that Ntgt]ltetotitsts!N = NtotyltetotieN = Ntot{‘tetotiN and 

Ntot{ ‘tetotitstsN = Ntoty tototit?N = Ntot{‘tetotits ‘N. 

Moreover, with the help of MAGMA, we know that Ntot]‘tototitstoN = 
Nitoty tz tz lig tg1N, Ntotyltetotitstp'1N = Ntoty ty tz tp 1N, 
Ntoty!tototitgt:N = Ntoty'tototy‘t2N, Ntot,ltetotitst;'N 

= Niot] tz tg ltzyttoN, NtotyttetotitstaN = Ntj't7‘tetstity'N, and 
NtotyMtatotitstz'N = Ntoty tz ltstity'N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty ltototitst#!N, where i € {0, 1,2, 3}. 


We next consider the double coset N tot; ‘tatotits 1N : 
Let [012013] denote the double coset Ntoty Htototits NV. 


Note that N(012013) > ,y012013 — (e). Thus ln op), > |(e)| = 1 and so, by 
Lemma 1.4, | Ntoty+tototity'N| = [OTD] <4. 

Therefore, the double coset [012013] has at most twenty-four distinct single cosets. 
Moreover, N(°!2013) has eight orbits on T’ = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = toty tototits tt", i € {0,1,2,3}. 


But note that Ntotytetotit; ‘tgN = Ntot[tototieN = Ntoty‘tototiN and 
Niot] ltototity ‘tz N = Ntoty‘tototits’?N = Ntot] ‘tototitsN. 


Moreover, with the help of MAGMA, we know that N toty ‘tototits ‘toN = 
Ntoty ty !t3 ‘tots 1N, Ntotyltototity 'tg*N = Ntot]‘tetsty ‘tN, 
Ntotyltgtotitst.N = Ntot]‘tetotitgtsN, Ntoty‘tetotity t]'N 

= Ntotity tot] 1tgN, Ntot]‘tototity't2N = Nt tty tg ty iN, and 
Ntoty tototits ‘ty N = NtotitotstoteN. 
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Therefore, we conclude that there are no distinct double cosets of the form 
Ntot] |tototitz t¢1.N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntgty ‘tototy toN : 

Let [012012] denote the double coset Ntotyttetot] to. 

Note that N(012012) > yy012012 — (e). Thus [Nw cota > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty+totot tt2N'| = TOTO] < 4 = 24, 

Therefore, the double coset [012012] has at most twenty-four distinct single cosets. 
Moreover, N(©12012) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {6}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, totot] tet", i € {0, 1, 2,3}. 

But note that Ntotyttatotyttets1N = Ntotyltototy'eN = Ntotytetot;'N and 
Ntoty‘tgtot[ tetaN = Ntot]‘totot t2N = Ntotytetoty‘ty'N. 

Moreover, with the help of MAGMA, we know that N tot, ‘tototy totoN = 

Ntoty totgt tg N, Ntot]‘tototy tetp'N = Ntot) ‘tz ‘tz *tity'N, 

Ntoty ‘tototy ‘tot1 N = Ntot] ‘tp ‘tetstoN, Ntoty‘tototy ‘tot; ‘N 

= Ntoty1tyltgtoty'N, Ntoty ‘totot;‘tetsN = Ntp't)'tz't31t]'N, and 

Ntoty ‘tetoty ‘tots ‘N = Ntotitetots NV. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty‘totot, ‘tot#' N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntoty‘totot 1t7/N. 
Let: [012012] denote the double coset Ntotytetoty ty 'N. 


Note that N(012012) > yy012012 — (ey. Thus jn (oi2012)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty!tetoty 1471N| = [ORT < 4a. 

Therefore, the double coset [012012] has at most twenty-four distinct single cosets. 
Moreover, N(!2012) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 


{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = toty tetot] ty At ¢e 10,1, 9,3}. 


a 
But note that Ntot[‘tetoty tz taN = Ntoty1tetot;'eN = Ntoty‘tetot;N and 
Ntoty ltototy ty 1tz'N = Ntoty‘tetot] t7?N = Ntot]+totot] ‘toN. 
Moreover, with the help of MAGMA, we know that N tot, ttototy ty ligN = 
Nit, tg tits tty 1N, Ntoty tototy ty ‘tN = Nto'ty'tz tots‘, 
Nioty Mtatoty {tz ey 1N = Ntoty ‘to ltz1tgN, and Ntoty ltetoty ty ‘ty 'N 
= Niot] ty tit) tg NV. 
Therefore, we conclude that there are two distinct double cosets of the form 
Ntoty‘tetot] ‘tz t#'N, where i € {0,1,2,3}: Ntot]‘tetot] ‘ty'tg'N and 
Ntoty‘tototy ‘tz ‘t3N. 


We next consider the double coset N tot] tetoty ‘t3N : 
Let [012013] denote the double coset Ntotyltotot]‘igN. 


Note that N(012013) > yy012013 — (e). Thus |N Cine) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotyttototy t3N] = [WORE < 4am, 

Therefore, the double coset [012013] has at most twenty-four distinct single cosets. 
Moreover, N(012013) has eight orbits on T = {to, t1, to, tz}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw.N, where w is a 
word of length seven given by w = tot; totot, tats, i € {0,1, 2,3}. 

But note that Nitotyltetotytsty'N = Ntot]‘tetot;'eN = Ntot]‘tetoty'N and 
Nioty ltatotyMtgtsN = Not tototy 42N = Ntoty Mototy tg! N = 

Nis ty ty te tN. 

Moreover, with the help of MAGMA, we know that Ntot[‘tetot]*t3tpN = 
Ntgltity tg ty4N, Ntotyltetoty ttgtg1N = Ntoty tz tz toty!N, 

Ntoty‘totot] ‘tstyN = Ntotity ‘tot 1tsN, Ntoty ‘tetoty ‘tst] N 

= Ntotyitetitstg1N, Ntoty*tetot]tstaN = Ntotitetsto tz 'N, and 

Ntoty‘tototy ‘tgtyN = Ntotitetstp'N. 


Therefore, we conclude that there are no distinct double cosets of the form 


Ntot]‘tatot] ‘tst#'N, where i € {0, 1,2, 3}. 
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205. We next consider the double coset N’ tot] ‘tototgt;N . 
Let [012031] denote the double coset Ntotyltototst,N. 
Note that N(012031) > yy012031 — (e). Thus [2v(ot2081)| > |(e)| = 1 and so, by 
Lemma 1.4, |NtotytototstiN| = Tay < 4am. 
Therefore, the double coset [012031] has at most twenty-four distinct single cosets. 
Moreover, N(°12031) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length seven given by w = tot] ‘tototgt:t#’, i € {0, 1, 2, 3}. 
But note that Nigt]!tgtotstit;!N = NtotyltototzeN = NtotjtototsN and 
NtotyltototstitiN = Ntoty‘tatotst?N = Ntot]‘tetotst;1N. 
Moreover, with the help of MAGMA, we know that Niot]‘tetotstitoN = 
Ntg't,ltetitotsN, Ntoty ‘tototstity |N = Ntoty totsty/t]'N, 
Ntot] ltototstiteN = Nt tity tp 1tiN, NtotyltetotstityN = Ntotitotsty'N, 
Ntoty MototstitsN = Nig 'ty1tz tz toN, and Ntoty ‘tototstits |N 
= Ntot] ‘ty totsty +N. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty ‘tototstit*1N, where i € {0, 1,2, 3}. 

206. We next consider the double coset N toty ‘tototst;'N : 
Let [012031] denote the double coset Ntotytototsty ‘NV. 
Note that N(012031) > .y012031 — (e), Thus |N (oun) > |(e)| = 1 and so, by 
Lemma 1.4, |NtotyMtototst7?N| = [woDETy) < 24 = 94. 
Therefore, the double coset [012031] has at most twenty-four distinct single cosets. 
Moreover, N(!2031) has eight orbits on T = {to, 1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot; ‘tototgty 't#1, i € {0, 1,2, 3}. 
But note that Ntot|‘tetotstt1N = Ntoty{tototseN = Ntot] ‘tetot3N and 
Ntotyltototsty ‘ty 'N = Ntotyltototst]°N = Ntoty ‘tototstiN. 
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Moreover, with the help of MAGMA, we know that N toty ‘tototst] ‘toN = 
Ntoty1ty tz Mota N, Ntotyltototst] to1N = Ntoty ‘tz 1tz‘toN, 
Ntot[‘tototst[taN = Ntoty1to'tz1tz'tiN, Ntot] ‘tototgt] tz 1N = 
Niotyty to 't3+N, Ntoty1tototst]t3N = Ntot]'totstiteN, and 

Nioty Mtatotst; 1tz!N = Ntotity tz *t7'tyN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty tototst, ‘t#1.N, where i € {0, 1,2, 3}. 

We next consider the double coset N tot] ‘tototst2N : 

Let [012032] denote the double coset N tot] ‘tototsteN . 

Note that N(012032) > yy012082 — (e). Thus [w iota) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotyttototst2N| = [NOIR < 4 = 24. 

Therefore, the double coset [012032] has at most twenty-four distinct single cosets. 
Moreover, N(°2032) has eight orbits on T’ = {to, t1, ta, ts}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length seven given by w = tot] ‘tototstot;", ¢€40,1,2; 3}. 

But note that Ntot]‘tetotstets'N = NtotytototseN = Ntoty'tototzN and 
NiotytototgtataN = Ntotyltototst2N = Ntoty‘tototstyN = Ntp ‘tity ‘to tg 'N. 
Moreover, with the help of MAGMA, we know that N’ tot] ‘tototstetoN = 
Ntpltyttz lig ligN, Ntotyltetotstety1N = Ntotitztst1N, Ntot] ‘tatotstet:N 

= Niotytz totzN, Ntot[ltetotgtet;|N = Ntotitotots'N, Ntot]‘tototstetsN 

= Niot{1tzltotz1N, and Ntoty‘tototstets/N = Ntotitety tN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntot{ltototstat*'N, where i € {0, 1,2, 3}. 

We next consider the double coset N tot; ‘tetots LiN. 

Let [012031] denote the double coset Ntotytototy ‘tN. 

Note that (012031) = 012031 aes (e). Thus rv (ot2083)| > \{e)| = 1 and so, by 
Lemma 1.4, |Ntot;ltatotz1t.N| = [Ora] <%= 24, 


Therefore, the double coset [012031] has at most twenty-four distinct single cosets. 
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Moreover, N (012031) has eight orbits on T' = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {3}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = tot; ttotots tt1t*?, + © {0,1,2,3}. 


But note that Ntoty‘totots tit71N = Ntotytototzy'eN = Ntoty*tototz'N and 
Ntoty tototy ‘titi = Ntot{ttototy t42N = Ntoty‘totots ty 'N. 


Moreover, with the help of MAGMA, we know that N tot tetots lHtoN = 
Ntot, \totitz'tg'N, Ntoty‘tetots 'tity'N = Ntotitetsty'N, Ntot] ‘tototy titeN 
= Nt ltitetstotz'N, Ntotyltetotz‘tity'N = Ntp'titetstoN, and 

Ntoty ‘tetotz titsN = Ntotitytz1t, tg N. 

Therefore, we conclude that there is one distinct double coset of the form 


Ntoty totots 1tit#!N, where i € {0,1,2,3}: Ntoty‘tetots ‘tity. 


We next consider the double coset N tot; ‘tetots 1471N : 
Let [012031] denote the double coset Ntot]‘tototz t]'N. 


Note that N(012031) > yy012031 — (e), Thus poe > |(e)| = 1 and so, by 
Lemma 1.4, |Néotyttototy 1¢71N| = [ORE] <%= 04. 

Therefore, the double coset [012031] has at most twenty-four distinct single cosets. 
Moreover, N(012031) has eight orbits on T’ = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot] totots te 7 € {0,1,2, 3}. 

But note that Ntoty‘tototst[+t1N = Ntot]tototy'eN = Ntoty‘tototy'N and 
Ntoty ltototy ‘ty ty 'N = Ntotyltototz t7?N = Ntot[‘totots tN. 


Moreover, with the help of MAGMA, we know that Ntot; ‘totots ler toN = 
Ntoty ‘totityt3N, Ntoty‘totots 't[teN = Ntotitetot; ‘teN, Ntot]‘tetoty t[‘tsN 
= Nioty tz 1tp'tz1toN, and Ntotytotots ‘ty 'ts'N = Ntot]‘tetotitsN. 
Therefore, we conclude that there are two distinct double cosets of the form 
Ntoty ‘tototy 1t[1t¢#1.N, where i € {0,1,2,3}: Ntot] ttetots ty] 1tg*N and 

Ntoty ‘totots ‘ty tz N. 
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We next consider the double coset N toty totots ltoN. 
Let [012032] denote the double coset Nioty+tgtotz ‘to. 


Note that N(012032) > y012032 — (e), Thus |N (onsusa) > |(e)| = 1 and so, by 
a = N 

Lemma 1.4, |NtotyMtatots 1t2N'| = [WORD < 24 = 94. 

Therefore, the double coset [012032] has at most twenty-four distinct single cosets. 

Moreover, N (012032) has eight orbits on T = {to, t1, to, ta}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length seven given by w = toty ‘totots ct i € {0,1, 2,3}. 

But note that Ntotyttatotyttgty1N = Ntotyttetoty+eN = Ntoty‘tetoty1N and 

Ntot] ltatoty ttotzN = Ntot{1tototz 432N = Ntotytotots ty N. 

Moreover, with the help of MAGMA, we know that N tot ‘tetots ltotoN = 

Ntotity titz'N, NtotyMtototy tetg1N = Ntotitototz'N, Ntot]totots ‘tet: N 

= Niotytg tp tz 1tg1N, Ntoty tetoty tet; 1N = Ntoty tty tt3 tity‘ N, 

Ntoty ltototy ‘totsN = Ntp'ty‘tetityN, and Ntot] ‘totot; ‘tots +N 

= Ntoty ty ty tety NN. 

Therefore, we conclude that there are no distinct double cosets of the form. 

Ntoty ‘tatoty ‘toti"'N, where i € {0, 1, 2, 3}. 


We next consider the double coset Niotytotots ‘ty. 

Let [012032] denote the double coset Ntot]‘tototz ty *N. 

Note that N(012032) > 1y012082 _ (e\ Thus lw oe) > |{e)| = 1 and so, by 
Lemma 1.4, |Ntoty tatots*ty IN| = thes, < 2 = 24. 

Therefore, the double coset [012032] has at most twenty-four distinct single cosets. 
Moreover, N(12082) has eight orbits on T = {to, ti, ta, ts}: {0}, {1}, {2}, {3}, {O},. 
{1}, {2}, and {3}. 

Therefore, there are at’ most eight double cosets of the form Nw, where w is a 
word of length seven given by w = tot, talots tp i € {0, 1,2, 3}. 

But note that Ntot[ totots ty t2aN = Ntoty‘tetotz’eN = Ntot]‘tetotz’N and 
Ntot]‘tototz tty ttg'N = Ntot]‘tetoty tz7N = Ntot] ‘tototz tel. 


212. 


213. 


306 


Moreover, with the help of MAGMA, we know that N tot] ‘tetots tt ttoN — 
Niotity titoN, Ntoty Mtototz ty tg'N = Ntotitg ‘tpt, 1N, Ntot]‘totots ty ‘tN 
= Nin hth th tg ty Ny tot, tetas ty ON SING Et te tig NN, 
Ntoty‘tetots ‘tz ‘tzN = Ntot{‘ty‘tp ty 'toN, and Ntot]‘totots ‘ty 'tz1N 

= Ntgtp plight. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty‘totots ‘tz t#1.N, where i € {0, 1, 2, 3}. 


We next consider the double coset N’ tot; totito LN. 
Let [012101] denote the double coset Ntot]‘totitg ‘tN. 


Note that N(012101) > yy0l2101 — (e). Thus [rv(o12301)| > |(e)| = 1 and so, by 


om = N 
Lemma 1.4, | Ntot; ‘totito ‘tN | = OE] < & = 24, 


Therefore, the double coset [012101] has at most twenty-four distinct single cosets. 
Moreover, N(!2101) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = toty Mtotity he, i € {0, 1,2, 3}. 

But note that Ntoty ‘tetito ‘tity 'N = Ntot[ltetitp'eN = Ntoty*tetitg'N and 
Ntotyttetity titi N = NtotyMtotitg1t2N = Ntotytotito t{1N 

= Ntotyltoty lig Nn. 

Moreover, with the help of MAGMA, we know that N: tol] tntita lEtoN = 
NtotyltotstiN, Ntoty‘tetito titg1N = Ntoty tet; 1tz1N, Ntoty‘tetity titeN 

= Ntplty tty to ltato1N, Ntoty‘tetito tity'N = Ntoty‘tetots tits‘ N, 

Ntoty totitp titsN = Niottz'tz1t[1teN, and Ntoty‘tetitotits'N 

= Ntot) ‘ty totityN. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty ‘totity ‘tit#'N, where i € {0, 1, 2, 3}. 
We next consider the double coset N tot ‘totito ltaN. 


Let [012103] denote the double coset N tot] ‘tetits ligN. 
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Note that N(0i2103) > yy012103 — (e). Thus [w cotaite) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotytetito ‘ts | = OIA] < 4a 24, 

Therefore, the double coset [012103] has at most twenty-four distinct single cosets. 
Moreover, N(!2103) has eight orbits on T = {to, t1, ta,ts}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, tetito ‘tate’, i € {0,1, 2,3}. 

But note that Ntotyltotitpltstz'N = Ntoty‘tetitg'eN = Ntot]‘tetito'N and 
Ntoty‘tatito ‘tgt3N = Ntot]‘tetito 't3N = Ntoty'tetito ts‘ N. 

Moreover, with the help of MAGMA, we know that N toty ‘tetito listo = 
Ntotltotots ty ltg'N, Ntoty‘tetitg tstg'N = Ntotytotots't7'N, 
Ntotytgtitp ‘tgt, N = Ntotitetot] ‘N, Ntot]‘tetito tst;'N 

= Ntoty tz ty ltitg1N, Ntotytetito ‘tstgzN = Ntoty ‘tz ‘tgtitoN, and 
Ntotyltetito ‘tsty'N = Ntoty ‘ty ‘tp ‘tity. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty‘totito ‘tgt#+N, where i € {0,1, 2, 3}. 


We next consider the double coset Ntoty‘tetito tz 1N. 

Let [012103] denote the double coset Ntot; ‘ttitytz1N. 

Note that N(012103) > yy012103 — (e). Thus [w a) > |(e)| = 1 and so, by 
Lemma 1.4, |NtotyMtotitytz+N| = TOTO] < Mam. 

Therefore, the double coset [012103] has at most twenty-four distinct single cosets. 
Moreover, N(!2103) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot] ‘totitp tz an i € {0, 1,2, 3}. 


But note that Niotytetito1tg't3N = Ntoty‘tetitg'eN = Ntoty‘tetity'N and 


Ntoty Mtotito ‘tg !tg1N = Ntot]‘totity'ty2N = Ntotyttotity itgNV. 


Moreover, with the help of MAGMA, we know that N: toty ‘totito <r LioN = 
Ntotitotsty!N, Ntot]totyto tz tg1N = NtotyltetitstoN, Ntoty‘totito tz ‘tN 
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= Niotyltotgty toN, Ntoty Mtotito tg t]'N = Ntotyty't3*t] "ty 1, 
Ntotyttgtitp tty }taN = Ntotytgltpltz'tiN, and Ntot]‘tetito tz/tg1N 

= Ntotity ‘tstotiN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotj ltotitp tt t#1.N, where i € {0, 1,2, 3}. 

We next consider the double coset N tot ‘totytgtyN F 

Let [012130] denote the double coset Nioty‘tgtitgtoN. 

Note that (022130) > 012130 — (e). Thus Nees > |(e)| = 1 and so, by 
Lemma 1.4, |NtotyMtotitstoN| = [ony S < 424, 

Therefore, the double coset [012130] has at most twenty-four distinct single cosets. 
Moreover, N(°12130) has eight orbits on T = {to, t, to, tz}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, ‘totitgtot7"', 4 € {0, 1, 2, 3}. 

But note that Ntot] ‘tatitstotg 'N = Nioty'tetitgeN = Ntoty ‘tatit3N and 
Ntot{*tetitstotoN = Ntot[totitst2N = Ntot[\toti tat iN. 

Moreover, with the help of MAGMA, we know that N tot] ‘tetitstot,N = 

Ntot] ‘tetoty ‘ty ty’N, Ntotytotitstoty'N = Ntoty‘tetsty ‘to N, 
Ntoty‘totitstoteN = NtptitototsN, Ntoty ‘totitstotg|N = Ntoty ty ltp ‘tits 'N, 
Ntoty‘tatitstotsN = Ntoty‘totito ‘tz'N, and Ntot] ‘totitstot;'N 


= NtotitetstzN. 


Therefore, we conclude that there are no distinct double cosets of the form 

Ntot; ltotitstot?' N, where i € {0,1, 2, 3}. 

We next consider the double coset N tot] ‘tetitsty IN, 

Let [012130] denote the double coset Niot]‘totitstp*N. 

Note that N(012180) > ,y012130 — (e), Thus by ica) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotyltatitsty‘N| = Taney S < 24 94. 


Therefore, the double coset [012130] has at most twenty-four distinct single cosets. 
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Moreover, N(°12130) has eight orbits on T = {to, t1, ta, ta}: {O}, {1}, {2}, {3}, {0}, 
{IT}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, tetytgty 'tt?, i € {0,1,2, 3}. 

But note that Ntotyltetit3tp toN = NtotyltetitseN = Ntot,‘totitsN and 

Ntoty ltotitstyto1N = Ntoty‘tetitstp°N = Ntoty totitstoN. 

Moreover, with the help of MAGMA, we know that Ntoty‘totitstg ‘tiN = 
Ntoty ‘ty tg 1tyty1N, Ntoty‘totitstp‘t7'N = Ntoty {tp ‘tz tN, 

Ntoty Motitsto ‘taN = Ntoty ty ‘to tz'tiN, Ntoty‘totitgtgty'N 

= Nt ity ty \totgtg'N, and Ntotytetitstp1tsN = Ntoty‘tetits ‘to. 

Therefore, we conclude that there is one distinct double coset of the form 

Ntotj ltotitgto 't#1.N, where i € {0,1,2,3}: Ntoty‘tetitsto ty‘ N. 

We next consider the double coset N tot; ‘totitsteN : 

Let [012132] denote the double coset Ntoty+tgtitgteN. 

Note that N(12182) > y012132 — (¢). Thus ln (oa) > |{e)| = 1 and so, by 
Lemma 1.4, |NtotyMtotitst2N| = [WOU < 4 = 94, 

Therefore, the double coset [012132] has at most twenty-four distinct single cosets. 
Moreover, N(92182) has eight orbits on T = {to, t1, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot; ‘totitgtot*’, 4 € {0, 1, 2, 3}. 

But note that Ntotyltetitstetz1N = Ntot[ltotitzeN = Ntoty‘tetitsN and 
Ntoty‘totitgteteN = Ntotytetitst2N = Ntotytetitsty1N. 

Moreover, with the help of MAGMA, we know that N tot] ‘totitstetoN = 

Nig tty tet] to tty 1N, Ntoty Mtotitstetp1N = Ntoty'ty ‘to tat] | N, 
Ntoty‘totitgtetiN = Ntotytotp tz 1t7'N, Ntoty‘totitstat; N 

= Ntoty tetotity ty 1N, Ntot]*totitstotsN = Ntotitz‘titp'N, and 
Ntoty'tetitgtets'N = Ntotitetoty'N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot] ‘totitstet*'N, where i € {0, 1, 2, 3}. 
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We next consider the double coset N toty ‘totitsty IN, 
Let [012132] denote the double coset Ntgty*totitst;*N. 


Note that N(012182) > y012182 — (e), Thus lw (012132) | > {(e)| = 1 and so, by 
Lemma 1.4, |Ntot]‘tetitst7*N| = [WORE < 4 = 24. 


Therefore, the double coset [012132] has at most twenty-four distinct single cosets. 
Moreover, N(°!2132) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = toty ‘totytgt, tt}, 4 € {0,1, 2,3}. 

But note that Ntot]Mtotitstzt2N = NtotyltetitzeN = Ntot]‘totitsN and 

Ntoty Mtetitsty tg 1N = Ntotytotitsty’N = Ntoty‘totitsteN. 

Moreover, with the help of MAGMA, we know that NV toty ‘totitsty ligN = 
Ntoty tz lto ty ltgN, Ntot ‘tatitsty to N = NtotitetotsteN, 
Ntotyltotitgty ty; !N = NtotyltotgtitoN, Ntoty‘tetitstzt3N = Ntotity ‘tits, 
and Ntoty ‘totitsty 't3'N = Ntotity'tz ty 'N. 

Therefore, we conclude that there is one distinct double coset of the form 
Ntotyltatitstzt#4N, where i € {0,1,2,3}: Ntotytotitsty tN. 

We next consider the double coset N tot] ‘totits ‘toN ; 

Let [012130] denote the double coset Ntot7‘totits ‘to. 

Note that N(12130) > jy0I2130 — (e). Thus jrv(o12380)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tztits toN | = | wilt < 3 = 24. 

Therefore, the double coset [012130] has at most twenty-four distinct single cosets. 
Moreover, N(0!218°) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {3}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot] +tetit3 ‘totz’, 4 € {0, 1, 2,3}. 

But note that Not] totitz totg1N = Ntotytotity'eN = Ntoty‘tetity'N and 
NtotyMtotitz totoN = Ntoty totits t2N = Ntot]‘totity ty. 
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Moreover, with the help of MAGMA, we know that Ntoty‘tetitz ‘tot: N = 
Ntoty ltotgtytg'N, Ntotyltotitz ‘toty1N = Ntot] ‘ty totato‘N, 

Ntoty ltotitz toty 1N = Ntoty ‘tp 1tz1tito'N, Ntoty‘tetity totsN 

= Ntot]Mtotitsty ‘tz N, and Ntot]‘totits ‘totyN = Ntot] ‘totitstg'N. 
Therefore, we conclude that there is one distinct double coset of the form 


Ntot] ‘tatity ‘tot! N, where i € {0,1, 2,3}: Ntotytotity ‘tote. 


220. We next consider the double coset N igt; totits tie IN, 
Let [012130] denote the double coset N toty ltoti tz ‘to IN, 


Note that N(012130) > yy0l2130 — (e), Thus | ry(o%2180) > |(e)| = 1 and so, by 
-1 —1-1 N 

Lemma 1.4, |Ntotyttatits tg 1N| = [WOR < 4 = 94, 
Therefore, the double coset [012130] has at most twenty-four distinct single cosets. 
Moreover, N(!2180) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = int totits tg tes 4 € {0, 1, 2, 3}. 
But note that Ntotyltetity tp ltgN = Ntoty totits'eN = Nitoty*totity'N and 
Ntotytetitz toto 'N = Ntot]‘tetity'tg7N = Ntoty‘totity to. 
Moreover, with the help of MAGMA, we know that N tot ‘toti tz le N= 
Ntotyltotot; 1t3N, Ntotytotits 'to't;'N = Ntotity ‘tp *ty ‘tN, 
Ntoty‘tetity ‘to‘t,N = Ntp tity ty lty'tg'N, Ntotytotits to 'ty'N 
= NtpotitgtstoteN, Ntotytotitz ‘to tsN = Ntotitetst>'N, and 
Ntotyltotity to ty*N = Ntoty‘tetots tN. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntot, ‘totits ‘to ‘t7".N, where 7 € {0, 1, 2, 3}. 

221. We next consider the double coset N tot] ‘totgtitoN F 
Let [012310] denote the double coset N tot ‘totgtitoN ; 
Note that N(012310) > yy012310 — (e). Thus |N (pete) > |(e)| = 1 and so, by 
Lemma 1.4, | Ntoty ‘totgtitoN | = oar < 24 = 24. 


Therefore, the double coset [012310] has at most twenty-four distinct single cosets. 


222. 


312 


Moreover, N (012319) has eight orbits on T = {to, t1, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = toty ttetstitot**, 4 € {0, 1, 2, 3}. 

But note that Ntotytotgtitotp _N = NtotyltetstieN = Ntot[totst,N and 

Ntoty totstitotoN = Ntoty‘tetst,t2ZN = Ntot]‘tetstito 1N. 

Moreover, with the help of MAGMA, we know that NV tot] ‘totstytotiN = 
Ntot]‘totytgty1N, Ntotytotgtitot; 1N = Ntotytatitaty ‘ti N, Ntotytetgtitoty'N 
= Nigty to Metsty'N, Ntoty ‘totstitotsN = Ntoty ‘tz ‘totiteN, and 

Ntot{ ltatgtitots!N = Ntot[ ‘ty to ‘tz /N. 

Therefore, we conclude that there is one distinct double coset of the form 


Ntoty ‘tatstitot? N, where i € {0, 1,2, 3}: Ntot‘totstitoteN. 


We next consider the double coset. N toty Mtotstitp 1N, 
Let [012310] denote the double coset Ntoty'totgtitp'N. 


Note that N (012310) > y012310 — (e), Thus [y ose) > |{e)| = 1 and so, by 


Lemma 1.4, |Ntotyttotstity‘N| = pene <4 < 424, 


Therefore, the double coset [012310] has at most twenty-four distinct single cosets. 
Moreover, N(°!2310) has eight orbits on T = {tg, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = toty Mtotstity te", 4 € {0, 1, 2, 3}. 

But note that Ntot;‘tetstitg toN = NtotytetstieN = Ntot]‘tetstiN and 

Ntot] ‘tot3titg tp |N = Ntotyltotgtity°N = Ntoty ‘tatstitoN. 


Moreover, with the help of MAGMA, we know that Nitot]‘totstito liN = 
Nig tty tty leg ltgtg1N, Ntoty ltetstitg ty iN = Ntp'ty tpt 'tsN, 

Ntoty Motstito ‘teN = Ntot[‘tetot] ‘tz t3N, Ntoty ‘tetstitg ‘tz’ N 

= NtoltyltylMtotiteN, Ntoty totstito‘tsN = Ntp'tytz'totz'N, and 
Ntoty ‘tetgtytg tzN = Ntoty ty tg ‘tots. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntot{‘totgtyto ‘t#'N, where i € {0, 1, 2, 3}. 
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We next consider the double coset N tot totstitoN : 
Let [012312] denote the double coset Nioty‘tetstit2N. 


Note that NN (012312) > N012312 = (e). Thus | Cot2812)| > \(e)| = 1 and so, by 


- N 
Lemma 1.4, |Ntot; ltotgtiteN | — [OnE] < 24 = 24. 


Therefore, the double coset [012312] has at most twenty-four distinct single cosets. 
Moreover, N(°2312) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot] totstitot*?, i € {0,1, 2, 3}. 

But note that Ntot[ltotstitety!N = NtotyltotstyeN = Ntoty‘totst,N and 
NtotyltotstiteteN = Ntoty*totstit2N = Ntoty‘totgtity'N. 

Moreover, with the help of MAGMA, we know that N’ tot, ‘totstitetoN = 
Ntoltitetstots -N, Ntoty‘totstitetp'N = Ntg ‘tity 'to'ty'N, Ntoty ‘totstitetiN 
= Ntoty totgtyt7 +N, Ntot]‘totstitet;|N = Ntoty Motitsty tN, 

Ntoty ltotgtitetzN = Ntotitz1t31t;1t71N, and Ntot;‘tatstitets'N 

= Ntoty+tototst, 1N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot ‘totgtitet#*N, where i € {0, 1, 2, 3}. 


We next consider the double coset N tot] ‘tetstity IN. 

Let [012312] denote the double coset Ntoty*totgtity'N. 

Note that N(12312) > y012312 — (ce). Thus rv (ot2812)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntot7Motstity!N| = | tty < 3 = 24. 

Therefore, the double coset [012312] has at most twenty-four distinct single cosets. 
Moreover, N(!?312) has eight orbits on T = {to, ty, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. | 

Therefore, there are at most eight double cosets of the form NwJN, where w is a 
word of length seven given by w = toty Mtotgtity sae i € {0, 1,2, 3}. 

But note that Ntot]+tot3tit; taN = Ntot{ltetstieN = Ntoty‘totstiN and 
Ntot]‘totgtity ‘tg|N = Ntoty‘tetstity’?N = Ntot]‘tetstiteN. 
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Moreover, with the help of MAGMA, we know that N tot, ‘totgtity ‘toN = 
Ntg ity tty ty to1N, Ntotytetstity tg! N = Ntotity 'to‘tstiN, 
Ntotytotgtity tN = NtotyltotetstoN, Ntoty‘tetgtity t7'N 

= Ntolt[MetitotsN, Ntoty\tetstity t3N = Ntot] ‘ty totstp \N, and 
Ntoty Mtetgtity 'tz1N = Ntoty‘totitstoN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotyltgt3tity ‘t=, where i € {0, 1,2, 3}. 


We next consider the double coset N’ tot, Mtotsta ltgN . 
Let [012320] denote the double coset Ntoty‘totstz ‘to’. 


Note that N (012820) > yy012320 — (e). Thus \N (ole) > |(e)| = 1 and so, by 
Lemma 1.4, |NtotyMotsty ltoN| = wou S < 4 24. 

Therefore, the double coset [012320] has at most twenty-four distinct single cosets. 
Moreover, N(°12320) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, ‘totst5 ‘tot#", i € {0, 1, 2, 3}. 

But note that Ntot]ttetstytotg'N = Ntotytotsty'eN = Not] +totstz'N and 
Ntotyttotgtz totoN = Ntotyltotstzt2N = Ntot{‘totsty tp‘ N. 

Moreover, with the help of MAGMA, we know that N tot] totst> loth N = 
Ntoty itp tp titsN, Ntot[ltetsty tot[ 1N = Ntoty itz totits/N, 

Ntoty Motsts ‘totazN = Ntoty ‘ty !tz1ty1t>1N, Ntotytetstz toty'N 

= Nigt{ totitotg’N, Ntot[‘tetsty ttotsN = Ntot{ tz ‘totitz'N, and 
Ntoty‘totgtz tots 1N = Ntoty tp +tz tty. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntotz 1tgtgtz tot*? N, where i € {0, 1, 2, 3}. 


We next consider the double coset N tot] tetsty ary IN, 


Let [012320] denote the double coset Ntot] ‘tztgtz ‘to ‘NV. 


Note that N (012320) > 7012320 — (e). Thus Not) > |(e)| = 1 and so, by 
-1 -1,- N 
Lemma 1.4, | Nioty tatty tg'N| = [rons S < 4-24. 
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Therefore, the double coset [012320] has at most twenty-four distinct single cosets. 
Moreover, N(012820) has eight orbits on T’ = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{IT}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot ‘tatgtz ‘to t#*, 2 € {0, 1,2, 3}. 

But note that Ntoty{tetstyttg'tpN = Ntoty tetstg'eN = Ntot]‘totsty'N and 
Nioty ‘tatty tp tg 1N = Ntoty‘totsty'to°N = Ntot] ‘totsty to. 

Moreover, with the help of MAGMA, we know that N toty tetsty tty tN = 
Ntotitz ‘tz 1toN, Ntotyltotstz tp ty N = Ntoty ‘tz /tp ‘ts {ty N, 

Ntot] ‘tetstz ‘tp 'tgN = Ntot[ ty *tz1titg'N, Ntoty‘totsty to ‘t7°N 

= Ntotyltetot] ‘taN, Ntoty totstzto'tsN = Ntot]‘totitstoN, and 
Ntoty‘totgty to tyN = Ntot]‘tetoty tz tp N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty‘totsty ‘tp ‘t#'N, where i € {0, 1, 2, 3}. 
We next consider the double coset N toty Mtotstz TiN. 


Let [012321] denote the double coset Ntoty‘totstz ‘tN. 


Note that N(012321) > yy012321 — (e). Thus | avor282y| > |{e)| = 1 and so, by 
Lemma 1.4, |Ntoty Mtotstyt.N| = [HOR < 494, 

Therefore, the double coset [012321] has at most twenty-four distinct single cosets. 
Moreover, N (92321) has eight orbits on T’ = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = toty totstz sae i € {0, 1,2, 3}. 

But note that Niotyttetststit71N = Ntotytetsty+eN = Ntoty‘totsty1N and 
Ntoty Motgty 'tyt1N = Ntotyltotgty42N = Ntot|totstz ‘ty 1N. 

Moreover, with the help of MAGMA, we know that N toty totsty lttpN = 

Ntg ity tetstityN, Ntoty‘totsty tity'N = Nt ‘ty ‘tetstiN, 

Ntotyttotgty titeN = Ntoty ty tg tp t51N, Ntot)‘tetstz tity N 

= Ntoty Mototity 1t3'N, Ntoty‘tetstytitsN = Ntot[‘tetotity'N, and 
Ntot]ltatats ttitz/N = Ntot] ‘ty tz ‘totyN. 
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Therefore, we conclude that there are no distinct double cosets of the form 


Ntot] Matsty 'tit#1N, where i € {0, 1, 2, 3}. 


228. We next consider the double coset Ntoty ltotstz ty" N. 
Let [012321] denote the double coset Ntot]ttotstz ‘ty 'N. 


Note that N(012821) > noes = (e). Thus | v(ot282%)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty‘tetsty‘t7'N| = [Oras] < 4= 04. 


(012381)) = 

Therefore, the double coset [012321] has at most twenty-four distinct single cosets. 
Moreover, N (92821) has eight orbits on T = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {3}, and {3}. 
Therefore, there are at most eight double cosets of the form NwJN, where w is a 
word of length seven given by w = tot] ‘totstz Te Fa i € {0,1,2,3}. 
But note that Niot[ltetstytyt)N = Ntotj‘tetstz'eN = Ntot]‘tetsty’N and 
Ntoty Mtotgty t[1t71N = Ntotyltetstyt77N = Ntot]‘totstz tN. 
Moreover, with the help of MAGMA, we know that N tot; ‘totsty tT toN = 
Ntotity to ttgN, Ntot]ltetsty ‘ty tg 1N = Ntotity ‘tp ‘tetiN, 
Ntotytotgty it] taN = NtotyltotitstytiN, Ntot] ‘totsty ty] 't7'N 
= Nitot]ltetgtiteN, Ntot]tetsty ty +tsN = Ntoty‘tototst1N, and 
Ntoty \tatgty ty tg'N = Nto‘t]‘totitotsN. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntot; Mtotstg ty; t#1N, where i € {0, 1, 2, 3}. 

229. We next consider the double coset N’ toty ts ltotiteN ; 
Let [012012] denote the double coset Nigty ‘tz ‘totiteN. 
Note that N(012012) > yy012012 — (e). Thus orn) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tz 1totit2N)| = [eT] < 24 = 24, 
Therefore, the double coset [012012] has at most twenty-four distinct single cosets. 
Moreover, (012012) has eight orbits on T = {to, ti, te,ta}: {O}, {1}, {2}, {3}, {0}, 
{i}, {3}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = tot] ‘tz tot ttt’, i € {0, 1,2, 3}. 
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But note that Ntot] ty totitety!N = Ntoty‘tytotieN = Ntoty't7"toti:N and 

Ntoty tz 'totytoteN = Ntoty tty totit2N = Ntoty ty totity‘N. 

Moreover, with the help of MAGMA, we know that Ntot; tz +totitetpN = 

Nto‘titetotsN, Ntoty ‘tz totitetgN = Ntotity to ‘ty *toN, 

Ntoty tz *totitetiN = Ntoty ty ty 1tz'N, Ntoty ‘tz totitet? *N 

= Niot]ttetgtitoN, and Ntoty ‘tz *totitety1N = Nioty ‘to ‘totstoN’. 

Therefore, we conclude that there is one distinct double coset of the form 

Ntoty tz \totytot*!N, where i € {0,1,2,3}: Ntoty tp ‘totitotsN. 

We next consider the double coset N toty te totity IN, 

Let [012013] denote the double coset Ntoty1tz1totity/N. 

Note that N(012012) > yy012012 — (e). Thus |N (ori) > |(e)| = 1 and so, by 
| 

Lemma 1.4, |Ntoty +7 ltotitg!N| = [OnE < 4-04. 

Therefore, the double coset [012012] has at most twenty-four distinct single cosets. 

Moreover, N(912012) has eight orbits on T’ = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length seven given by w = tot) ty totita te; i € {0,1, 2,3}. 

But note that Ntoty tz totityteaN = Ntot;'tzltotieN = Ntot] ty totiN and 

Ntoty ‘ty totitg ‘ty 'N = Ntot] ‘ty totitz’N = Ntoty ‘tz ‘totiteN. 

Moreover, with the help of MAGMA, we know that N tots ts Motity lioN = 

Ntotitetstp‘t3N, Ntot[ ‘tg ‘totitg 'to'N = Ntoty tp ‘tsto ‘ty 'N, 

Ntoty ty totity ‘ti N = Ntotytetito ‘tN, Ntoty'ty‘totityt7'N 


= Ntotylighg tty gin, Ntoty ty Mtotitg'tgN = Ntot] ‘tp ‘tz 'titg'N, and 


Ntoty ‘tz totity 1tz'N = Ntoty‘totst; toN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty ty totity 1t=1.N, where i € {0, 1,2, 3}. 

We next consider the double coset N tot ty leotit3 NV. 


Let [012013] denote the double coset Ntoty]'tztotitsN. 
| 
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Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: N tot; ta liotits = N tito 143 lt tote. 
That is, in terms of our short-hand notation, 


012013 ~ 103102. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [012013]: 


012013 ~ 103102, 102103 ~ 013012, 210213 ~ 123120, 
312310 ~ 130132, 021023 ~ 203201, 032031 ~ 301302, 
120123 ~ 213210, 201203 ~ 023021, 132130 ~ 310312, 
302301 ~ 031032, 230231 ~ 321320, 231230 ~ 320321 


Since each of the twenty-four single cosets has two names, the double coset [012013] 


must have at most twelve distinct single cosets. 


An alternative approach for determining the order of the double coset is as follows: 
We note that N(012013) > yy012013 — (e), In fact, with the help of MAGMA, we 
know that N(toty tz totits)© YE %) = Neytoltz lt tote = Ntoty tz ‘totits implies 
that (0 1)(2 3) € N(12013), and so N(12013) > ((0 1)(2 3)). Thus [rv (orz012) 


|((O 1)(2 3)}| = 2 and so, by Lemma 1.4, | Ntoty ‘ty ‘totits.N| = [OTT] < # 
12. 


\V 


Therefore, as we concluded earlier, the double coset [012013] has at most twelve 


distinct single cosets. 

Now, N (02013) has four orbits on T = {to, t1, ta, t3}: {0,1}, {2,3}, {0, 1}, and {2, 3}. 
Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length seven given by w = toty !tj 1totitst*1, i € {0, 3}. 

But note that Ntoty ‘tz Motytgtg!N = Ntoty'tyttotieN = Ntot]'tz‘totiN and 
Ntoty tz totitgt3N = Ntot] ‘ty totit3N = Ntoty ‘tz ‘totityN. 

Moreover, with the help of MAGMA, we know that N toh es. ltotitgtgN = 
Ntjlty tty ltgtiN and Ntot, ty ‘totitst;|N = Ntotitets ‘ty *to'N. 


Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty ‘tz ‘totitgt=1N, where i € {0, 1,2, 3}. 
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232. We next consider the double coset N tot, ts ltotitzN : 


233. 


Let [012013] denote the double coset Ntot[ tz ‘totits ‘NV. 

Note that N(012018) > yy019013 — (e). Thus oe > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tty loti ty 1N| = won S < 4 = 24. 

Therefore, the double coset [012013] has at most twenty-four distinct single cosets. 
Moreover, N(022013) has eight orbits on T' = {to, t, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = igh ty totitg i € {0,1, 2,3}. 

But note that Niot[ltyltottz1tg3N = Ntoty ‘tz totieN = Ntoty tz totiN and 
Ntoty ‘tz totitz tg! N = Ntoty ty Motity?N = Ntoty ‘ty ltotitsN. 

Moreover, with the help of MAGMA, we know that N ihn ty ‘totity ligN = 
NtotytytitoN, Ntoty tz ttotitz !tg4N = Ntotitots ‘tot N, Ntot{ tz totits ‘tN 
= Ntotity lig ligN, Ntoty ty totity ey! = Nig yey ligteN, 
Ntoty ty Mtotity ‘taN = NtotyltotstgttoN, and Not, ‘tz totits'ty*N 

= Ntoty ty to ltitsN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty lt ‘totitz ‘tN, where é € {0, 1, 2, 3}. 


We next consider the double coset Ntoty ‘tz *toty tp 1N. 

Let [012010], denote the double coset Ntoty tz ‘tot, ‘tg 1. 

Note that N(012010) > 7y012010 — (e). Thus Aor0) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tty 'tot7 tp 1N| = THOTT <4= 24. 

Therefore, the double coset [012010] has at most twenty-four distinct single cosets. 
Moreover, N(!2010) has eight orbits on T’ = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, ty +toty ‘tg t#1, i € {0, 1, 2, 3}. 


But note that Ntoty ty tot; tg ‘toN = Ntot] ‘ty ‘tot; 'eN = Ntoty ‘tz tot; N and 
Ntoty tp toty tp tg N = Ntoty ty tot tg’N = Ntot] ‘tz tot] ‘toN 
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= Ntot[ ty titoN. 


Moreover, with the help of MAGMA, we know that Ntoty;'tz‘tot) ‘tp ‘tiN = 
Ntoty tp ltottitg'N, Ntoty tty tot, tg tty’ N = Ntoty ty ltp tN, 
Ntot, ty ‘tot to taN = Ntotitetotstp!N, Ntot] ‘tp tot; to tg+N 

= Ntoty ltetot tty 1tg+N, Ntoty tp tot; tg 1t3N = Ntotitetg tz 1ty'N, and 
Ntoty }t Mot, to +tg/N = Ntplty tz ‘tgtitoN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty ty ttoty to t#".N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntoty ‘tz 1totstg/N. 
Let [012030] denote the double coset Nioty+tz‘totstp'N. 


Note that N(012030) > 7012030 — (e). Thus In ices) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntot; tty !totaty +N] = [OTHE] <4. 

Therefore, the double coset [012030] has at most twenty-four distinct single cosets. 
Moreover, N(°12030) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = igty ty totetg te 4 € {0,1, 2,3}. 

But note that Not tz ltotstp taN = Ntoty tz totseN = Ntoty tty ‘tots3N and 
Ntoty ‘tz Motsto‘tg/N = Ntot, ‘tz totstg?N = Ntot] ‘tz ‘totstoN 

= Nighy ty te te ON: 

Moreover, with the help of MAGMA, we know that N’ tpt ty ltotsty liN= 

Ntot, ‘tototstyN, Ntot, ‘ty totstp ‘ty | N = Ntj ‘ty; tp tz 1toN, 

Niot ‘tz totstp ‘tz2N = Ntotytotits toN, Ntoty ‘ty totsto tz 'N 

= NtotyMetgtity1N, Ntotyt3 totgto+tsN = Ntot] ‘tz tot N, and 
Ntoty ty totato ‘tz/N = Ntoty tz tp titeN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty tz 1totgto t#1.N, where i € {0, 1,2, 3}. 


We next consider the double coset N tot, ty to Mato IN, 


Let [012010] denote the double coset Ntoty*t5 tp ‘tito NV. 
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Note that N (012010) > yy012010 — (e), Thus [N (orn) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntgty!t7 tp 'thtp1.N| = [OT] < 4 = 24. 

Therefore, the double coset [012010] has at most twenty-four distinct single cosets. 
Moreover, N (012019) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = igty ty tg tity i € {0,1, 2, 3}. 

But note that Niot; ‘tz tp ‘tity toN = Ntot] ‘ty to‘tieN = Ntoty ‘tz 'tot.N and 
Ntoty ty tto http tg N = Ntoty tty ltp tatp2N = Ntoty ‘tz to titoN 

= Nit ty tot, ty NN: 

Moreover, with the help of MAGMA, we know that Ntoty1ty*tg ‘tito ‘tiN = 
Ntoty tg ttity1N, Ntoty tz to ‘tito ty N = Ntotitots 'toN, 


Nioty1tz to ltitgtt2N = NtotitototytoN, Ntoty ‘ty to ‘tito ty 1N 


= Ntp ty ty MotiteN, Ntoty tz tp tito t3N = Ntotitetstz/N, and 
Nioty 1g tig ttt tt4g1N = NtotityttytoN. 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty 1t3 tp tity 44*#1N, where i € {0, 1, 2, 3}. 


i 
We next consider the double coset N tot ty tp. ltitoN. 

Let [012012] denote the double coset Ntoty ‘tz ‘to titeN. 

Note that N(012012) > yy012012 — (e). Thus \N este! > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tty 1¢gt1t2N)| = [eT < 424. 

Therefore, the double coset [012012] has at most twenty-four distinct single cosets. 
Moreover, N(012012) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot) th ty tats, + € {0, 1,2, 3}. 

But note that Ntot] ‘ty to titety'N = Ntot] ‘ty ‘to tieN = Ntot] t7'tp'tiN and 
Ntot ty to titeteN = Ntoty tty lig tt3N = Ntot] ‘tz tg ‘tity’ N 

= Ntoty "tz totsto ‘NV. 
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Moreover, with the help of MAGMA, we know that NV igt, “ty tt litotpN = 
Ntotj ltototy ty 'tgN, Ntot, ‘tz /tp‘titetg‘N = Ntoty tj ‘tety ty", 
Ntoty tty to ‘titeti N = Ntoty'tyltgtz'N, Ntoty tz ‘to titety'N 

= Ntp'tyltg titsN, Ntoty {ty *tp'titetsN = Ntot]'tz‘tstiN, and 

Ntoty tz tp ‘titets1N = Ntoty ‘ty ltgtitoN. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntot ‘tz tp ‘titet*'N, where i € {0, 1, 2, 3}. 


We next consider the double coset N tot tie lHtgN. 


"Let [012013] denote the double coset Ntoty tz 1tp tits. 


Note that N(012013) > 7y012013 — (ec). Thus |N (orants)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tty 1t9MtitsN| = [won < 24 = 24, 

Therefore, the double coset [012013] has at most twenty-four distinct single cosets. 
Moreover, N(012013) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{TI}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot; te ty titel i € {0, 1,2, 3}. 

But note that Nioty tz ‘tp ‘titsts'N = Ntot] ‘tz to ‘tieN = Ntot] tz ‘tp 'ti.N and 
Ntot tz tp titstsN = Ntoty ‘ty tp tit?N = Ntoty ‘ty ‘to ‘tity. 

Moreover, with the help of MAGMA, we know that NV loti ts “ty ltitgtpN = 
Ntoty ‘tg totityN, Ntoty ty tp titstp'N = Ntoty‘totstz‘toN, 
Ntoty tg 1to‘titstiN = Ntoty tz to 1t3't7'N, Ntot]'tz'to‘titsty'N 

= Ntoty ty MotitetsN, and Ntoty ty ty titstaN = Ntotity tp ‘tstiN. 

Therefore, we conclude that there is one distinct double coset of the form 
Ntoty t5 to ltytgt#1.N, where 4 € {0,1,2,3}: Ntoty ty !tjMtytety NV. 

We next consider the double coset N tot, tb “by lity 1N, 

Let [012013] denote the double coset Ntoty tt; tg ‘tity 'N. 

Note that N(012018) > yy012013 — (e). Thus ny (012018)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tty lig Mtity1N| = [HOTT < 4 = 24. 


Therefore, the double coset [012013] has at most twenty-four distinct single cosets. 
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Moreover, N(°12013) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length seven given by w = tot; tq 1t)ht,tz 1t#?, i © {0, 1, 2, 3}. 

But note that Ntot?1ty1tp1titz!tsN = Ntot[1ty1tg‘treN = Ntoty ‘tz tp ‘tN and 
Ntoty ty lig tity tg! N = Ntoty ty tp tits2N = Ntot] tp ‘to tits. 

Moreover, with the help of MAGMA, we know that Ntoty1t, tp ‘titztoN = 
NtotjltotitstoN, Niot[ tg ltp tity ‘tg! N = NtotitetotsN, Ntot] ‘tz tp tits ‘tiN 
= Ntoty tty tpt] lt3N, Ntoty ‘ty tg tits ttaN = Ntoty 1totito tg, and 

Ntoty ‘tp tp ‘tity tty .N = Ntoty ‘tp tatitoN. 

Therefore, we conclude that there is one distinct double coset of the form 

Niot, {ty 1tg ‘tit; t#N, where i € {0,1, 2,3}: Ntoty1ty*to ‘tity ty. 


We next consider the double coset N’ tt ty nt ler ttoN : 

Let [012010] denote the double coset Ntoty ‘tz tp 1ty‘toN. 

Note that N(012010) > yy0l20i0 — (e), Thus [pvor2010)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tz lig tty MtoN| = [Rotbny S < 4 = 04. 

Therefore, the double coset [012010] has at most twenty-four distinct single cosets. 
Moreover, N(12010) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN , where w is a 
word of length seven given by w = tity ty tet tot i € {0,1,2, 3}. 

But note that Ntoty ty ltptty "toto -N = Ntoty ty 'to‘ty]*eN = Ntot;/t7+tp't7'N 
and Ntoty ts 1tp tty MotoN = Ntoty ty ‘tpt; t#2N = Ntoty ty ‘to ‘ty ‘tg'N 

= Nioty tty titoN. 

Moreover, with the help of MAGMA, we know that Ntoty'tj‘to ‘ty ‘tot: N = 
Ntotitots+toN, Ntot ‘ty tp lt, toty1N = Ntoty tty 1tp tots 1N, 
Nigt; ty ty ty total = Nit] tp ty aN, Niot (ty to tp ht N 

= Nioty'tetotytgN, Ntot[ tz'tpt]‘totsN = Ntot] ty ‘tp ‘tetiN, and 

Ntoty ‘tz to ty tots'N = Ntot]‘tetotito ty 'N. 
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Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty ty 1to ‘ty tot#*N, where i € {0, 1, 2, 3}. 


We next consider the double coset N igt; ty ss le ltgN : 

Let [012013] denote the double coset Ntot7 ‘ty 1tg ty tts. 

Note that N(012018) > 7y012013 — (e), Thus \w coro) > |(e)| = 1 and so, by 
Lemma 1.4, |Niot7 tt) 1¢g1¢7+t3N)| = [HOTT] <%= 

Therefore, the double coset [012013] has at most twenty-four distinct single cosets. 
Moreover, N(©12013) has eight orbits on T = {to, ti, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = igty tg tg ty ae 4 € {0,1, 2, 3}. 

But note that Ntot) tz ltp tt, ltgtsN = Ntoty tty 'tpt;+eN = Nioty1tz+to‘t7'N 
and Ntot] ‘tz 1tg ‘ty ltstgN = Ntoty ty !tolty+#2N = Ntoty ty tp ‘ty tg +N. 
Moreover, with the help of MAGMA, we know that Ntoty ‘ty ‘to t7*tsto.N = 
NtoitlltetstoN, Ntot[ ity ltg ‘ty ttstg(N = Ntotity‘tstiN, 

Nit; tj to tj ftir = Niet te ty ty tN Nt, ty et 

= Ntoty ty tto tity 1N, Ntoty tz tot] ltateN = NtotitetotsteN, and 

Ntoty ‘ty to ‘ty tgtg1N = Ntot]‘tetitstyN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot, tz to 1t7lt3t*1N, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntoty ‘ty ‘to ‘ty t31N. 


—-1,-1),-1,-1,- N 
Lemma 1.4, | Ntot; “hs er E Mts *N| = [ORT < a4 — 24. 


{I}, {3}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = it ty tt 4 € {0,1, 2,3}. 
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But note that NtotyltyltpteyltgltgN = Ntoty ‘tg to‘ty'eN = Ntoty ‘ty ‘to‘t7'N 

and Niot) ty ty ty tig ts N = Nigt, typ tt) tg NN = Ntoty to tp ta. 

Moreover, with the help of MAGMA, we know that Ntoty‘t7'to ‘ty ‘tz ltoN = 

NtotytotgtitoN, Ntoty tty to tty tty 1tg1N = Ntoty tg ‘ty titsN, 

Nioty ty tg ty ty tN = Ntoty ty ‘totitetsN, Ntot) ‘tg ‘to ‘ty ty lt71N 

= Nioty tty toltstiN, Ntoty tz ‘tp ty ‘tg teN = Ntoty'to*t7 ‘tz ‘tN, and 

Nit to ip te ts tN = Niet, te 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty ty1tot7 "tz t#"N, where i € {0, 1,2, 3}. 

We next consider the double coset N tot; ‘ty 5 lot N. 

Let [012021] denote the double coset Ntot]*t3 ‘tp *totiN. 

Note that N(012021) > .y012021 — (e), Thus [w oima)| > |(e)| = 1 and so, by 
—1,-—1,-1 N 

Lemma 1.4, |Ntoty 't7 ‘to ‘tetiN| = OT vom < f= 24. 

Therefore, the double coset [012021] has at most twenty-four distinct single cosets. 

Moreover, N(©!2021) has eight orbits on T = {to, ty, to, t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwWN, where w is a 

word of length seven given by w = toi 5 to hit 4 € {0,1, 2,3}. 

But note that Ntot) ‘ty 1tpttetit71N = Ntot[ ty 1tp‘teeN = Niot[‘tz1t7‘teN and 

Ntoty tz to ‘tetitiN = Ntot[ tz !tpltet?N = Niot] ty 1tp tety IN. 

Moreover, with the help of MAGMA, we know that N tot oe leotitoN = 

Ntoty‘tatotito 1tg'N, Ntoty1ty*tp*tetity|N = Ntot] ‘tp ‘tot; ‘toN, 

Nit] tz 1tptotiteN = NtgtitetotiN, Ntoty ‘tz ‘to ‘tatity*N 

= Ntoty1tztgtg'N, Ntoty ty ‘to ‘totitsN = Ntot, ‘tp ‘tj ‘tit3N, and 

Ntoty ty tp tetits!N = Ntp ity tg iaty N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot ‘ty ty ‘totit#N, where i € {0, 1,2, 3}. 

We next consider the double coset Nigty ‘tz !tp‘tety*N. 


Let [012027] denote the double coset Nigty tz ‘tp tety7'N. 
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Note that N(012021) > yy012021 — (e), Thus [w Cima) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty1t71t9 tat; | = [oR] < 4 = 94. 
Therefore, the double coset [012021] has at most twenty-four distinct single cosets. 
Moreover, N(012021) has eight orbits on T = {to, ti, t2,ta}: {0}, {1}, {2}, {3}, {0}, 
{i}, {3}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, tty tg ltgt7t4#4, i € {0,1, 2, 3}. 
But note that Néot7 tz 1tpltety 4yN = Ntoty1tytpteeN = Ntoty ‘tz ‘to 1toN and 
Note ty tat, tN Sot, at NES NO Gt Ot. 
Moreover, with the help of MAGMA, we know that N tty ts, Ate ‘tot toN = 
Nioty\tototz 'taN, Ntot ‘tz 1tpltet]1tg1N = Ntp ty tetits*N, 
Ntoty tz tp ttat[tt2N = Ntoty ty tp 1tgtoN, Ntoty ty ‘tp tet; tyN 
= Niot]totetgtyN, Ntot[ tty tg ltoty‘tsN = Ntotity ‘tp t3N, and 
Nini ty ty tt, tg NSN tp he tN: 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty ty tp Mot, t#'.N, where i € {0, 1,2, 3}. 
We next consider the double coset Ntoty "tz tp MotsN. 
Let [012023] denote the double coset N tot ty a ltotsN. 
Note that (012023) > yy012023 — (e). Thus |v (o12623)| > |(e)| = 1 and so, by 
Lemma 1.4,:|Ntot; 17 1tpttat3N| = eT < 24 = 24. 
Therefore, the double coset [012023] has at most twenty-four distinct single cosets. 
Moreover, N(012023) has eight orbits on T’ = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot; ty “hy ltotstt?, i € {0, 1,2, 3}. 
But note that Ntoty tz 1tp MotstzN = Ntotylty'toteeN = Ntoty; ‘tz ‘tp teN and 
Ntot] tz 1tjMtotatgN = Ntoty tp tp tot?N = Ntoty ‘tz to ‘tots N. 
Moreover, with the help of MAGMA, we know that Ntoty]1tj1tp‘totstoN = 
Ntoty Mtotgtyto+N, Ntoty tp 1ty‘totsty'N = Ntp'ty'tz tots N, 
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Ntotyttz to totst:N = Ntp tty ttetyttptg*N, Ntoty ty tp tetst; | N 

= Ntplty {ty tgtzN, Ntoty tz to ‘totstaN = NtotitotstiN, and 
Ntoty tty tg Mtetgty1N = Ntoty ty tity N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Niotyt3 1tp ‘totst#4.N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntoty ‘tz ‘to ‘tats 1N. 


Let [012023] denote the double coset Ntoty*tz ‘tp ‘tots ‘NV. 


Note that N (012023) > yy012023 — (e). Thus IN cor) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty ty 1tg tats N| = OLE < 24 = 24. 

Therefore, the double coset [012023] has at most twenty-four distinct single cosets. 
Moreover, N(°!2023) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot tq !tpbtoty tt, i © {0, 1, 2, 3}. 

But note that Nigty tty 1t7MtotyltsN = Ntoty ty ltg‘teeN = Ntot]‘tz'to ‘teN and 
Nigty ty ltgltetztz1N = Ntoty ty tp tets°N = Ntot] ‘tz tp tots. 

Moreover, with the help of MAGMA, we know that Ntoty "tp ‘tp tetztoN = 
Ntoty \tetoty tte, Ntotyltz tig tatsttig|N = Ntoty ‘tp ‘tatstoN, 
Ntoty tty lt ttotz ty N = Ntotitz't3toN, Ntoty tz to teats t7'N 

= Ntotity tz totiN, Ntoty ‘tz 1tg ‘tats ‘taN = Ntoty ‘tg ‘tp ‘t7*toN, and 

Niot, tty to ‘tats tty 1N = Ntotitets ‘tN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Nioty ‘ty 1tg ‘tots 1t#1.N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntoty tz tp ‘tstp*N. 
Let [012030] denote the double coset Ntoty ty ‘tp ‘tstp'N. 


Note that N(012030) > y012030 — (e). Thus IN (os) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty!ty*to‘tgtg1N| = [HOE < 4 = 24. 


Therefore, the double coset [012030] has at most twenty-four distinct single cosets. 
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Moreover, N(°12030) has eight orbits on T = {to, t1, ta, 3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = toty ty ‘to ‘taty tf, 4 € {0,1, 2,3}. 

But note that Nigt[1tz1tpttgtotoN = Ntot, ‘tz to ‘tgzeN = Niot, ‘tz ‘to ‘ts and 
Ntoty tz tp ltgtp tg tN = Ntoty tz 1tpttstp?2N = Ntoty tg tp tstoN 

= Ntpttrtotots'N. 

Moreover, with the help of MAGMA, we know that N tot Bg ote listo nN = 
Ntotytotitgty tN, Ntoty ty tg ltgtg ty N = Ntoty tetotity ‘tN, 

Ntot 1t to listp ta = Nig listy tty ttg tg’, Ntoty lig ttg ttgtg 1tgN 

= Nig tity ty tg1N, Ntoty'tztp‘tsto ‘tg3N = Ntoty‘totetsN, and 
Ntot]1tz ‘to ‘tstp ‘ty |N = NtotytotetstoN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot, ‘tz to ‘tato 4#4.N, where i € {0, 1, 2, 3}. 


We next consider the double coset N tot, ta te leat, N. 

Let [012031] denote the double coset Ntoty tg +tp*tgtiN. 

Note that N(12031) > )y012031 — (e). Thus [N (olaten) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tty 1t9 ‘tgtiN| = [OTE] < 4 = 94, 

Therefore, the double coset [012031] has at most twenty-four distinct single cosets. 
Moreover, N(°!2031) has eight orbits on T = {to, t1, to, tz}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot ty ‘to ‘tgtit#4, i € {0, 1,2, 3}. 

But note that Ntgty tj ltoltstity1N = Ntoty1ty1tottgeN = Ntot] ‘tz tp ‘tsN and 
Ntoty ty to Mati. = Ntoty ty 445 M4gt2N = Ntoty ty !t Mgt, iN. 

Moreover, with the help of MAGMA, we know that N tot; ‘ty thy ligtitoN = 
Ntot] ‘tg tetstyN, Ntot) ‘ty 'tp‘tstity 'N = Ntoty tp ‘tots N, 
Ntot] tz to ltgtitgN = Ntg ‘ty ty tatiN, Ntoty ‘ty 'tp‘tstity'N 

= Ntp ty ty ligtitoN, Ntot] ‘ty 1tp MtgtitsN = Ntot] ‘tp ‘tp 't7/tz'N, and 
Ntoty tg ‘tp tatitz1N = Ntoty ‘ty totitetsN. 
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Therefore, we conclude that there are no distinct double cosets of the form 


Nioty tty 1t9 ‘tgtit#4.N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntoty 2 tis lest iN. 

Let [012031] denote the double coset Ntoty1tz1tp*tsty’N. 

Note that N(012031) > jy012031 — (e). Thus | w72080 > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tz tg 1tgt7.N| = worry S < 4 = 24. 


Therefore, the double coset [012031] has at most twenty-four distinct single cosets. 


Moreover, N (912031) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot; tz 1t> fate i 4 € {0,1, 2, 3}. 

But note that Ntoty ty 1tpttsty tN = NtotyttytgtseN = Ntoty tp ‘tp 1t3.N and 
Ntoty!ty1tg ttt] ty 1N = Ntot tty tp) ltgt72N = Ntot] ty 1tp ltgt NV. 

Moreover, with the help of MAGMA, we know that Ntot;tz‘tg ltt] 1toN = 
Ntotitz to tN, Ntot[ tty to +tgty to N = Ntotity tatoN, 

Ntoty1t7 tp ltat| tt2N = Ntoty ltetitsteN, Ntoty tz 1tphtaty tty 1N 

= Ni; ty tty ty ig N, Nioty Gt tat] (taN = Nigty tpt, ti, and 
Nipt; ty *tp tet; ON = Not, ty ite tN: 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty tz 1tp ‘tsty 't#1N, where i € {0, 1, 2, 3}. 


We next consider the double coset N tots te ts Hts ‘toN : 


Let [012030] denote the double coset Ntoty1tz1tg1tz‘toN. 


Note that N(012030) > yy012030 — (e). Thus Lx ouztse)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tz 1tg tty toN| = [EER] <4 = 4. 


Therefore, the double coset [012030] has at most twenty-four distinct single cosets. 
Moreover, N(°!2030) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = tote tg ty tots i € {0, 1, 2, 3}. 
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But note that Niot] 't, 'tp tg tot IN = Ntot; tp 1tp tg 1eN = Ntoty ty tp ts N 
and Nipt; tp tp te toto = Nitot, ty to ty tgN = Nigt é,'i5/t, tg N 

= Nitoty ty tgtoN. 

Moreover, with the help of MAGMA, we know that N’ tof, Li 1 Lot) N = 
Ntoty ltototitzN, Ntot[1tz'tg ‘tz tot; 1N = Ntot] ‘totots ‘ty \N, 
Ntoty tp 1tg ty tote = Nip lty ty ltottstg'N, Ntot) tpt ‘ty ‘totg*N 

= Ntotytetotity tg'N, Ntoty tz 1to1tz*totsN = Ntot] ‘totetstoN, and 

Nipi ty ty te tot, NS Naot iy ty tet, 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot] ‘ty tp ‘tz Mtot".N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntot; ‘tj ‘tp ‘tz tN. 

Let [012031] denote the double coset Ntot] ‘tz ‘to ‘ty‘tiN. 

Note that N (012031) > yy012031 — (e), Thus | v(o13081)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tty tg tg 4t1N| = [WOR <M 24 


Therefore, the double coset [012031] has at most twenty-four distinct single cosets. 


{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = be he ae i € {0,1, 2, 3}. 

But note that Ntot tty tp tty tty 1N = Ntot] tz tp ts 4eN = Nioty tp 1tpt31N 
and Nigt; (ty i, tg titiN = Niot, ty ty ty GN = Nigty ty tp ty tN. 
Moreover, with the help of MAGMA, we know that N dot; ta tg le lito = 

Ntg it tp totstg 1N, Ntoty tp 1to tz titp'N = Ntot]‘tetitstp'N, 
Ntoty tty to tty tite = Ntptits ‘tstotiN, Ntoty ‘ty ‘tp tz *tity'N 

= Niotyltetitg tg1N, Ntoty tz tg lez 1tyt3N = Ntoty ty tp lnty ty! N, and 
Nigty {ty #5 ty tity (N = Ntot, ty ty tet Ny. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot ‘ty 1tp tz 1tit#".N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntoty1tz*to‘ty‘ty7'N. 
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Lemma 1.4, |Ntoty tty 1t5't31¢77| = pods, < 24 = 24. 


{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot; ty 1tj1t3‘t744F", i © {0, 1, 2, 3}. 

But note that Néoty t7 tpt; 1¢71t1N = Ntot; tz 1t*tz'eN = Ntot] ‘ty 'to'tz'N 
and. Nigt; th ty te ty tp NN = Niot, ta ty ty ON HS Nit, te ty aN. 
Moreover, with the help of MAGMA, we know that Ntot]!t;/tot3‘t7/to'N = 
Ntotyltetstity IN, Ntoty tty to+t31t]‘teN = Ntot‘totstz to‘ N, 

Ntoty tz to 1tg ‘ty 't7'N = Ntotyty ‘tg 'toN, Ntoty ty ‘to tg tts 

= Nioty tz \totitetsN, and Ntot] ‘tz ‘to ‘tz't71t3+N = Ntoty tty ‘tp tits. 
Therefore, we conclude that there is one distinct double coset of the form 

Ntoty tty tp itz ty; 1t#4N, where i € {0,1,2,3}: Néoty ty to tz t] ‘to. 

We next consider the double coset Ntoty tz tito ‘tN. 

Let [012103] denote the double coset Ntoty tz tito ‘tz. 

Note that N(012103) > yy012103 _ {e). Thus [av(o12108)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty Mtg lt1tptts1.N| = [NOTH] <%=, 

Therefore, the double coset [012103] has at most twenty-four distinct single cosets. 
Moreover, N(!?103) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = ott te tits ty es i € {0,1, 2,3}. 

But note that Ntoty ty tito tts 1tsN = Ntoty'ty‘tito’eN = Ntot] ‘tz 'titg/N and 
Ntot tp tity 4g 1tg1N = Ntoty ty tito t3?N = Ntoty ‘ty tito ts 

= Nij tity ty ta. 
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Moreover, with the help of MAGMA, we know that N tot; ‘nto i ltoN = 
Wests totits (Ny Nioty ty tity te ty NS Nig ty te tot, 
Ntoty tz ttg tg 1tN = Ntoty tetot) ‘ty 1N, Ntot) tz tito ‘tg't7'N 

= Niotytetot] tg ltgN, Ntoty ty tito tz {t2N = Ntptitetot; ‘N, and 
Ntoty ty tito ty 1ty1N = Ntotitetsto tz 'N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntot ‘tz htytp tz tN, where i € {0, 1,2, 3}. 


253. We next consider the double coset N iol: ty LetgtoN. 
Let [012132] denote the double coset Ntgt[!tzltit3t2V. 


Note that N(012132) > yy0l2132 — (e). Thus [pv(o12182)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty {tz ltitgt2N| = Nl < 4 = 24. 


= IN O13182)] 
Therefore, the double coset [012132] has at most twenty-four distinct single cosets. 
Moreover, N(°17182) has eight orbits on T = {to, ti, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot] ‘ty ler tgtot??, i € {0, 1,2, 3}. 
But note that Ntotyltyltitstetz1N = Ntot;‘tzltitzgeN = Ntoty‘tz*tit3N and 
Ntoty tz 1tytgtatgN = Ntot{ ‘tz 1titgt2N = Ntoty ty ‘titstz'N 
= Ntoty ty tst] NV. 
Moreover, with the help of MAGMA, we know that N tot ts ltitgtotoN = 
Nto‘titetst; (N, Ntoty tz titstetg'N = Ntotiteto ‘tz'N, Ntot] ‘tz ‘titgtetiN 
= Ntotyltotot ty ttg'N, Ntot] ‘tz titstetsN = NtotitotetiN, and 
Ntoty ty 1titgtets‘N = Ntoty1tz't3 tN. 


Therefore, we conclude that there is one distinct double coset of the form 


Ntoty ty 'tytgtet+!N, where i € {0,1,2,3}: Ntoty ty titstet] N. 


254. We next consider the double coset N ot vite, Le IN, 


Let [012132] denote the double coset Ntoty ‘tz tity 1t71N. 


Note that N(012182) > yy012132 _ (e), Thus |W iouz183) > |(e)| = 1 and so, by 


_1,— = N 
Lemma 1.4, |Ntoty Ti ttt Nt "N| = TOE = a = 24. 
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Therefore, the double coset [012132] has at most twenty-four distinct single cosets. 
Moreover, N(012182) has eight orbits on T’ = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{TI}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length seven given by w = tity tp tite ty ee i € {0,1,2, 3}. 

But note that Ntotyltyttty tty tN = Ntotyltyttity1eN = Ntoty; ‘tj 1tit3'N and 
Ntoty tz \titz tty ty'N = Ntoty ty tity ty°N = Ntoty ‘ty ‘tity ‘toN 

= Ntotiteto tN. 

Moreover, with the help of MAGMA, we know that N thr ty tits tty ligN = 
Ntoty ltotot; ta tg’N, Ntoty ‘ty ‘tits ‘ty to'N = Ntoty'totot; ty‘ N, 

Ntoty tg tty tty 1t1N = Ntp't[ ‘ty ltoty tg’ N, Ntoty {ty ttity ty t3N 

= Ntotitetoty+N, and Ntot] ‘tg ‘tity ‘ty ty'N = Ntot]‘totetsN. 

Therefore, we conclude that there is one distinct double coset of the form 

Nioty tz Mtitg ‘tz 1421, where i € {0, 1, 2,3}: Ntoty ‘tz ttity ty *471N. 


We next consider the double coset N tot: legtot NV. 


Let [012301] denote the double coset Not; #5 ltgtotiN. 

Note that N (022301) > y012301 — (ec). Thus |N a) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tt ltstotiN| = Tay < 4 = 24. 

Therefore, the double coset [012301] has at most twenty-four distinct single cosets. 
Moreover, N (912301) has eight orbits on T = {to, t1,t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{Ti}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = igh ty tatu 4 € {0, 1,2, 3}. 

But note that Ntgty;1ty*tstotit]'N = Ntoty‘ty'tgtoeN = Ntotyty*tgtoN and 
Ntoty tz ttgtotitiN = Ntoty tty ltgtot?N = Ntoty tz tgtoty LN. 

Moreover, with the help of MAGMA, we know that N tot; ‘ty legtotitoN = 
Ntotitetsti:N, Ntoty tz tatotitg ‘N = NtotitototitsN, Ntoty ‘tz ‘tstotiteN 

= Nig tty ltytotyN, Ntoty tp ltstotity|N = Ntoty ‘to ‘tz‘tsN, 
Ntoty ‘tz !tgtotitzN = Ntot] to 'tyt]'tz'N, and Ntoty‘tztgtotits'N 

= Nto'ty ty tstitoN. 
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Therefore, we conclude that there are no distinct double cosets of the form 
Ntot ‘tz /tatotit#'N, where i € {0, 1,2, 3}. 
We next consider the double coset N tot; ty 1tstot; |N ; 
Let {012307] denote the double coset Ntot] ‘tz ‘tstoty‘N. 
Note that N(012301) > )y012301 — (e). Thus \w oe) > |(e)| = 1 and so, by 
Lemma 1.4, |Néot7 tty légtoty+N| = [OTT < 4 = 24, 
Therefore, the double coset [012301] has at most twenty-four distinct single cosets. 
Moreover, N(012301) has eight orbits on T’ = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot] ‘ty Utoty te z€ {0,1,2,3}. 
But note that Niot[ltyltgtot[t4yN = Ntoty tz tstpeN = Ntoty+tz*tstpN and 
Ntoty tg ‘tstoty ty N = Ntoty tz tatot[°N = Ntot] ‘tz ‘tstoti N. 
Moreover, with the help of MAGMA, we know that Néotytz‘tgtot]‘toN = 
Nto lt) ty tg to1N, Ntoty*ty‘tstot; to’ N = Ntotitetsto ‘tz N, 
Niot ‘tz \tgtot[ t2N = Ntoty ‘ty 1tz1tytoN, Ntoty ‘ty ltgtoty't7'N 
= Nt titety lig iN, Ntot] ty tstot; ts = Ntoty ‘tototitaNV’, and 
Ntoty1t5‘tgtot, ‘tz N = NtotitotstoN. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntot ‘tz ‘tatot, t#1N, where i € {0, 1, 2, 3}. 
We next consider the double coset Ntot; ‘tz *tstotel. 
Let [012302] denote the double coset Ntpty't3/tstoteN. 
Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: N igty te ligtote = N ty iy lestoto. 
That is, in terms of our short-hand notation, 
012302 ~ 210320. 
By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [012302]: 


013302 ~ 216320, 102312 ~ 201321, 313032 ~ 213023, 


258. 


335 


031302 ~ 120310, 032102 ~ 230120, 013203 ~ 310230, 
132012 ~ 231021, 302132 ~ 203123, 023103 ~ 320130, 
031201 ~ 130210, 123013 ~ 321031, 301231 ~ 103213 


Since each of the twenty-four single cosets has two names, the double coset {012302} 
must have at most twelve distinct single cosets. 

Now, N (91302) has six orbits on T’ = {to, t1, ta, t3}: {0,2}, {1}, {3}, {0,2}, {1}, and 
{3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length seven given by w = tot tty 1tstotet>*, 4 € {1, 2, 3}. 

But note that Ntoty ty ‘tstotety’N = Ntoty'tz'tstoeN = Ntot] ‘tz 'ts3toN and 
Ntoty tz ltgtotetaN = Ntoty ty tatot2N = Ntoty'ty‘tstoty*N 

= Ntglty'ty*totsN. 

Moreover, with the help of MAGMA, we know that N tty ty: legtotet;N = 
Ntotitato tz ti N, Ntoty ‘tz ‘tgtotety|N = Ntoty ‘tp tots ty*N, 

Ntot ‘tz tgtotetsN = Ntot]‘tetotz ty +tp'N, and Ntoty; ‘tz tstotetsN 

= Ntoty ty to ‘titstyN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty tz tgtotet#"N, where i € {0, 1,2, 3}. 


We next consider the double coset Nitty ‘tz tstp ty; 1N. 


Let [012301] denote the double coset Ntoty ‘tz 1t3to ‘ty 1N. 


Note that ' (012302) > N2301 — (e). Thus |N(12301)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tty l¢gtg!¢71.N| = [HERE] <#=24, 

Therefore, the double coset [012301] has at most twenty-four distinct single cosets. 
Moreover, N(012301) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = tot; ty tat, tp te; i € {0, 1, 2, 3}. 
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But note that Niot] tz lt3tp tt 1t,N = Ntot, tp 1tstp1eN = Ntot] ‘ty ‘tgtp +N and 
Ntoty tz 1tgtp tt tty1N = Ntoty tty ltstgt[°N = Ntoty ‘ty *tstp tN 

= Ntotitetz to. 

Moreover, with the help of MAGMA, we know that NV’ toes ltgty tt ltoN = 
Ntoty ty titgtet;!N, Ntoty ‘ty tsto ‘ty; 'to1N = Ntot, ‘ty ‘tstitoN, 
Ntoty ty tgtp ty tt2N = Nip ltytetot; +N, Ntoty ty tsto ‘ty tp +N 

= Ntotitety tetiN, Ntot[ ‘ty tsto ty] 't3N = Ntoty tz *totity'N, and 

Ntot, ty ‘tgtp ‘ty 't31N = Ntotitatstp ‘ts. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty ty ‘t3tp ‘ty t#'.N, where i € {0, 1, 2, 3}. 


We next consider the double coset N toty ty ltatitoN. 
Let [012310] denote the double coset N tot] ty lestitoN. 


Note that N(012310) > 7y012310 — (e), Thus JN(o13320)| > |(e)| = 1 and so, by 


=i N 
Lemma 1.4, | Ntoty ths “tstitoN | = TST < 24 = 24, 


Therefore, the double coset [012310] has at most twenty-four distinct single cosets. 
Moreover, N (012310) has eight orbits on T = {to, th, to, tz}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, tty Mtgtytott?, 4 € {0, 1, 2,3}. 

But note that Nioty!tyltgtitotg'N = Ntot[ltpltgtieN = Niot; ‘ty +tst,N and 
Ntot ‘tz tgtitotoN = Ntoty tz ‘tstit2N = Ntoty ty tstitp'N. 


Moreover, with the help of MAGMA, we know that N toty tty ltgtytotiN = 
Ntoty ty ‘tstp ty N, Ntoty tz tgtrtoty 1N = Ntoty ty tytgtat, IN, 
Ntoty1tz‘tgtitoteN = Ntoty ‘tz tp tits N, Ntoty ‘tz tgtitoty'N 

= NtotyMtotitp ltgN, Ntoty tz \tstitotsN = Ntp ‘ty 'totstoN’, and 
Ntoty tp tgtitoty'\N = Ntotty ty tt ‘ty tN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty +t ‘tgtytot#'N, where i € {0, 1, 2, 3}. 


We next consider the double coset N’ toty te ligtity In, 
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Let [012310] denote the double coset Ntgty}tz‘tgtito‘N. 

Note that N(012310) > yy012310 — (e). Thus Nona) > |(e)| = 1 and so, by 
ee = N 

Lemma 1.4, |Ntoty tz tgtitg1N| = [WORE] rae ee 

Therefore, the double coset [012310] has at most twenty-four distinct single cosets. 

Moreover, N(12310) has eight orbits on T = {to, t1, to, ta}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length seven given by w = tot) ty tatity ty 4 € {0, 1, 2, 3}. 

But note that Ntot[1tz1tstitp‘toN = Ntot;'tz'tstieN = Ntot]'tz'tgtiN and 

Ntoty ty ltgtitg ‘ty N = Ntoty!ty‘tstity’?N = Ntot] ‘ty tstitoN. 

Moreover, with the help of MAGMA, we know that NV tot ty ltstito iN = 

Ntot[ttgtoty ty 1tgN, Ntoty {ty tstitp t]1N = Ntotitototy ‘tg 'N, 

Ntoty tj ltgtyto ‘tg2N = Ntoty1tototitsN, Ntoty tz ‘tstitg ‘t7'N 

= Ntp lt] Metstity'N, Ntoty tz ‘tatitg ltgN = Nto ‘ty tz ‘tp tstp‘N, and 

Ntot] tz tgtitg ‘tz'N = Ntotitety ‘totiN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty 1ty ltgtito ‘t#4.N, where i € {0, 1, 2, 3}. 

We next consider the double coset N toty ty legtytoN. 

Let [012312] denote the double coset N tot; tty lt3titeN. 

Now, with the help of MAGMA, we know that that the following right cosets, or 

single cosets, are equivalent: Ntot; 1tztgtite = Ntotg‘t]‘tstot. 


That is, in terms of our short-hand notation, 
012312 ~ 021321. 


By conjugating the equivalence relation above with the elements of $4, we determine 


that the following single cosets are equivalent in the double coset [012312]: 
012312 ~ 021321, 102302 ~ 120320, 210310 ~ 201301, 


312012 ~ 321021, 032132 ~ 023123, 013213 ~ 031231, 
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132032 ~ 123023, 302102 ~ 320120, 213013 ~ 231031, 
310210 ~ 301201, 130230 ~ 103203, 203103 ~ 230130 


Since each of the twenty-four single cosets has two names, the double coset [012312] 
must have at most twelve distinct single cosets. 

Now, N(12312) has six orbits on T = {to, t1, ta, t3}: {0}, {1,2}, {3}, {0}, {1,2}, and 
{3}. 

Therefore, there are at most six double cosets of the form Nw, where w is a word 
of length seven given by w = tot ty ‘tgtitots*, i € {0, 2, 3}. 

But note that Ntot;ltyltgtitety'N = Ntot; ‘tz tstieN = Ntoty‘tz\tstiN and 
Ntoty tz ltgtiteteN = Ntot, tz tgtit2N = Ntoty1ty‘tgtt7'N 

= Ntoty ty tp tite. 

Moreover, with the help of MAGMA, we know that N tot, ty lestitotoN = 

Ntot, tz to tts ‘ty; 1toN, Ntoty ta ‘tatitetg'N = Ntot,‘totitstp ts‘, 
Ntot] ‘tz !tgtitetsN = Ntot] ‘tp tots tz'N, and Ntot] ‘tz tstitets!N 

= Nty'ty tz totity LN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntot, ‘ty ‘tgtitet*'N, where i € {0, 1, 2, 3}. 


We next consider the double coset N igty ty rt Lota IN. 

Let [012302] denote the double coset Ntot) ‘ty ‘tz ‘tot N. 

Note that N(012302) > yy012302 _ (e\. Thus IN oe) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty+t71t3 tot3+N| = TNOIBOH <M 24, 

Therefore, the double coset [012302] has at most twenty-four distinct single cosets. 
Moreover, N(°!02) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot) tg ts tot th i € {0, 1, 2, 3}. 

But note that Ntot] tz 13 Mtoty ta = Ntot[ltytz1toeN = Ntoty!ty'tz1toN and 
Ntoty ty tz tot ty 1N = Ntot, ty ‘tz ‘toty?N = Ntoty'ty ‘tz ‘toteN 

= Ntotyltatotst,/N. 
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Moreover, with the help of MAGMA, we know that N toty ty nt tots ligN = 
Ntot[ttotgtz t1N, Nioty ity ltzltoty tp .N = Ntot] tototits N, 

Ntoty ty 1t3 Mtoty ti N = Ntotytotot)‘tgN, Ntot; ty tz ‘toty ty] 'N 

= Ntpltity tg lty4N, Ntoty lta tz*totytgN = Ntotity'to'tiN, and 

Ntoty tz tg ‘totytg!N = Ntotyttototity 1. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty1tz ‘tz ‘toty 1t#".N, where i € {0, 1, 2,3}. 
We next consider the double coset Ntoty ty tz ‘to ti. 
Let [012301] denote the double coset Ntot; ty 1tz1tg ‘tN. 
Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntgtyt1tz1tp tt, = Ntoty ty t7 ‘tp ‘te = 
Nigts ty tp ty ta: 
That is, in terms of our short-hand notation, 

012301 ~ 023102 ~ 031203. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [012301]: 
012301 ~ 023102 ~ 031203, 102310 ~ 123012 ~ 130213, 


210321 ~ 203120 ~ 231023, 312031 ~ 320132 ~ 3 


ol 
4] 
Nl 
Ql 
—) 


Since each of the twenty-four single cosets has three names, the double coset [012301] 


must have at most eight distinct single cosets. 

Now, N(012801) has four orbits on T = {to, t1, te, t3}: {0}, {1, 2,3}, {0}, and {1, 2, 3}. 
Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length seven given by w = tot, {ty 1t3 1tg‘tt#1, i € {0, 1}. 

But note that Nioty ‘ty 1tgltp'tyt74N = Ntoty tz 1tgtp‘eN = Ntot, ‘ty ‘tz'tg'N 
and Ntoty itz ttz tg tit: = Ntoty ty ty tg t2N = Ntot] ‘ty tz tpt] N. 
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Moreover, with the help of MAGMA, we know that Ntoty't7'tz1tp‘titoN = 
Nip titetgtot{N and Ntoty ‘tz 1tsltotitg!N = Ntoty ty ‘tity ty 't7N. 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty ‘tz 1t31tp 1tit#4.N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntoty ‘tp 1tg'tp ty tN. 


—1y-1,-1,-1),- N 
Lemma 1.4, |Ntoty tty tty tp tty 1N| = [OTT < 4 = 24. 


{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = ite tsts ty es 4 € {0,1,2, 3}. 

But note that Ntotyttz1tz tp ltytt.N = Ntoty ty 1tz1to'eN = Ntot] ‘ty ‘tz tp N 
and Nigt, toi, i, tt N= Nb 6 i ty CON Sol, ts ty UN, 
Moreover, with the help of MAGMA, we know that N tot; ty oe lt toN = 
Ntpity tg tg tiN, Ntoty ty lty tg ty to'N = Ntotito tots, 

Ntot] ty tz tp ty lteN = Ntotity!totiN, Ntoty]1ty'tz to tty ty 1N 

= Ntotitetoty teN, Ntoty tty 1tz1tgltyltgN = Ntp‘t]‘tetits ‘toN, and 
Ntotyty'tz tp ty 1t3'N = Ntot]‘tetitztoteN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty 'tp1tz1tp1t,'4*1N, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntot] ‘tz tz'to'ty/N. 


Note that N(012802) > py0l2802 — (e), Thus jvOl2302) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tz tg to‘ty"N| = [WORE < 4 = 924, 


{I}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = toty ty tg tg ty ef, i € {0,1,2, 3}. 

But note that Nigt, ‘ty 't, ‘ty ty ta = Ntot, tty ig eN = Nigt tg ty tg N 
and, Nigt, tts tat ty NS Wit, ist, ON SH Net, to is te NS 
Ntoty ‘tetotitsN. 

Moreover, with the help of MAGMA, we know that N tote ta ie 4G os ligN = 
Nit] ttatotitg ttg1N, Ntot] ty 1tg tg lty tg1N = Ntoty ltetsty ‘tN, 

Niet; tg ts ty ts NS NG Otis N Nth ti tp te ON 

= Ntj ty tetitytoN, Ntot{ ty ‘tz tp ‘ty't3N = Ntp ‘ty *totsty'N, and 

Ntot] ‘ty tz ‘to 1ty1tz1N = Ntp ‘ty ‘totitotsN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty tz ‘tz to ‘ty 1t¢4N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntoty ‘tz !tz*titg1N. 

Let [012310] denote the double coset Ntotytz*t3*titg*N. 

Note that N(012310) > 02310 _ (e). Thus lw nD) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty tty ltztttptN| = [HOE] < 4a 2, 

Therefore, the double coset [012310] has at most twenty-four distinct single cosets. 
Moreover, N(°!2319) has eight orbits on T = {to, ti, tz, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot; tz 1t31t,t9 11, i © {0, 1,2, 3}. 

But note that Nioty'tz ‘tz ‘tito‘toN = Ntot;ty1tz+tieN = Ntot] ‘tz ‘tz t1N and 
Ntoty lig lig tty tg '1N = Ntoty ty 1ty tito? = Not] tty ‘tg ‘titoN 

= Ntotity ‘tots. 

Moreover, with the help of MAGMA, we know that N tot; ty At tate 1iN = 

Ntj tito ty tg “to 'N, Ntoty ‘ty ‘tz ‘tity teN = Niot, totitz ‘toN, 

Ntoty tz tg tito tg1N = NtotyMtotitz ‘totaN, Ntot| ‘ty tz ‘tito t3N 

= NtotMtototz 1teN, and Ntoty ‘ty 1tz‘titgtg*N = Ntotito tz 'tz+tp'N. 
Therefore, we conclude that there is one distinct double coset of the form 


Ntoty1tz1t3 tito 4*".N, where i € {0,1,2,3}: Ntoty ty *t3*t1tp tt]. 
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We next consider the double coset N tot ty tie tits, IN, 

Let [012313] denote the double coset Ntoty tz tz tityN. 

Note that N(012312) > yy012312 — (e), Thus [nv1o3814)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty ty 1ty1t1t71.N| = [ORE] < 4am, 

Therefore, the double coset [012312] has at most twenty-four distinct single cosets. 
Moreover, N(°12312) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot tz 13 tity tt, i © {0,1, 2, 3}. 

But note that Nigty ty1t3 tity teN = Ntot; tty 'tz1tieN = Ntoty‘t7 ‘tz 'ti.N and 
Nioty tz tz tity tg!N = Ntoty tty 1t3 1tty?N = Ntot, ‘tz tz titeN 

= Ntotytotitstg‘N. 

Moreover, with the help of MAGMA, we know that N tot, ty “te tits toN = 
Ntoty 'tetity lt3N, Ntot; tp 1tztit tg1N = Ntotitetot, 1N, 
Ntoty ty tz ‘tity 1t1N = Ntoty‘totstztoN, Ntot, ty ‘tz ‘tity ‘t7'N 

= Ntot[ ty Motity'N, Ntoty tty tz tity tsN = Ntot]‘totot]t2N, and 

Nigte ty ty ttt N= Ninte tata tg IN: 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty ty 1tz ‘tit t#".N, where i € {0, 1,2, 3}. 

We next consider the double coset N igi ts iy 1 ttoN : 

Let [012310] denote the double coset Ntot1tz'tz "ty "to. 

Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntot1tz'tz1t] ‘to = Ntet]'tz ‘tg 'ty ‘te = 
Nigte is iy ty ta: 

That is, in terms of our short-hand notation, 


012310 ~ 213012 ~ 310213. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [012310]: 


012310 ~ 213012 ~ 310213, 102301 ~ 203102 ~ 301203, 
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031230 ~ 132031 ~ 230132, 103201 ~ 302103 ~ 201302 
Since each of the twenty-four single cosets has three names, the double coset [012310] 
must have at most eight distinct single cosets. 
Now, N(12319) has four orbits on T = {to, t1, ta, t3}: {0,2,3}, {1}, {0,2,3}, and 
{i}. 
Therefore, there are at most four double cosets of the form NwN, where w is a 

word of length seven given by w = tot; tz 1tz+t7 tot", i € {0, 1}. 

But note that Ntot] ‘tz 1tz1¢ytotg1N = Nioty tg tz 1t{1eN = Ntoty1tz1tz*t7'N 
and Nigty tt, 145 1t; ‘oto = Nigtp lig ty 47 URN = Ntot] tg tty ey lig N 
= NtpltitetstN. 
Moreover, with the help of MAGMA, we know that N gt, ts tte ler totiN = 
Ntoty }ty #3 tatp tty N. 
Therefore, we conclude that there is one distinct double coset of the form 
Ntoty ty 1t31t7tot*#'N, where i € {0,1,2,3}: Ntot] ‘tp ty ty tot] N- 
We next consider the double coset Ntoty tz 't3 ‘ty to. 
Let [012312] denote the double coset Ntot] ‘ty ‘tz ‘ty to. 
Note that N(012812) > yy012312 — (e). Thus [w (ors) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty1t71t3 tz 1t2N| = [worn S < 4 = 94, 
Therefore, the double coset [012312] has at most twenty-four distinct single cosets. 
Moreover, N(!2812) has eight orbits on T = {to, ti, ta, t3}: {O}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = itis Gy be i € {0, 1, 2, 3}. 
But note that Ntgt 1g tz [Motz 1N = Ntot, ‘tz {tg t[leN = Nioty ty 1t3{t{1N 
atid Nigt; ty ty t intsN SNigt ts tt, EN SN, GB ti NN. 
Moreover, with the help of MAGMA, we know that Ntot't71tz‘t]‘tetoN = 
Ntot) to ‘tets1N, Ntoty ‘tz 1tz1t[+tety’N = Ntotiteto tN, 
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Ntoty ‘tp ‘tz 1t[‘tetiN = Ntoty'tz‘totity'N, Ntoty'ty1tz+t7"tet[1N 

= Ntoty totito ‘tN, Ntoty'tz1tz1t[‘tetsN = Ntp'titetytp'N, and . 
Ntoty tz 1tg lt tots!N = Ntoty ty tetoty1N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntot] 1tz1t3 ‘t7 ‘tot#'N, where i € {0, 1,2, 3}. 


We next consider the double coset N boty te ee IN, 


~—1,-1),-1,-14-— N 


{i}, {3}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = oli ts ty i € {0,1, 2, 3}. 

But note that Ntoty ‘tz !tg ty ltylteN = Ntoty tty tz tj 'eN = Ntoty {ty 1tz1t7(N 
and Ntgty ty ty t] ty ig (N= Niot, ty tg tig N S Ntot] th tht] ta: 
Moreover, with the help of MAGMA, we know that Ntoty "tz 't3*ty7"t7*toN = 
NtotitototiN, Ntoty ty ttt; ty 'to*N = NtotitetotitsN, 

Nigty ty tg ti te tN = Nigts teh NS Nt i ty tt tp NN 

= Ntot{‘totstgtoN, Ntot) ‘tz 't3 ‘tty ‘tsN = Ntotytoto tz toN, and 


Ntoty!ty tz lt7 {ty 'ty1N = NtotitetstiN. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntot ‘ty tz tt] +t t*1.N, where i € {0, 1,2, 3}. 

We next consider the double coset N toty totetstoN : 

Let [010230] denote the double coset Ntot]tototstoN. 


Note that N(010280) > yy010280 — (e). Thus ie) > |{e)| = 1 and so, by 


- N 
Lemma 1.4, | tot; ‘totetstoN| = [WOT < a = DA: 


Therefore, the double coset [010230] has at most twenty-four distinct single cosets. 
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Moreover, N(10280) has eight orbits on T = {to, ti, te, ts}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, totetstot**, 4 € {0,1, 2, 3}. 

But note that Ntot]‘tototstoty'N = Ntoty‘totetzeN = NtotytotetzN and 

Ntot, ‘totatstotoN = Ntoty‘totatstZN = Ntot;totetstg'N = Ntot] ‘tz ‘to ‘tsto‘N. 
Moreover, with the help of MAGMA, we know that N tot] ‘totetstotyN — 
Ntotito tty tz 1to'N, Ntoty Motetstot;!N = Ntot; ‘ty ‘tz ‘ty tot] 'N, 

Ntoty totatatoteaN = Ntg'ty1totitotsN, Ntot] ‘totetstotzN 

= Ntotyltotgtitg'N, Ntoty MtotetstotsN = Ntoty ‘tz ‘to ‘tet; N, and 
Ntot,‘totetstotsN = Ntot| ‘tz to‘tztoN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntot,‘totatstot#'N, where i € {0, 1, 2, 3}. 


We next consider the double coset N tot; tp lrotgto NV. 

Let [010230] denote the double coset Ntoty tp totstoV. 

Note that N(010230) > y010230 — (e). Thus |N (one) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty +t9‘tetatoN| = [Oa < #= 24, 

Therefore, the double coset [010230] has at most twenty-four distinct single cosets. 
Moreover, ‘N (910239) has eight orbits on T = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot ‘tp tatgtot*?, i € {0, 1, 2, 3}. 

But note that Ntot7 tj ltetstotg‘N = Ntoty1to—ltetseN = Ntoty*to—1totsN and 
Niot] ‘tp ltatstotoN = Ntot, tp 'totst8N = Ntot; ‘to ‘tatstg'N 

= NiotyltototityN. 

Moreover, with the help of MAGMA, we know that Ntot] ‘tj ‘tetatot:N = 
Ntotitots ‘to tiN, Ntotylto+tetstot;'N = Nto‘titetotiN, 

Ntoty to ltetstoteaN = Ntoty1tz*totiteN, Ntoty ‘tj totstoty N 

= Niot; ty totitetsN, Ntot] ‘to ‘totstotsN = Ntoty tz ‘tp ‘taty'N, 

and Nioty tp ltotstotz1N = Ntoty‘tototy ‘to. 
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Therefore, we conclude that there are no distinct double cosets of the form 


Ntot| ‘tp ‘tatstott!.N, where i € {0,1, 2, 3}. 


We next consider the double coset Ntot] ‘tp tetst;/N. 

Let [010231] denote the double coset Ntoty ‘tp ‘tatst7 ‘N. 

Note that N(010231) > jy0l0231 — (e). Thus Hayteueas)| > |(e)] = 1 and so, by 
= = N 

Lemma 1.4, |Ntoty to ltatst7*N| = Otay <4 =m, 

Therefore, the double coset [010231] has at most twenty-four distinct single cosets. 

Moreover, (010231) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 

{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length seven given by w = tot; ‘tp ‘tetst, 1tF?, i € {0,1,2,3}. 

But note that Ntoty ‘tp Mtetst71t1N = Ntoty‘to—ltotzeN = Ntot;*to—ltot3N and 

Ntoty ‘to ‘tatty 't]'N = Ntoty ‘tp ‘totst{°N = Ntot] ‘to ‘tetatiN 

= Ntoty ty to ltstiN. 

Moreover, with the help of MAGMA, we know that N tot; ‘ty ltotgt; toN = 

Ntoty ‘tototity t3N, Ntot] ‘tp ‘tatgt] ‘ty 'N = NtotitztitstoN, 

Ntoty ty *totgt] toN = Ntoty‘totstitoN, Ntot] tg ‘totst] ty'N 

= NtotytotgtitotaN, Ntot; to tetstytzN = Ntoltitz1t31t71N, and 

Ntoty to ttatst,ty+N = Nitotitetotz tg 1N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot ‘to ‘totgty 1t*1.N, where i € {0, 1,2, 3}. 


We next consider the double coset N toh; thy. ltotgty IN, 
Let [010232] denote the double coset Nioty lt totsty1N. 


Now, with the help of MAGMA, we know that that the following right cosets, or sin- 
gle cosets, are equivalent: Ntgt, tp ‘tetstz+ = Ntito ty ‘tstets + = Ntots ‘tz ttitot]* 


= Nigty' tz totito’. 


That is, in terms of our short-hand notation, 


010232 ~ 101323 ~ 232101 ~ 323010. 
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By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [010233]: 
010232 ~ 101323 ~ 232101 ~ 323010, 101232 ~ 010323 ~ 232010 ~ 323101, 
212030 ~ 121303 ~ 030121 ~ 303212, 313202 ~ 131020 ~ 202131 ~ 020313, 
020131 ~ 202313 ~ 131202 ~ 313020, 030212 ~ 303121 ~ 212303 ~ 121030 
Since each of the twenty-four single cosets has four names, the double coset [010232] 
must have at most six distinct single cosets. 
Moreover, N(019232) has two orbits on T = {to, t1, to, t3}: {0,1,2,3} and {0, 1, 3, 3}. 
Therefore, there are at most two double cosets of the form Nw, where w is a word 
of length seven given by w = toty !to‘tetstyt##1, i = 2. 
But note that Ntoty tp totstzteaN = Ntot]‘to‘tetseN = Ntot]‘tp*tetsN and 
Ntoty to ‘tetstg‘tz'N = Ntoty tp totsty’N = Ntot] ‘tp ‘totsteN 
= Nigh iy Ga iN: 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty tp tetstz t#"N, where i € {0,1, 2, 3}. 


We next consider the double coset Ntot; ‘tg *tets t71N. 


Let [010231] denote the double coset Ntoty ‘tj *tetz ‘ty 'N. 


Note that (010231) > yy010231 — (e). Thus [avo10281)| > |(e)| = 1 and so, by 
rae ay ee N 
Lemma 1.4, |Ntot] ‘tg ‘tty t7'N| = [OTe] < 24 24. 


(010231) | = 1 


Therefore, the double coset [010231] has at most twenty-four distinct single cosets. 


Moreover, N(10231) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot] ‘tp ‘tetz {t]t#", 7 € {0, 1, 2, 3}. 

But note that Ntoty tj ‘tty ty tN = Ntot[1to—ltetz'eN = Ntot] ‘to—ltetz'N 
and Nioty to Mets ty 1t]'N = Ntoty ty tots t[°N = Ntot] ‘tp tetz tN 

= Nioti toto ts. 
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Moreover, with the help of MAGMA, we know that N tote ts ‘tots ‘ty toN a 
Nigt; (ty titgtat, (Nj Ntot, (tj tata ‘ty tg (N= Nig ty ty tot ty LN, 
Ntoty tp ltetz tty taN = Ntoty tz tp titeN, Ntoty tp tots ty 1tp1N 

= Niotytetoty ty 't3N, Ntoty to ‘tets ‘ty tsN = NtotitetstitoN, and 

Nigty ig tats ty eg LN = Nip tty eg tN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty ‘tp ‘tots 1t tf, where i € {0, 1, 2, 3}. 

We next consider the double coset N’ tot; ‘to ‘tots He. F 

Let [010232] denote the double coset Ntoty tp ‘tetz*tz1N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: N tot; ty. tity It — N tot tt testa & Ls 
That is, in terms of our short-hand notation, 
010232 ~ 010323. 
By conjugating the equivalence relation above with the elements of $4, we determine 


that the following single cosets are equivalent in the double coset [010232]: 


010232 ~ 010323, 101232 ~ 101323, 212030 ~ 212303, 
313202 ~ 313020, 020131 ~ 020313, 030212 ~ 030121, 
121030 ~ 121303, 202131 ~ 202313, 131202 ~ 131020, 
303212 ~ 303121, 323010 ~ 323101, 232101 ~ 232010 


Since each of the twenty-four single cosets has two names, the double coset [010232] 
must have at most twelve distinct single cosets. 

Now, N(010282) has six orbits on T = {to,t1,to,t3}: {0}, {1}, {2,3}, {0}, {I}, and 
{3,3}. 

Therefore, there are at most six double cosets of the form NwJN, where w is a word 
of length seven given by w = tot; tp bits te i € {0, 1, 2}. 

But note that Ntoty tp ‘tots ‘tz teN = Ntot] ‘to totzeN = Niot, tp ‘tet; 'N and 
Ntoty ‘to ‘tots 'tytz1N = Ntot{'toltatyt7?N = Ntot] ‘tp toty!t.N 

= Nioty ‘to 'tyltsN. 
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Moreover, with the help of MAGMA, we know that Ntoty ‘to ‘tots ‘tz 1toN = 
Ntottz ty totits(N, Ntoty to ‘tety ‘ty tg1N = Ntoty ty tstiteN, 

Nioty tp ttatz tty ‘tN = Ntotz ty tgtoteN, and Ntoty ‘tp ‘tots ‘ty ‘ty 1N 

= Ntotitety tz ‘tN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty tp ‘tats ‘ty t#1.N, where i € {0, 1, 2, 3}. 


We next consider the double coset N tot tp tis leita. 


Let [010213] denote the double coset Ntoty7!to ty tits. 


Note that N(010213) > yy010213 — (e). Thus In (oleae) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty 1g ty ttsN| = TOs] < 4 = 24, 


Therefore, the double coset [010213] has at most twenty-four distinct single cosets. 
Moreover, N(°10213) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = igt) tg ty titat i € {0,1,2, 3}. 

But note that Ntotytip tty ttitsts!N = Ntoty'to—1tg‘tieN = Ntoty‘to—1tztiN 
and Ntotyto‘tytitst3N = Ntoty to 'tytit3N = Ntot] ‘to ‘ty tit; 1N. 

Moreover, with the help of MAGMA, we know that N tot te nee LttgtoN = 
Ntotity tz ‘totiN, Ntoty to 'tp‘titstg'N = Ntp‘ty‘tetsto'N, 
Ntoty tp ‘ty titst,N = Ntotyty'tp‘t7*tg1N, Ntot) tg tty titst] |N 

= NtotitotstitoN, Ntoty tp tz ltitst,N = Ntp‘t[lty1tsty'N, and 
Ntoty1to1tyltitgtg+N = Ntot] ‘tg 1to‘tetiN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty to ‘ta ‘titgt='N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntot] ‘tp tz tit31N. 
Let [010213] denote the double coset Ntoty {tp tty ‘tity N. 


Note that N(010213) > py010213 — (e). Thus ln (ore) > |(e)| = 1 and so, by 


—-1,-1,- - N 
Lemma 1.4, |Ntoty}t51tj!t,t31.N| = [RTE] < 24 = 24. 


Therefore, the double coset [010213] has at most twenty-four distinct single cosets. 
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Moreover, N(°0213) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = boli tg tia i€ {0,1,2, 3}. 

But note that Ntoty tty ltytitzt3N = Ntoty‘to—1tgtieN = Ntoty'to—1ty‘tiN 
and Not, tig tty tits {ty 1N = Ntoty tg tg tits?N = Ntoty ‘to ‘tp tits. 
Moreover, with the help of MAGMA, we know that NV toty ty. its, ‘tts toN = 
Ntotitoty 'teN, Ntoty'tptz ‘tity ‘to'N = Ntotitoty ‘totiN, 
Ntoty lto ‘ty tits ‘tN = NtotitetotsN, Ntoty ‘tg ty ‘tity t7*N 

= Niotitatoty tg! N, Ntoty tg ty tity teaN = Nip ‘ty 'tz'titsN, and 
Ntotrits 5 tite tg NSN te tN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty tp 1tz tits ¢#1N, where i € {0, 1, 2, 3}. 

We next consider the double coset N int; tp te te ttoN ‘ 

Let [010210] denote the double coset Ntot7/to‘ty1t]1toN. 

Note that N(010210) > yy0l0210 — (e). Thus Iw (otbHD| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty to ltg tty ttpN| = [OTA < 4 = 94, 


Therefore, the double coset [010210] has at most twenty-four distinct single cosets. 
Moreover, N (919210) has eight orbits on T' = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot] tp 145147 lMot*?, i € {0, 1,2, 3}. 

But note that Ntoty ‘tp ty ‘ty toto +N = Ntoty‘to—1tz'ty'eN 

= Ntotyto—1tz lt! N and Ntoty1to'ty ‘ty totoN = Ntoty tp ty "t, {Nn 

= Nioty to leg ty lig'N = Ntp'tyltetitoN. 

Moreover, with the help of MAGMA, we know that N boty ty: ‘ty ‘ty totiN = 
Ntotyltatotity 'tg'N, Ntoty ‘to ty ty ‘tot; (N = Ntoty'tototity 'N, 
Nitoty tp tg tty MoteN = NtpltitytetsN, Ntoty ‘to ty ‘t] tots 'N 

= Ntoltitytoty'N, Ntoty'to'ty ‘ty /totgN = Ntotytototy ‘tits, and 

Ntoty tg tg 1t[ltoty 1N = Ntotyttotitgty tN. 
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Therefore, we conclude that there are no distinct double cosets of the form 
Ntot ‘tp 15 t[1tott'N, where i € {0, 1,2, 3}. 


We next consider the double coset Nit, tg ‘tz ‘ty "tz 1N. 


Note that N(10218) > py010213 — (e) Thus yom) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty t51ty4y7*t3 | = pha < 4 = 24. 


{I}, (3), and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot; ‘to ‘ty ‘ty 't3 ltt, i € {0, 1, 2, 3}. 

But note that Nitty tig ty lt71tz1tgN = Ntot] to—ltzty+eN 

= Nigt; ip—ltz1t,'N and Ntoty lig ty ley 1tz1tg'N = Niot] ‘tp *ty ty; tg7N 
= Nit] tp ig ty tN = Nty tity ty aN 

Moreover, with the help of MAGMA, we know that Niot?'tg‘tz*ty7/t3‘toN = 
Ntoty‘tetotity ‘t3'N, Ntoty ‘tp ty lt ltz1tg'N = Ntotitotots ‘to, 

Nigt) to ta ty ts HN = Noy eee eatitoN, Ntoty tp tg tte tN 

= Ntoty ‘tz ltgtotiN, Ntoty+tg'tp lt 1tyta2N = Nig ltyMtotitsN, and 

Nigty tts tp ts ag N = Nts ‘tity ‘tig. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty tp ‘tz 147143441, where i € {0, 1, 2,3}. 

We next consider the double coset Ntgty*tp1tztz*tN. 


Let [010231] denote the double coset Ntoty ‘tp *tz*t3 tN. 


Note that N(010231) > yy010231 _ (e). Thus hae > |(e)| = 1 and so, by 
Lemma 1.4, |Ntot; #9 M443 1t.N| = prow <7 < 494, 


Therefore, the double coset [010231] has at most twenty-four distinct single cosets. 
Moreover, N(010231) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length seven given by w = on i tie 4 € {0,1, 2, 3}. 

But note that Ntgty!to tty tz 1tt71N = Ntot] to—1t7tz'eN 

= Not; ttp—1tz1t3!N and Ntoty tp ltyltg titi N = Ntoty ‘tp ‘ty tz 1t?2N 
=Nipt, tt tg ty NS Niet 8 tg te ON. 

Moreover, with the help of MAGMA, we know that Ntot; "tp ‘ty 'tz*titoN = 
Niotit tg ty! N, Ntot[ tp ity tz tito! N = Ntot]‘tetotst,'N, 
Ntoty tp tty 1t3 titaN = Ntoty ltetotity1tg'N, Ntot{1tg'tz ‘tz 'titz'N 

= Ntoty Mototity!N, Ntoty to 1tz1tztit3N = Ntotitetstp ‘t;'N, and 

Nigt, ty ts ts tite NH NG tity ty oN: 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty ty ity tz 'tyt#".N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntotitototit3N. 

Let [012013] denote the double coset Ntotitetotit3N. 

Note that N(012013) > yy012018 — (e), Thus |N(12018)| > |(e)| = 1 and so, by 
Lemma 1.4, |NtottototitsN| = WOT] < 4 = 04. 

Therefore, the double coset [012013] has at most twenty-four distinct single cosets. 
Moreover, N(°2013) has eight orbits on T = {to, ti, te, ta}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totytototitst*", i € {0, 1, 2, 3}. 

But note that Ntotitatotitsts |N = NtotitetotyeN = Niotitotot;N and 
NtotytototitstsN = Ntotitetotit?N = Ntotitetotits1N = Ntot;'tz't3‘t)'tz/N. 
Moreover, with the help of MAGMA, we know that NitotitetotitstoN = 
Ntotyltz1tgtotiN, Ntotitetotitstp'N = Ntpltitetst:N, NtotitetotitstiN 

= Nt tp ltg tg ty'N, Ntotitetotitst] ‘N = Nig ‘ty tz totstp 'N, 
NtotytototitgtaN = Ntpltitetstzt7'N, and Ntotytototitstz\N 

= Ntp't{ totitstoN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntotitetotitst?N, where 7 € {0, 1,2, 3}. 


283. 


284. 


303 


We next consider the double coset Ntotitatoty ‘toN ; 
Let [012012] denote the double coset N totitotot] teaN ; 


Note that N(012012) > yy012012 — (e) Thus is (oo) > |(e)| = 1 and so, by 


Lemma 1.4, | Ntotitatot]‘t2N| = woman S 3 = 24, 


Therefore, the double coset [012012] has at most twenty-four distinct single cosets. 
Moreover, N(012012) has eight orbits on T = {to, tz, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitototy Mtot*1, i € {0,1, 2, 3}. 

But note that Ntotitetoty ‘taty'N = Ntotytatot;'eN = Ntotytotot;*N and 
Ntotytotot] totzN = Ntotitetoty 43N = Ntotytotot; tg1N = Niotyty ‘tz 'tz!N. 
Moreover, with the help of MAGMA, we know that N totitototy tetoN = 

Ntp \tytotstoty 'N, Ntotitotot; taty'N = Nto'titotstoN, 

Ntotitototy +tetiN = Niot;ltztz‘tp'ty'N, Ntotitototy ‘tot; 'N 

= Niotity'totiN, Ntotitototy tetsN = Ntotytotots ‘t[1tz7'N, and 
Niotytotot, ‘tots 1N = Ntoty‘totots tN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotytatoty ‘tot, where i € {0, 1,2, 3}. 

We next consider the double coset Niptitototstg IN. 

Let [012030] denote the double coset Ntotytototst IN, 

Note that N(12030) > y012030 — (e). Thus eae > |(e)| = 1 and so, by 
Lemma 1. A, | Ntotitototstg *N| = = THOiT035] <% == 24, 

Therefore, the double coset [012030] has at most twenty-four distinies single cosets. 
Moreover, (012030) has eight orbits on T = {to, ty, ta,t3}: {O}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at’ most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitetotaty ‘t3", i € {0, 1, 2, 3}. 

But note that Ntotitetotstp‘toN = NtotitetotseN = NtotitetotsN and 
Niotytatotgtg 'to'N = Ntotitetotsty’°N = NtotitototstoN 
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= Ntotitety'tg'N. 

Moreover, with the help of MAGMA, we know that Niptitototsto LN = 
Ntotj ltototy tty tp 1N, Ntotitetotstp 1t{+N = Ntoty1ty+tot) tg‘, 
Ntotitototstg 'taN = Nto‘tyltetitstp'N, Ntotitetotsto tz 1N 

= Ntoltytyltg ty 't[1N, Ntotitetotsty ‘t3N = Nto‘tyt7‘totiN, and 
Ntotitototgty ‘tz 1N = Ntp lt) ‘tz totiteN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntotitototsty t71N, where 7 € {0, 1, 2, 3}. 


We next consider the double coset Ntotitotot3teN. 

Let [012032] denote the double coset NiotitatotsteN. 

Note that the point stabilizer is N°!09? = {n € N | (totitetotst2)” = totitetotste} = 
(e) and, moreover, that the coset stabilizer is N‘012082) > )y012032 — (e). Thus 
LAtenzoe2) > |(e)| = 1 and so, by Lemma 1.4, |NtotitetotsteaN| = ORE <2 
24. 


Therefore, the double coset [012032] has at most twenty-four distinct single cosets. 


Moreover, N(12032) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot tatotstet*", i € {0, 1, 2, 3}. 

But note that Ntotitototstety'|N = NtotitetotzeN = NtotitetotsN and 
NtotitototgteteN = Ntotytototst3N = NtotitetotstzN 

Nis tr ty th tN: 

Moreover, with the help of MAGMA, we know that NtotitototgtetoN = 
Ntottotz ‘ty 't1N, Ntotitetotstety'N = Ntotitz'titstoN, NtotitetotstotiN 

= Ntotyltotitgtg'N, Ntotytototstety1N = Ntoty tz 1tg ty ltN, 

Ntotitatotstat3N = Ntotity tito 'N, and NtotitetotstetyN = Nto'ty'tot]‘toN. 


Therefore, we conclude that there are no distinct double cosets of the form 


Ntotytatotstet#!N, where i € {0,1, 2, 3}. 


We next consider the double coset N totitotots ‘toN ? 


287. 


305 


Let [012030] denote the double coset Ntotitetots lio. 

Note that (12080) > yy012080 — (e), Thus |N(12080)) > {(e)| = 1 and so, by 
Lemma 1.4, |Ntotitatoty ‘toN’| = [WOT <%= 94, 

Therefore, the double coset [012030] has at most twenty-four distinct single cosets. 
Moreover, N (012030) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitototz toe 4 € {0,1, 2, 3}. 

But note that Ntotitetots ‘tot 1N = Ntotitatot;'eN = Ntotitetotz'N and 
Ntotytatots ‘totoN = Ntotitatots t2N = Ntotitototy tg 'N. 

Moreover, with the help of MAGMA, we know that Ntotitetot3 liotiN = 

Ntg tty tg tg 1tto1N, Ntotitetots ‘tot; !N = Ntoty‘tototy tity, 

Ntotitototy ‘tote2N = Ntoty tg tg 1ty1tz'N, Ntotitotots totz'N 

= Ntot] Mototitp ‘ty! N, Ntotitetots totzN = Ntp lt) ‘tz totiteN, and 
Ntotitatots ‘tots 'N = Ntot] tz 'tp ‘tito ‘N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntotitatots ‘tot*!N, where i € {0, 1,2, 3}. 
We next consider the double coset N totitotots tg IN, 


Let, [012030] denote the double coset Ntottatotz to 1N. 


Note that N(012030) > yy012030 — (e), Thus (012086) > |(e)| = 1 and so, by 
Lemma 1.4, | Ntotitetots ‘t+ N| 
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Therefore, the double coset [012030] has at most twenty-four distinct single cosets. 
Moreover, N(°12030) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitetots ‘to eae i € {0, 1, 2, 3}. 

But note that Ntotitetotz tg ltoN = NtotitetotzeN = Ntotitetots'N and 
Ntotitatots to to1N = Ntotitetots 'to°N = Ntotitetots 'toN. 
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Moreover, with the help of MAGMA, we know that Ntotitatots te liN = 
Nioty tz ltgtitg'N, Ntotitetots tg lty1N = Ntotytotot] ‘tz ts, 
Ntotitetoty tg taN = Ntoty tp ltotst;'N, Ntotitetots ‘tots 'N 

= Nip tity tz t{1N, Ntotitotots 'toltsN = Ntot,tp'tp‘titz'N, and 
Ntotitatoty 'tg1tg'N = Ntotitetg‘t3N. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntotytatoty 1t‘t#1N, where i € {0, 1, 2, 3}. 


We next consider the double coset Nigtitoto lot N. 
Let [012021] denote the double coset Nigtitety*tetiN. 


Note that N(012021) > yy012021 — (e), Thus Nee > |(e)| = 1 and so, by 


Lemma 1.4, | Ntotitaty tot: N| = Twonbany S < 4 = 94. 


Therefore, the double coset [012021] has at most twenty-four distinct single cosets. 
Moreover, N(012021) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totytotp loti t#, 4 € {0,1, 2,3}. 

But note that Ntotitetg totit; 1N = Ntotitetp teeN = NiotitetgteN and 
Nitotitoto ‘totitiN = Ntotitetytet?N = Ntotitety‘tetiN. 

Moreover, with the help of MAGMA, we know that Niotiteto ltotitoN = 
Ntoityltety oN, Niotitetoltetitg‘N = Ntp'tytetstz'N, 

Ntotitato totitaN = Ntoty tz ltstitg|N, Ntotitet) ltetity|N 

= Ntp'yltyltpltstp'N, Ntotitetp Motit3N = Ntot] ‘tp ltstp‘t71N, and 
Ntotitetg ‘totits!N = Ntp titetoty1N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoti tat ‘totit+!N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntotiteto ety 1h. 
Let [012021] denote the double coset Nigtitety ty 'tiN. 
Note that N(012021) > y012021 — (e), Thus Hegel > |(e)| = 1 and so, by 


Lemma 1.4, |Ntotitaty ty 1t1N| = went S < P= 24. 
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Therefore, the double coset [012021] has at most. twenty-four distinct single cosets. 
Moreover, N (1021) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitety ‘ty tt t#?, 4 € {0, 1,2, 3}. 

But note that Ntotitetsttyltty1N = Ntotiteto'tzteN = Ntotitety'ty'N and 
Ntotitety ty titi N = Ntotitety ty 't?2N = Ntotitoto ‘tz ty] 'N. 

Moreover, with the help of MAGMA, we know that Niotitetp ‘tg titoN = 
Ntotity*tgtoN, Ntotiteto ty tito ‘N = Ntotitg ‘tstotiN, Ntotiteto ty ‘titeN 

= Ntpltptety tots’, Ntotitetp ty ttity(N = Nto ‘ty ‘ty ‘totstp ‘NV, 
Ntotitatpttz titgN = Ntolty*ty tty tity'N, and Niotiteto tz /titg'N 

= Nto't['tetitstoN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotitoto tt 1t:t#1.N, where i € {0, 1,2, 3}. 


We next consider the double coset Nigtitotg ty a ad : 


Let [012021] denote the double coset Ntotitetp ‘ty t71N. 


Note that N(0!2021) > jy012021 — (e). Thus (012081) | > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotitet tty ¢74N| = [OTE] < 24 = 24. 

Therefore, the double coset [012021] has at most twenty-four distinct single cosets. 
Moreover, N(°2021) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = ighitaty tp ee, i € {0,1, 2, 3}. 

But note that Nitotitetoty't7't1N = Ntotitetg*ty'eN = Ntotiteto'ty*N and 
Niotitats tz tty tT N = Ntotyteto tt 1t72N = Ntotitety ty tN. 

Moreover, with the help of MAGMA, we know that Niotiteto ie tT to = 

Ntoty tototito ty’ N, Ntotitetg tz ty 'to'N = Ntot]‘totitsteN, 
Ntotiteto tty t[1teN = Ntg'ty'ty‘tytoN, Ntotitetg ‘ty 't7't7'N 

= NtotyltototitaN, Ntotitetg ty ty 1tgN = Ntp ‘ty "tp ‘tstitoN, and 
Ntotitetg ty ‘ty ty N = Ntot] tz tot] ty N. 
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Therefore, we conclude that there are no distinct double cosets of the form 


Ntotitgty ‘tpt, t#".N, where i € {0, 1, 2,3}. 


We next consider the double coset Ntotitetg 1 to N ; 

Let [012030] denote the double coset Ntotitotg tz 1toN. 

Note that N(012030) > 012030 — (e), Thus ln (close) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotitatg ‘tz 1toN | = : any < 4 = 24. 

Therefore, the double coset [012030] has at most twenty-four distinct single cosets. 
Moreover, N(012030) has eight orbits on T’ = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {6}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length seven given by w = tot; tet tz ‘tot#1, i € {0, 1, 2, 3}. 

But note that Ntotitetpty!totp'N = Ntotitetptz’eN = Ntotitetp'ty*N and 
Ntotitatg ‘tz ‘totoN = Ntotitato ts t2N = Ntotitoty ‘tz ‘to'N 

= NtotyitotstoN. 

Moreover, with the help of MAGMA, we know that Ntotiteto les tot N = 
Ni5tty ta ty tity NV, Ntotitats tg tot NN = Nip ty iatitg ‘ta 

Ntotitoto ‘tz ‘totoN = Niot tet3t,N, Ntotitatg ‘tz ‘tots 'N 

= Ntoty tty tz 1t7lty1N, Ntotitetg tz tot3N = Ntotitet; ‘tot: N, and 
Ntotitato tz tots -N = Nioti ty tatotiN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotitety ‘tz ‘tot, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntotitetg "tg TiN. 
Let [012031] denote the double coset Ntotitets ‘tz tN. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntotitaty He ti = Ntotetito My ta. 


That is, in terms of our short-hand notation, 


012031 ~ 021032. 
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By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [012031]: 


012031 ~ 021032, 102130 ~ 120132, 210231 ~ 201530, 
312301 ~ 321302, 032013 ~ 023012, 013021 ~ 031023, 
132103 ~ 123162, 302310 ~ 320312, 213301 ~ 231303, 
310321 ~ 301320, 130123 ~ 103120,  ° 203310 ~ 230213 


Since each of the twenty-four single cosets has two names, the double coset [012031] 
must have at most twelve distinct single cosets. 

Now, N (912031) has six orbits on T = {to, t1, ta, t3}: {0}, {1,2}, {3}, {0}, {1,2}, and 
{3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length seven given by w = totitety tz tttt', 4 € {0,1, 3}. 

But note that Niotitetpltg tit] 1N = Ntotitetptz1eN = Ntotitetptz'N and 
Ntotitotg tty tit, N = Ntotitoto tz 't?N = Ntotitoto ‘tz t7'N 

= Ni; titats ty ON: 

Moreover, with the help of MAGMA, we know that Niotitet> the lhtgN = 
Nioty'to ‘tots tz 1N and Ntotitetptz1t1t31N = Ntoty ‘tz ‘tstoteN. 

Therefore, we conclude that there are two distinct double cosets of the form 
Nitotytato ‘tz tit#1 N, where i € {0,1,2,3}: Ntotitetytz‘titoN and 
Ntotiteto tz titgN. 


We next consider the double coset Nitgtitat3toteN. 
Let [012302] denote the double coset NtotitetgtoteN. 
Note that N(012802) > 012302 — (e). Thus |N(019802)| > |(e)| = 1 and so, by 


Lemma 1.4, |NtotytetstoteN| = [eT < 4 = 24. 


Therefore, the double coset [012302] has at most twenty-four distinct single cosets. 


Moreover, N(012802) has eight orbits on T = {to, ti, te, ts}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 


294. 


360 


Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = totitatstotet+1, i € {0,1, 2, 3}. 


But note that Ntotytotgtotets 'N = Nigtitet3tpeN = Ntotitot3tpN and 
NtotitotgtotetaN = Ntotitetgtot3N = Ntotitatgtoty N. 


Moreover, with the help of MAGMA, we know that NtotitotstotatoN = 
Ntoty ‘tatitytg°N, Ntotitetstotetp'N = Nto ‘tity tz 1t3 ‘tg 'N, 
NtotytotgtotatyN = Ntot]tetotity!N, Ntotitotstotet;'N 

= Ntjltity'tz't7'N, NtotitotstotatzN = Ntj't]‘tatitoty'N, and 
Ntotitetstotetz _N = Ntotitetsty ty N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotytot3totet*'N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntotitetgtoty ln. 
Let: [012302] denote the double coset Ntotitetstotz NV. 


Note that N(012802) > 4012302 _ (e). Thus pNeiae02) > |{e)| = 1 and so, by 


- N 
Lemma. 1.4, | Ntotitotstoty 'N| a [HOLE < 24 = 24, 


Therefore, the double coset [012302] has at most twenty-four distinct single cosets. 
Moreover, N (012302) has eight orbits on T' = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {3}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitgtgtot te i € {0,1, 2, 3}. 

But note that Ntotitetgtots ‘toN = NigtytatstpeN = Niotitot3tpN and 
Ntotitgtgtoty ‘tz! N = Ntotitetstoty?N = NtotytotstoteN. 

Moreover, with the help of MAGMA, we know that Ntotitat3tota LioN a 

Ntotitz tot] 1N, Ntotitotstoty ty’ N = Ntotity ‘tp ‘ty ‘tN, 

Niotytotgtoty ‘ti N = Ntot]'otstitoteaN, Ntotytotstotz ty 1N 

= Nioty tz tp ‘tgtiN, Ntotitetstoty ‘tzN = Ntp*titototy tz 'N, and 
Ntotitatstoty ‘tz N = Ntotitety'tz tito. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntotytotstots 1t#'N, where i € {0, 1, 2, 3}. 
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‘We next consider the double coset Niotitetstg 7% tN. 


Let [012302] denote the double coset Ntotitetstp ‘ty'N. 


Note that (012302) > N012302 = (e). Thus [av(o12s08)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotitatsty 'ty1.N| = [EEO < 24 = 94, 

Therefore, the double coset [012302] has at most twenty-four distinct single cosets. 
Moreover, N(012302) has eight orbits on T’ = {to, ti, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitot3to ty Met i € {0,1, 2,3}. 

But note that Ntotitotsty tz ‘teaN = Ntotitetstg'eN = Ntotitetstp'N and 
Niotitetgt ity tty! N = Ntotitotsty 't7’N = Ntotitetstg toN 

= Ntot{‘tetoty ‘ts. 

Moreover, with the help of MAGMA, we know that Ntotitot3tp 15 liN = 
NtoititetstoN, Ntotitetstp tp tg1N = Ntotity tz ‘ti N, Ntotitetstp ‘ty tiN 

= NiotitatstoteN, Ntotitetsty ty t;'N = Ntq‘t]tetitoty'N, 
Ntotitatgtg tty tt3N = Ntoléitetoty ty +N, and Niotytetstp ‘ty ‘ty! N 

= Ntpltitetoty NN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntotitatgt ‘ty t*+1N, where i € {0, 1,2, 3}. 


i 
We next consider the double coset Ntotitot3tp LigN. 

Let [012303] denote the double coset Ntotitet3tg ‘t3N. 

Note that N(012303) > 1012303 — (e), Thus N(012803)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotitetstj #3] = [WORN] < 4-24, 

Therefore, the double coset [012303] has at most twenty-four distinct single cosets. 
Moreover, N(12803) has eight orbits on T’ = {to, t1, ta, ts}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = totitatgto ti, i € {0, 1, 2, 3}. 
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But note that Ntotitetstp tstz1N = Ntotitotstj'eN = Nitotitotsty'N and 
Ntotytotgt ttgtg3N = Ntotitetsty t3N = Ntotitotstp ‘tz N. 

Moreover, with the help of MAGMA, we know that Ntotitet3to listo = 
Ntotytz tstot: N, Ntotitotstg ‘tsty |N = Ntotitg ‘tot: N, Ntotitetsto ‘tstiN 
= Niptitytit3 tg 1N, Ntotitotsty ‘tst;|N = Ntoty‘tatotity ty 1N, 
Ntotytatstg tgtgN = Ntoty tz ltstgtt71N, and Ntotytetsty ‘tstz1N 

= Ntoty 15 totity*N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntotitotgt ‘tst¢4N, where i € {0,1, 2, 3}. 


We next consider the double coset Niotitotsto tts UN. : 
Let [012303] denote the double coset Ntotitotstp TN : 


Note that N(012803) > yy012303 — (e). Thus [nv (o12308)| > |(e)| = 1 and so, by 


Lemma 1.4, |Ntotitetstg tz‘ N| = [wou] < 4 = 94. 


Therefore, the double coset [012303] has at most twenty-four distinct single cosets. 
Moreover, N (012303) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitet3tp Mee a 7 € {0,1, 2,3}. 

But note that Ntotitgtstp tz1t3N = Ntotytetstj'eN = NtotitetstpN and 
Ntotitatgty tg 't3'N = Ntotytotstgt3?N = Ntotytotsto ts. 

Moreover, with the help of MAGMA, we know that Ntotitot3tp 145 toN = 

Nto ty +tz tot; 'N, Ntotitotstp tz to'N = Ntotitets ‘to, 

Ntotitotstg ‘ty ti N = Ntp ‘tity tpt] 'N, Ntotitetsttz‘t;'N 

= Ntoty to lty'tz ‘tN, Ntotitotsto ‘tg ‘teaN = Ntot]'tz‘tgtot;’N, and 
Nigtyigtstg ‘tg ty N = Nig tty te tg to (N: 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotytotsto ‘tz t7'.N, where i € {0, 1,2, 3}. 


We next consider the double coset Niotitot3titoN. 


Let [012310] denote the double coset NtotitotstitoN. 
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Note that N(012310) > py012310 — (e). Thus | (012810) | > |(e)| = 1 and so, by 


N 
Lemma 1.4, |NtotitotstitoN| = [OU < a4 = 24, 


Therefore, the double coset [012310] has at most twenty-four distinct single cosets. 
Moreover, N (1310) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {3}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitetstitot>’, i € {0,1, 2, 3}. 

But note that Ntotitatstitoty ‘N = NtotitetstieN = Niotitotst1N and 
NtotitotgtitotoN = Ntotytetstyt2N = Ntotitetgtitg'‘N = Ntp ‘ty ‘ty ‘to ‘ts. 
Moreover, with the help of MAGMA, we know that Ntotitot3titotiN = 

Nto ‘tity !tp1tiN, Ntotitetstitot; (N = Ntot] ‘tp ‘tat; ty,‘ N, 

NtotitetstitoteN = Ntg tty tp 1to1tits'N, Ntotitotstitotz'N 

= Ntolt[ltetstp ta, NtotitetstitotsN = Ntoty ‘tg ty titsN, and 
Niotitotstitots ‘N = Ntoty ‘tz 1tp*t) ‘tz. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotitatgtitot1N, where i € {0, 1, 2, 3}. 

We next consider the double coset N totytets ty iN. 

Let [012301] denote the double coset Niotitot3 ty *tiN. 

Note that N(012301) > yy012301 _ (e). Thus a > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotitety tots N| = WOU] < 424. 

Therefore, the double coset [012301] has at most twenty-four distinct single cosets. 
Moreover, N(°12801) has eight orbits on T = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {3}, and {3}. 

Therefore, there are at. most eight double cosets of the form Nw.N, where w is a 
word of length seven given by w = totitets ‘to tity ', i € {0, 1, 2, 3}. 

But note that Niotitetz'tg‘tit71N = Ntotitetz'tg'eN = Ntotitets'tg'N and 
Ntotytoty 'totitiN = Ntotitety tp 't2N = Ntotitetsto'ty'N = Ntotity ‘tots. 
Moreover, with the help of MAGMA, we know that Ntotitets tt. lHtoN = 
Nto‘titototiN, Ntotitety tp tity |N = Ntoty ‘tp ‘totstoN, 
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Ntotytotz 1tgtiteN = Ntotity titstoN, Ntotitets ‘to ‘tity’ N 
= NiotytototgtaN, and Ntotitets to ltitsN = Nig ty tp lto ty‘ ty'N. 
Therefore, we conclude that there is one distinct double coset of the form 


Ntotitats ‘ty +¢,¢*#!N, where i € {0,1, 2,3}: Ntotitety ‘ty tity NV. 


We next consider the double coset N totitots ‘totiN : 
Let [012321] denote the double coset Ntotitotz ‘tet: N. 


Note that N (12821) > yy012821 — (e). Thus | v(o12821)| > |(e)| = 1 and so, by 


Lemma 1.4, | Ntotitat tot, N| = [ora < 2 = 24, 


Therefore, the double coset [012321] has at most twenty-four distinct single cosets. 
Moreover, N (912321) has eight orbits on T’ = {to, t1, to, tz}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitetz Loti tt}, i € {0, 1, 2, 3}. 

But note that Niotitets tetit] 1N = Ntotitety ‘toeeN = NiotitetzteN and 
Ntotitotg ttatit1N = Ntotitetz ‘tet? N = Ntotitets ‘tet; +N 

= Nigt; tte tie NV. 

Moreover, with the help of MAGMA, we know that N tot tot3 ltotitpN = 
Ntotity tity to1N, Ntotitety‘totity'|N = Ntotity'to ‘tz ‘toN, 

Ntotytotg btatyteN = Ntoty ty totity'N, Ntotitety‘tetity'N = Ntotitz‘titoN, 
Ntotytotg ‘totit3N = Ntotity t3tot,N, and Ntotytet; ‘tetitz_N 

= Ntotitaty tz 1toN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotytots ‘totit#'N, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntotitetz te on IN, 

Let [012320] denote the double coset Ntotitats ty to*N. 


Note that N(012320) > 7y012820 — (e). Thus \w fouaa)| > |(e)] = 1 and so, by 


-—1,-1,-— N 
Lemma 1.4, |Ntotitats ty 1tg1N| = [ee] < 4 = 24, 


Therefore, the double coset [012320] has at most twenty-four distinct single cosets. 
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Moreover, N(°2320) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot tot3 ie te rae 4 € {0, 1, 2, 3}. 

But note that Ntotitetz ty ‘to ltoN = Ntotitetstz+eN = Ntotitets'tz1N and 
Niotitats ‘tz to 1tg'N = Ntotitets tz 1tg°N = Ntotitets tz+toN 

= Nigtits ty ty N: 

Moreover, with the help of MAGMA, we know that N totitets ‘ty ‘ty lt N= 
Ntjltitetot ty 1N, Ntotitets tatty 1N = Nto‘ttetsty‘t]'N, 
Ntotitaty tty 1tp taN = Ntoty ‘tz totitsN, Ntotitets ‘tz tig ‘tz 'N 

= Nip ltyltgligtiN, Ntotitets tp toltsN = Ntp ‘ty ‘tet; ‘tg1ty’N, and 
Niotriaty tz te tg’ N = NG) ty taty ty NN: 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotitots ‘ty ‘to t#+ N, where i € {0, 1, 2, 3}. 


302. We next consider the double coset Ntptit, es Te ltsN 2 


Let [013013] denote the double coset Ntotity ‘tp ty ltsN. 


Note that N (012013) > yy012018 — (e). Thus [70o12019) > |(e)| = 1 and so, by 


Lemma 1.4, |Ntotity ‘to ‘ty ‘t3N| = [OTE < 4a 24, 


Therefore, the double coset [012013] has at most twenty-four distinct single cosets. 
Moreover, N(012018) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totit, on Ly tate i € {0, 1,2, 3}. 

But note that Ntotyty tp lt]ttstzN = Ntotity ‘tot; 'eN = Ntotity'to't;'N and 
Ntotytz tg Mt] ttgtgN = Ntotity tg ley 44#2N = Ntotity itp lt, 't31N 

= Ntotitotstots \N. 

Moreover, with the help of MAGMA, we know that Ntotity tot] ‘tstoN = 
Ntotytetits ‘to'N, Ntotity tpt] ‘tstp’N = Ntot[‘tototy ‘ts, 
Ntotitg to ty ‘tstiN = Ntotyltetotits’N, Ntotity to ‘ty ‘tat; N 
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= Ntoty tetotitp tgN, Ntotity tot] ‘tstoN 
= Ntotity tz ty ty N, and Ntotity to ‘tytsty/N = Ntp‘titetsty*N. 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntotity1tp 1tytgt#1.N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntotit, te lest N. 
Let [012031] denote the double coset Ntotity tp ttstiN. 


Note that N(012031) > yy012031 — (e). Thus |v o12081)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotity tt té3t1N| = rea] < 4#= 2. 

Therefore, the double coset [012031] has at most twenty-four distinct single cosets. 
Moreover, N(°12031) has eight orbits on T = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totity ty leetitt!, i € {0,1, 2, 3}. 

But note that Ntotityltplgtit]1N = Ntotityttg'tzeN = Ntotity ‘tp 't3N and 
Ntotity tp ltgtiti N = Ntotytz tp ‘tst?N = Ntotitz ‘to ‘tst;'N 

= Ntotyltgtsty ty iN. 

Moreover, with the help of MAGMA, we know that Ntotitz Me ligtitoN = 

Ntot; tty 1tp MitstyN, Ntotity to ltstity'N = Ntoty ‘tp to tits, 
Ntotity ‘to ltgtitaN = Ntotyltotstity'N, Ntotity to 't3tit7*N 

= Nt tty lty ts to1N, Ntotity 1to‘tstitsN = Ntotitetstot;N, and 
Ntotity ‘tp ‘tgtitz 1N = Ntot]‘totstitoteN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoti ty to ltatit*1N, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntotity 2 a lig. 

Let [012030] denote the double coset Nitotit; tots 'toN. 

Note that N(012030) > 7y012030 — (e). Thus |N om) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotity1tg1ty'toN| = [Or] < 4 04. 


Therefore, the double coset [012030] has at most twenty-four distinct single cosets. 
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Moreover, N(°12080) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totitg ta ta tobe 4 € {0,1, 2,3}. 

But note that Ntot,ty1tp tz totg +N = Ntotity to t3’eN = Ntotity ‘tp tz" and 
Ntotitg to ‘tz totoN = Ntotity to'tzt2N = Ntotity to ty ‘tp’ N 

= NtotytytgtolV. 

Moreover, with the help of MAGMA, we know that Ntotit, Les tee totiN = 
Ntoty tty ltotiteN, Ntotity to tty ‘tot; 'N = Ntp ‘titetots ‘N, 
Ntotity tp tz ‘tote = Ntotitets tg ttity1N, Ntotity ‘tp ty *toty|N 

= Nig ltyltgliz tty iN, Ntotitz ‘tg tz tot3N = Ntotitets ‘tet: N, and 
Nitotity to ‘tg ‘toty+N = Ntotity tity ‘tg’ N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotity ‘to ‘tz ‘tott'N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntotit, litgtoN. 

Let [012130] denote the double coset Ntotity ‘titstoN. 

Note that N(012130) > yy012130 — (e). Thus Pits) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotity{titstoN| = WOM < 24 = 94. 

Therefore, the double coset [012130] has at most twenty-four distinct single cosets. 
Moreover, N(!2130) has eight orbits on T = {to, t1, ta,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totity ‘titstote’, i € {0,1, 2, 3}. 

But note that Ntotitytitgtotg N = Ntotitz titgeN = Ntotity ‘titsN and 
Ntotity titatotoN = Ntotity ttitst2N = Ntotitytitstp‘N = Nto ‘ty ‘totatiN. 
Moreover, with the help of MAGMA, we know that Ntotit, letgtot:N = 
Ntoty ‘to Metsty1N, Ntotity\titstot] (N = Ntoty‘tototitg ‘tsN, 

Ntotitz ‘tit3totaN = Ntotity tits 1to'N, Ntotity ‘titstoty N 

= Nty'tyttetity!N, Ntotity‘titstots3N = NtotitetotsteN, and 
Ntotitytitgtotz‘N = Ntotitets to tiN. 
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Therefore, we conclude that there are no distinct double cosets of the form 


Ntotityttitstot#1N, where 7 € {0, 1, 2, 3}. 


We next consider the double coset Niotitg lity if IN, 
Let [012130] denote the double coset Ntotity ‘tits 'tg'N- 


Note that N(012130) > py012130 — (e). Thus jN012380)| > |(e)| = 1 and so, by 

Lemma 1.4, |Ntotity tts #71 = [HOT] NOTE] < 44. 

Therefore, the double coset [012130] has at most twenty-four distinct single cosets. 

Moreover, N (9180) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 

word of length seven given by w = totity ‘ty t3 1tp t=", 4 € {0, 1,2, 3}. 

But note that Ntotitg!titytg1teoN = Ntotity'tity'eN = Ntotitzttz'N and 

Ntotitz ‘tits ‘tg ‘tg 'N = Ntotity tity'tg’N = Ntotity ‘tity toN 

= Ntj ty totyttoN. 

Moreover, with the help of MAGMA, we know that Ntotitytitz ‘tg tiN = 

Nto'tyttetitg'N, Ntotitg tity tot] N = Ntotitg titstoN, 

Ntotity tity tg 'taN = Ntoty{tototitp ty iN, Ntotity tits to'tz'N 

= NtotitotgtgltgN, Ntotity tity tp ltgN = Ntotitg tp tz1toN, and 

Ntotity ‘tits ‘ty tg N = Ntotitoty ‘tot N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntotity btitz 1tp1t#1.N, where i € {0,1, 2,3}. 

We next consider the double coset Ntotity lestoti NV. 

Let [012301] denote the double coset Ntotyty ‘tgtotiN. 

Note that N(012301) > yy012301 — (e), Thus IN (cuzsoD| > |(e)| = 1 and so, by 
—1 N 24 

Lemma 1.4, |Ntotity ttgtotiN| = [HOUR < 4 = 24. 

Therefore, the double coset [012301] has at most twenty-four distinct single cosets. 

Moreover, N(°12301) has eight orbits on T’ = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = totit Lestotitt?, 4 € {0, 1, 2, 3}. 

But note that Niotit; tgtotit;1N = Ntotity1tstpeN = Ntotyty‘tstoN and 
Ntotity‘tgtotitiN = Ntotity tstot?N = Ntotity‘tstot;'N 

= Ntotyteto tty tN. 

Moreover, with the help of MAGMA, we know that Ntotit, lestotitoN = 
Ntottg\tatiN, Ntotity ‘tgtotitg'N = Niotitotstg't3N, Ntotity ‘tstotiteN 
= Niotyttgtitytg1N, Ntotitytatotity N = Ntoty ty 1tp tz 1tN, 

Ntotity \tgtotitsN = Ntotiteto ‘tz toN, and Ntotits ‘t3totit;|N 

= Ntotytoty tot, N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotity ‘tgtotit¢!N, where i € {0, 1, 2, 3}. 


308. We next consider the double coset Ntotity ‘g loti N. 
Let [012301] denote the double coset Ntotyty tz ‘tot: N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntotity oo ltt; = N tgtoty ‘tp listo. 


That is, in terms of our short-hand notation, 
012301 ~ 321032. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [012301]: 


012301 ~ 321032, 102310 ~ 320132, 210321 ~ 301230, 
312031 ~ 021302, 013201 ~ 231023, 120312 ~ 302130, 
201320 ~ 310231, 132013 ~ 023102, 103210 ~ 230123, 
031203 ~ 213021, 032103 ~ 123012, 130213 ~ 203120 


Since each of the twenty-four single cosets has two names, the double coset [012301] 


must have at most twelve distinct single cosets. 


Now, N(012801) has four orbits on T = {to, ty, ta, 3}: {0, 3}, {1,2}, {0,3}, and {1, 2}. 
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Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length seven given by w = inti ig tonite, i € {0,1}. 

But note that Ntotityltgttotity1N = Ntotity'tz1tpeN = Ntotity'tztoN and 
Ntotyty tz ‘totits N = Ntotity ‘ts ‘tot? = Ntotity tz ‘tot; |N 

= Nioty1tz tp ‘tetyN. 

Moreover, with the help of MAGMA, we know that Niotit, 143 totitoN = 

Nto ity Metgtp1N and Ntotity!tz1totitg'N = Ntoty to ty ‘titsN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotity't3 ltotit¢!N, where i € {0, 1,2, 3}. 

We next consider the double coset Ntotit;!tz1t]‘toN. 

Let [012312] denote the double coset Ntotyty tz 1ty1teN. 

Note that N(012312) > y012312 — (e). Thus ie) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotity't3 1t7 442] = Tey] < 424. 

Therefore, the double coset [012312] has at most twenty-four distinct single cosets. 
Moreover, N (912812) has eight orbits on T’ = {to, ti, te, ts}: {0}, {1}, {2}, {3}, {0}, 
{T}, {3}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw.N, where w is a 
word of length seven given by w = totity tz ‘t7‘tot#1, i € {0, 1,2, 3}. 

But note that Ntotity!tz1¢7tety'N = Ntotitg tz ‘t;'eN = Ntotity'tzt7'N and 
Ntoti ty 1tz ty toteN = Ntotity ‘ts t7 iN = Ntotity ‘tz ty 'ty'N. 

Moreover, with the help of MAGMA, we know that Ntotity Lig ty tata IN = 

Nto ity tetstp ty 1N, Ntotity tz1t7 tot: N = Ntp ‘titetstoty'N, 
Ntotity tz tp tot; -N = Nto'ty tz totitaN, Ntotity ‘tz 't]‘totgN 

= NtjltyMetstits1N, and Ntotity ‘tz 't] ‘tots N = Not] ‘tototity tz NV. 
Therefore, we conclude that there is one distinct double coset of the form 
Ntotity tz ty tot*1N, where 7 € {0,1,2,3}: Néotity ‘tz t7 toto’. 

We next consider the double coset Nigtity tz't7 tz" N. 


Let [012312] denote the double coset Niotyt>1tztt71t51N. 
q tg by te 
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Note that N(012312) > yy012312 — (e), Thus jn(o12329)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotity ts 1¢74#31N| = TOT] f= 24: 

Therefore, the double coset [012312] has at most twenty-four distinct single cosets. 
Moreover, N(912312) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = ee ae a 7 € {0,1, 2,3}. 

But note that Nigt;tytz1tpltytt2N = Ntotyty!tz1t71eN = Ntotity'tz't7'N and 
Niotity tg tty tty tg N = Niptyty ty lt 1tg?N = Ntotity ty ty te. 

Moreover, with the help of MAGMA, we know that Ntotit, oo a ligN = 
Ntgltytotgty!N, Ntotity1t3 tt; 14g tp'N = Ntotyty ‘tp ‘ty ‘ta, 
Ntotity tz tt7 ty tN = Ntot[*tototz tity 1N, Ntotity ‘tg ‘tty ty'N 

= Ntotytototy1ti1N, Ntotity ‘tz lt 1tz ltgN = Ntoty ‘tototsty'N, and 
Ntotity }t3 t[ lta tg N = Ntot]‘tetstiteN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotity ‘ts 't7 ty *t#=4.N, where i € {0, 1,2, 3}. 

We next consider the double coset Ntotito Motsta IN. 

Let [010232] denote the double coset Ntotitp ‘tatsty‘N. 

Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntotitj‘tetstyz’ = Ntotito ‘tstot3*. 


That is, in terms of our short-hand notation, 
010232 ~ 010323. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [010232]: 
010233 ~ 010323, 101232 ~ 101323, 212030 ~ 212303, 


313202 ~ 313020, 020131 ~ 020313, 030212 ~ 030121, 


121030 ~ 121303, 202131 ~ 202313, 131202 ~ 131020, 


372 


303212 ~ 303121, 232101 ~ 232010, 323010 ~ 323101 
Since each of the twenty-four single cosets has two names, the double coset [010232] 
must have at most twelve distinct single cosets. 
Now, (010232) has six orbits on T’ = {to, ti, t2,t3}: {0}, {1}, {2,3}, {0}, {1}, and 
{2, 3}. 
Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length seven given by w = totito ‘totstz Mes i € {0,1, 2}. 


But note that Ntotitp ‘totstyteN = Ntotitp ‘tetzeN = Ntotito ‘tetsN and 
Ntotity tatsty ty 1N = Ntotitg‘tetsty°N = Ntotity ‘totstaN = Ntotitg ‘tz tz‘ N. 


Moreover, with the help of MAGMA, we know that Ntotitg ltotsts ltoN = 
Ntoty ttototz ty ‘tp1N, Ntotitgtotsts 'to'N = Ntot{‘tetitsty 'tz'N, and 
Ntotito ltotsty ty 1N = Ntotitety ty tito LN. 


Therefore, we conclude that there is one distinct double coset of the form 
Niotity ‘tatty t*1N, where i € {0,1,2,3}: Ntotitg ‘totsta tN. 

312. We next consider the double coset Ntotitg "hats te ln, 
Let [010232] denote the double coset Ntgtytp Motz 1t71N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntotitp /tatz +tz' = Ntitet] tots t+ 

= Ntgtoty tty tT} = Ntytgtytety 1ty 1 = Ntgtoty ‘tet; ty) = Ntotitytgty ‘ty 

= Ntgtytz ltoty tg | = Ntoteto tégt, tty) = Ntotstg ‘tity 't{ 1 = Ntitotyttsty tz* 

= Ntotgtz tot] tg+ = Ntgtets'titg‘ ty’. 


That is, in terms of our short-hand notation, 


~ 313020 ~ 020313 ~ 030121 ~ 101323 ~ 232010 ~ 323101. 
By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [010232]: 
010232 ~ 121030 ~ 202131 ~ 131202 ~ 303212 ~ 212303 


~ 313020 ~ 020313 ~ 030121 ~ 101323 ~ 232010 ~ 323101, 
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101232 ~ 020131 ~ 212030 ~ 030212 ~ 313202 ~ 202313 
~ 303121 ~ 121303 ~ 131020 ~ 010323 ~ 232101 ~ 323010 


Since each of the twenty-four single cosets has twelve names, the double coset 


[010232] must have at most two distinct single cosets. 


An alternative approach for determining the order of the double coset is as fol- 
lows: We note that N (010282) > 7y010232 — (e) In fact, our relations tell us that 
N(totitp teats 'tp1)O 12 = Ntytotyltotg to! = Ntotito ‘tets'tz', which implies 
that (0 1 2) € N(010282) and moreover N(totitg ttatz ‘ty 1) VO ® 

= Ntytoty'tgtz ty! = Ntotyt7 ‘tety +431, which implies that (0 1)(2 3) € N(010282)_ 
Therefore, (0 1 2), (0 1)(2 3) € N(010232) and so (010282) > ((9 1 2), (0 1)(2 3)) & 
A4. Thus wou > |A4| = 12 and so, by Lemma 1.4, 


~lyg-1y-1 N 2 
| Ntotit) tots to N| = [Ona] = re = 2. 


Therefore, as we concluded earlier, the double coset [010232] has at most two distinct 
single cosets. 

Now, N(010282) has two orbits on T’ = {to, ti, ta, t3}: {0,1,2,3} and {0, 1, 3, 3}. 
Therefore, there are at most two double cosets of the form NwN, where w is a word 
of length seven given by w = ftotitg Plat ty oar i=2. 

But note that Niotito‘totz'tz'taN = Ntotitytety'eN = Ntotito‘tets'N and 
Ntotito Motz ty ty! N = Ntotitp ‘teats tz°N = Ntotito ‘toty ‘toN 

= Ntotito ‘ty *tsN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotito ‘tots ‘ty tF1N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntgtitg ey tits IN. 
Let [010230] denote the double coset Ntotito ‘ty 1tztg'N. 
Note that N(00230) > 1y010830 — (c). Thus ny (010280)| > |(e)| = 1 and so, by 


Lemma 1.4, |Ntotitp 'ty't3‘to'N| = [Orta < 4 = 24. 


Therefore, the double coset [010230] has at most twenty-four distinct single cosets. 
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Moreover, (010230) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = iit; Gt 4 € {0,1,2, 3}. 

But note that Ntotito tty 1tz4tgttoN = Ntotitp ‘ty tz’eN = Ntotitg ‘ty tz+N and 
Ntotito ty tty tig ig |N = Niotity tg 1ty tp? = Nétotity ‘ty tz lioN 

= Nt tytetsty'N. 

Moreover, with the help of MAGMA, we know that N totity tS te te lpN= 
Ntoty ty tz tp totyN, Ntotity ‘ty ty 1tp ty 1N = Ntoty totetstoN, 
Niotytg tig tz tp taN = Niotyttatotyt] tp 1N, Ntotito ty tig tty ‘tg'N 

= Nip ty ltetitotz'N, Ntotito ‘ty 1tz ‘tp t3N = Ntot] tp ‘tz*titpN, and 
Ntotitg ‘ts tz tots N = Ntot]‘tetoty ‘toN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntotito ‘ty ‘tz tt t#'.N, where i € {0, 1, 2, 3}. 

We next consider the double coset Nto ‘tT totitotsN : 

Let [012103] denote the double coset Ntj't7‘totitotsN. 

Note that N(012103) > yy012103 — (e). Thus HyOT208)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntg‘tyltetitotsN| = Tea] < 4 = 24, 

Therefore, the double coset [012103] has at most twenty-four distinct single cosets. 
Moreover, N(0!?103) has eight orbits on T = {to, ti, te, ts}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tp ter tot totat?’, i € {0, 1, 2,3}. 

But note that Ntjlty‘tetytotsty1N = Nto ‘ty totitoeeN = Nép‘ty'totitoN and 
Ntg lt totitotstgN = Ntj ty ltetitot2N = Ntp t]‘tetitoty'N. 

Moreover, with the help of MAGMA, we know that Ntp "ty ltotitotstoN = 

Nigty ty ty lig tg Ny Nis ty totitotatg (N= Nay ty totsty N, 

Nto tty MetitotstiN = Ntot[ltetstity'N, Ntp‘t[‘tetitotst;'N 

= NtotyltotetstoN, Ntj lt] ltetitotstaN = Ntotytotstzt71N, and 

Nt ty totitotstz ‘N = Ntoty‘tototstiN. 
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Therefore, we conclude that there are no distinct double cosets of the form 


Nto ‘tj Mtetitotst¢!N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntp ltr tetitoty 1N, 

Let {012103} denote the double coset Ntp‘t]1totitots NV. 

Note that N(12103) > 7y012103 — (ec) Thus [w Oe) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntg+tylatitoty!N| = [rer <%= 24. 

Therefore, the double coset [012103] has at most twenty-four distinct single cosets. 
Moreover, N (12103) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = to ‘t)totitots ‘t#", i € {0, 1, 2, 3}. 

But note that Ntp‘t]!totitotz t3N = Ntp'ty‘tetiteeN = Ntp'ty‘totitoN and 
Ntp'tylMotitots ‘tz'N = Nto ‘ty ‘totitots?N = Ntolty‘totitotsN. 

Moreover, with the help of MAGMA, we know that Nip Ate ltoti tots ligN = 

Nip lt[ttetitgttgN, Ntp tty tetitots tg 1N = Ntotito ‘totsty tN, 

Nip tty Mtotitoty tN = Ntotitp tg itz htg1N, Nto tty tetitots t71N 

= Nigty Motots ty ty1N, Ntolty+tetitotst2N = Ntotitetstg't7'N, and 

Nto ty Mtotitots tz’N = NtotitetstoteN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntg ty 1totitots 4#1.N, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntp tee igbrtn. LigN. 

Let [012103] denote the double coset Ntj1t]‘tetity ts’. 

Note that N(12103) > yy012103 — (e) Thus [w Cie) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntg tty Mtotito tts N| = TET] < 4 = 94. 

Therefore, the double coset [012103] has at most twenty-four distinct single cosets. 
Moreover, N (92103) has eight orbits on T = {to, tz, te,t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = tite igtitg tate; 4 € {0,1,2, 3}. 
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But note that Ntj!t]lMetitg tgtg 1N = Ntp ity tetity‘eN = Ntp‘t7‘tetity1N and 
Nto tty ltetitp tgtsN = Ntp lt) tot to 42N = Ntg‘ty‘tetito tg | N. 

Moreover, with the help of MAGMA, we know that Nip te tetity LtstgN = 
Ntotito ‘totsty ti N, Ntgt[1tetitottsty'|N = Nt +t] ‘tetitotsN, 

Nto ity totito ltgt1N = Ntotytetp tz toN, Ntplty‘tetitgttsty'N 

= Nip ltylig tg tty! N, Ntp ty ltetitottsteN = Ntp‘titetst;'N, and 

Nts ty intits tetg (NS NG iT ty ty tit ‘NN: 

Therefore, we conclude that there are no distinct double cosets of the form 


Nto 17 totitp ‘tgt*!N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntj‘t]‘teti tp 'tz*N. 


Let [012103] denote the double coset Ntp1ty‘tetito‘tz*N. 


Note that N(012103) > yy012103 — (ce) Thus | 12308) > |{e)| = 1 and so, by 


Lemma 1.4, |Nto ‘ty totitgt31N| = [OTA < 24 = 24. 


Therefore, the double coset [012103] has at most twenty-four distinct single cosets. 
Moreover, N(!2103) has eight orbits on T = {to, t, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length seven given by w = tj i; he, i € {0, 1, 2, 3}. 

But note that Nio’ty‘tetitg‘tz*tsN = Ntp ‘ty ltotitg'eN = Nto ‘ty ‘tetitg'N and 
Nix ty tatits tp tg NN = NG ey tatty ig NS NGG tatty ta. 

Moreover, with the help of MAGMA, we know that Nt te entity 1E3 TtoN = 

Nto ity tetsty1N, Nip ‘ty ttotito tg ‘tg'N = Nig'ty'totitstoN, 

Nis ‘ty titty ty tv = Nig ty ey te NN, NGG Gy  tatith tN 

= Ntolty tty to ttg1N, Nip lt) ltotitg ty ‘teN = Ntp‘ty‘totstp ‘teN, and 

Nto tty tetito tz ty 1N = Nioty tz ‘titatet] NN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Nto ‘ty ‘totity tz ‘tN, where 7 € {0, 1,2, 3}. 

We next consider the double coset Nip ley totitstoN ‘ 


Let [012130] denote the double coset Ntj ‘ty ‘totitstoN. 
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Note that N(012130) > ,y012130 

= (e). Thus | 712190) > |(e)| = 1 and so, by Lemma 1.4, |Ntg ‘ty totitstoN| = 
[WOT] <%= 24. 

Therefore, the double coset [012130] has at most twenty-four distinct single cosets. 
Moreover, N(012130) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {8}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot, ‘totitgtot#", i € {0, 1,2, 3}. 

But note that Ntptty'tetitstotg 'N = Nip ‘ty ‘tetitseN = Ntp‘t7'totitsN and 
Nt ity ltetitstotoN = Ntp ty tetitst2N = Ntp‘ty‘tetitstoN. 

Moreover, with the help of MAGMA, we know that Nt> 147 totitgtotiN = 
Ntotitaty tty 1tyN, Ntolt[ttetitstot; ‘N = Ntp'ty tg tz tty N, 
Nto'tyltotitstotaN = NtotitototitsN, Ntp‘t]‘tetitstot;'N 

= Nig ltytetsty t[1N, Nto tty MtotitstotsN = Ntp/t]‘tetito t3/N, and 

Nto ty totitstotsN = Nto't[ totst;’N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntp't7totitstot#'N, where 2 € {0, 1, 2, 3}. 

We next consider the double coset Nt> ltr Motitsto ln, 

Let [612130] denote the double coset Ntjt]+totitstp LN. 

Note that N(12130) > yy012130 _ (e). Thus |rvo12120)| > |(e)| = 1 and so, by 
Lemma 1.4, |Ntjty{tatitstg1N| = [WOT < 4 = 94. 

Therefore, the double coset [012130] has at most twenty-four distinct single cosets. 
Moreover, N(!2130) has eight orbits on T’ = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = t,t tatitsty 4 € {0,1, 2, 3}. 

But note that Ntj‘tytotitsty*toN = Nto’ty*totitseN = Nt ‘ty ‘totitsN and 
Nto ‘ty tetitstg to'N = Nto‘ty totitstg°N = Ntq ‘ty totitatoN. 
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Moreover, with the help of MAGMA, we know that Nij't]"totitstg ‘tiN = 
Ntg tty ty tg tz ty N, Ntj'tytotitstot7'N = Ntotitetotsto \N, 

Ntj ty ltatitaty tg = Ntp tty ty tp tity, Nig 't)‘tetitstg ty" N 

= Nepleztegttg tN, Nip ity ltetitsty ttgN = Ntj't)ltetits toN, and 

Nto tty ltotitsty ty 1N = Ntotitety ‘ty ttity 1. 


Therefore, we conclude that there are no distinct double cosets of the form 


Ntg ity Mtotitsty t#1N, where i € {0, 1, 2, 3}. 


We next consider the double coset Nip le totity lioN. 


Let [012130] denote the double coset Nig 'ty]‘totitz toN. 


Note that N(0i2130) > yy012130 _ (e) Thus [w One) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntj1tyltgtitytoN| = [OTE] < 24 = 24. 

Therefore, the double coset [012130] has at most twenty-four distinct single cosets. 
Moreover, N(12130) has eight orbits on T = {to, ti, to,t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = ier tats tot i € {0, 1,2, 3}. 

But note that Ntj‘ty*tetity‘totg'N = Nto‘tytetits'eN = Nto‘t[‘tetits'N and 
Nto ‘ty Mtotity toto = Ntp ty ltotitst2N = Ntp ty ‘tetity ‘tg’ N 

= Nini ig iy ts WN: 

Moreover, with the help of MAGMA, we know that Nt ‘ty tet ty ‘totiN = 
Ntotytotits toteN, Ntp ‘ty ‘tetity tot] (N = Ntoty ‘ty ‘tz ‘tp ey, 
Nto'tytotitz ‘toteN = Ntqtitetstots!N, Nto‘t)‘tetity ‘toty'N 

= Ntolty'ty tg tito’N, NtgltytetitstotgzN = Ntotiteto tty {tito 'N, and 

Nt ty totits ‘totz’N = Ntp' ty totitstp'N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Nto+t7ltotitz tot" N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntjt] ‘tot ltptty*N. 
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Note that N(012103) > jy012108 — (). Thus | 12308) | > |(e)]| = 1 and so, by 


Lemma 1.4, |Ntg ‘ty "tet; tp 1t31.N| = [ery < 24 = 94, 


{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = ict th te te 4 € {0,1, 2,3}. 

But note that Ntp ‘ty tet tig tz tgN = Ntpltyltetytg‘eN = Ntg‘ty tet] ‘tp’ N 
and: Nig ttt ty is ts NS NG ht ty i NN SH NG ee ey BN = 
Ntotitets ty to. 

Moreover, with the help of MAGMA, we know that Ntp!ty7ltety ‘tp ‘tz *toN = 
Ntoty ty toltst;(N, Ntpltyltety tg tz ltg+N = Ntot]‘tetitsteN, 

Nis tp tt tg ty aN = Nig, ts fiat NG Nt) te ey a ts tN 

= Niot{ ty lig ltotsN, Ntg tty tet; to ltyltaN = Nto'ty*t5‘totstp1N, and 

Nty ty tat, ty te te NS Notitaty Gt. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntg lt) ltaty tp tg UF4N, where i € {0, 1,2, 3}. 

We next consider the double coset Ntg ‘ty 1tat3tp to. 

Let [012302] denote the double coset Nig ‘ty 1tat3tp toN. 

Note that N(012302) > yy012302 — (e). Thus w Cr > |(e)| = 1 and so, by 
Lemma 1.4, |Ntj*t7ltatgtp t2N| = [OTE] < 4 = 24. 

Therefore, the double coset [012302] has at most twenty-four distinct single cosets. 
Moreover, N(12802) has eight orbits on T = {to, ty, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{I}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = to ‘ty ‘totstp ‘tet#’, i € {0, 1,2, 3}. 

But note that Nto‘t]‘totstp ‘tetyN = Ntgt]‘tetstp'eN = Nip*tytotstyN and 
Nt ty tetsto tetaN = Ntj ‘ty 'tetstg't#2N = Ntolty‘tetstp tz‘ N. 
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Moreover, with the help of MAGMA, we know that Ntp1t[1tetsto ‘totoN = 
Ntoty tz titgtet,1N, Ntp ity ttetstpttetg|N = Ntp'ty‘tetito ‘tg 'N, 

Nt5 lt] lMetgtp ‘tet, N = NtotytotgtitoN, Nto ‘ty ‘tetstp ‘tot 'N 

= Niplizlig to tits1N, Ntp lt) totgty ‘tetzN = Ntp‘titetsty t7'N, and 
Ntp tty ltetgtp ‘tots 1N = Ntp ‘titetsty'N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntg ‘tz ltotstp ‘tot#'N, where i € {0, 1, 2, 3}. 


323. We next consider the double coset Ntg ‘tT Mtotsto ts IN, 
Let [012302] denote the double coset Ntg‘t]‘totstg‘ty'N. 
Note that N(O12302) > yy012302 — (e), Thus ee) > |(e)| = 1 and so, by 

-1,- -1,- N 

Lemma 1.4, | Nt “ ‘totgtp rs *N| = [Ora < 24 = 24, 
Therefore, the double coset [012302] has at most twenty-four distinct single cosets. 
Moreover, N(012302) has eight orbits on T = {to, t1, te, t3}: {0}, {1}, {2}, {3}, {6}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = it itsts te i € {0,1, 2,3}. 
But note that Ntp'tytetstp ‘ty ‘taN = Ntp ‘ty totstg'eN = Nig ‘t] ‘totstg'N and 
Nto tty Matgtg ty ty 1N = Nig ltyltetato 'ty?N = Ntp ‘ty ‘tetstg ‘te. 
Moreover, with the help of MAGMA, we know that Nig 14 totgtp ‘ta ligN = 
Nip 't, te ts tits Ni NGG tT ttet, th ty NSN tt ts AN, 
NtpltylMtetstp tty ti N = Nig ltitetot; ty!N, Ntp ‘ty tetstp tty ty 1N 
= Ntoty tz totitetsN, Ntj't[ltetsto ty 1t3N = Ntotit; tz ‘ty +teN, and 
Nto‘t]‘tetsto tg ty'N = Ntotity tz ‘t[ ‘toto. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntg tty Metgtp 'ty t=1.N, where i € {0, 1, 2, 3}. 


324. We next consider the double coset Nip ler ltetstity /N . 


Let [012313] denote the double coset Ntj ‘ty ‘tetstityN. 


Note that N(012312) > yy012312 — (e). Thus NOR) > |(e)| = 1 and so, by 


=e = N 
Lemma 1.4, |Nto't)‘tetstity1N| = en] < 4 = 24. 
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Therefore, the double coset [012312] has at most twenty-four distinct single cosets. 


Moreover, N(12312) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{T}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form Nw.N, where w is a 


word of length seven given by w = ty ty tetgtits t', 4 € {0,1, 2, 3}. 


But note that Ntplt[ltetstitytaN = NtottyltetstieN = Nig ‘ty tetstiN and 
Nip tty lMotgtity ty1N = Nt tty ltetstity°N = Ntg ty ‘totstiteN 

= Not] totgtz tN. 

Moreover, with the help of MAGMA, we know that Nip 1 totgtity leoN = 
Ntotr ty tg te tN, Nip ty tatgtity ig (N = Neots th tg i ty ON, 

Nto ty Mtetstity ti N = Ntoty tz ltstitg'N, Nt ‘ty totstity 't71N 

= Ntot[ltetotitsN, Ntp ty ltetgtity‘t3N = Ntoty‘tetotity tz’N, and 

Ntg ty ltetstity ‘ty 1N = Ntotity'tz ty t.N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntg ty ttotstitz t#+.N, where i € {0, 1, 2, 3}. 


We next consider the double coset Nto es leotitoN. 


Let [012012] denote the double coset Ntp a rae leotiteN. 


Note that N(012012) > yy012012 _ (e). Thus ee > |(e)| = 1 and so, by 
Lemma 1.4, |Ntptty tz MtotiteN| = ory S < 4 = 24. 


Therefore, the double coset [012012] has at most twenty-four distinct single cosets. 
Moreover, N(12012) has eight orbits on T’ = {to, ti, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = to ty ‘ty totitet’, 4 € {0,1, 2,3}. 

But note that Ntolty1t7 ‘totitetz1N = Ntpltylty'totieN = Ntp't] ‘ty ‘tot: N and 
Nto liz ity totitetaN = Ntgtty ty \totit2N = Ntp't7 ‘ty totity’N 

= Ntotytototgtp LN. 

Moreover, with the help of MAGMA, we know that Ntj't]+tz’totitetoN = 
Ntotytotstitg'‘N, Nto ty tz totitety 'N = Ntot]‘tetot] ‘ty ‘tN, 
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Nto ‘ty ty ‘totitetiN = Ntoty ‘ty tp tity'N, Ntp ‘ty ‘ty totitet;’N 
= NiotitatotytoN, Ntp tty ‘totitetsN = Ntotity'tz‘t7'teN, and 
Nto tt] ty \totitets|N = Nip titetstotz'N. 


Therefore, we conclude that there are no distinct double cosets of the form 
Nto tt] 1t3 ‘totitat*"N, where é € {0, 1, 2, 3}. 
We next consider the double coset Ntg ‘ty tz ‘totits‘N. 

Let [012013] denote the double coset Ntj*t7 tz ‘totitz 1N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntp*t]‘tz'totits’ = Ntz1t71t7‘tgtito?. 
That is, in terms of our short-hand notation, 

012013 ~ 312310. 
By conjugating the equivalence relation above with the elements of S4, we determine 
that the following single cosets are equivalent in the double coset [012013}: 
012013 ~ 312310, 102103 ~ 302301, 210213 ~ 310312, 021023 ~ 321320 
023021 ~ 123120, 031032 ~ 231230, 130132 ~ 230231, 203201 ~ 103102 


Since each of the twenty-four single cosets has two names, the double coset [012013 


[Sins 


must have at most twelve distinct single cosets. 


Now, N(012013) has six orbits on T' = {to, ti, ta, #3}: {0,3}, {1}, {2}, {0,3}, {1}, and 
{2}. 

Therefore, there are at most six double cosets of the form Nw, where w is a word 
of length seven given by w = ig ty ty tontae 4 € {1, 2,3}. 

But note that Nto‘tyltzltotitztgN = Ntj ty !ty totieN = Nig ty tz ‘totiN and 
Nip ty i totity tg (N= NG tty tots, N= Ni tT GH totiteN 

= Ntot] ‘ty ‘tito 1t3/N. 

Moreover, with the help of MAGMA, we know that Nip tiers ‘totits ti N = 
Ntoty ty tgtiteN, Nto ty ty totits 'ty’N = Ntot, ‘tp ‘tots t37N, 


327. 


328. 


383 


Nig lt tty totity ta = Ntotity totstztiN, and Ntj‘ty1tztotity ‘ty'N 
= Ntotity ‘tz lt[ ‘toto. 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntp tty ty totity ¢##1N, where i € {0, 1, 2, 3}. 


We next consider the double coset Nty are 1N. 


Note that N(12010) > py012010 — (e). Thus 0 > |(e)| = 1 and so, by 


Lemma 1.4, |Ntoléy lg Moty tty 1N| = [NRT] < 4 = 24, 


{1}, £3}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw.N, where w is a 
word of length seven given by w = tg bE is tity tg be 4 € {0,1, 2, 3}. 

But note that Ntjtty ty toty to ttoN = Ntgltytty ‘tot; eN = Nto*ty {ty ttoty1N 
and Nig?d, ts tot, ty tg NH Nig tp te ot, tg N SN hh eh ft aN = 
Nto ty ty tito. 

Moreover, with the help of MAGMA, we know that Nig‘t]‘ty'toty*tg*t1N = 
Nig tyto te tg tN, Nip ty te dot) “tp tL IN = Np ey tp i tL, 

Ni ty ty toty ty ta = Not] tp tats t[ N, Nip ty ty tot] tp tg 

= Ntoty tty ltytgtaty +N, Ntp tty ty toty tp ligN = Ntoty ‘ty tits ty "ty 'N, and 
Nigttc ts tote ty ta NS Wiot, “ta tity he ON 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntg'ty ‘ty tot; tp 42", where 4 € {0, 1,2, 3}. 

We next consider the double coset Nto ee ltotstp IN, 

Let [012030] denote the double coset Ntg!t71tz1totstp'N. 


be |N 
Lemma 1.4, |Ntq*t] 15 ‘totsty ‘N| = [Ona] < 24 = 24. 


Therefore, the double coset [012030] has at most twenty-four distinct single cosets. 
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Moreover, N (012930) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tj ‘typ ltotgtp 1t*1, i € {0, 1, 2, 3}. 

But note that Nijltytz MtotstpttoN = Nto ity tty totseN = Ntg't, tz totsN and 
Nip tty ty Mtotstg tg 1N = Ntp ty ty totstp?N = Nip ‘tty ‘totstoN 

= Ni, te ty te ty Ne 

Moreover, with the help of MAGMA, we know that N to Ney te tgtaty, lieN= 
Ntoty‘totyt3tg!N, Nto ty tz totsto ty 1N = Ntoty tz tots tN, 

Nto tty ty \totsto ‘ta = NtotitetotitsN, Ntp't] ‘tp totstotz'N 

= Nigltyligy yin, Nigtty ity ltotstpltsN = Ntotiteto tz ‘tN, and 

Nig ty ty totats GON SING ty tat GN 

Therefore, we conclude that there are no distinct double cosets of the form 

Nto ‘ty tz Motsto t#.N, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntg tty "tz tp ‘titz NV. 


{i}, (ah, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tot] tz tt tits ts i € {0,1, 2,3}. 

But note that Ntg tty ity to ltity‘tgN = Nto'ty ‘ty 1tgtieN = Ntp't[ ‘tp ‘to tN 
ahd NGS ets tite te tN SNE ty tty tit NN SH NG i ty NS 
Nto ty ltotitsto NV. 

Moreover, with the help of MAGMA, we know that Nt, RS a 1tt3 toN = 
Nip lt] ltetsty teN, Ntp ty ‘ty 1tp tity ‘tp N = NtotitatstitoN, 

Niet ty ig tits tN HS NG ey ty tatitoN Nt ip ty fila tN 
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= Ntp'titetstyt]'N, Ntp'ty'ty tp tity teN = Ntp ‘ty *totito ‘tsN, and 
Nig te ty tits tN NG titel N 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntotty1tg tp ltits t=", where 7 € {0, 1,2, 3}. 


We next consider the double coset Ntp!ty1tz tp ltstp/N. 


{i}, {2}, and {3}. 

Therefore, there are at; most eight double cosets of the form NwN, where w is a 
word of length seven given by w = to tty 15 1tp ltstp 1¢#?, i € {0, 1, 2, 3}. 

But note that Ntp't) tty ‘to ltgtg*toN = Ntp ty ‘ty 1tptgeN = Ntp't] ‘tz ‘to ‘tsN 
and Nt, tr ts ts tata ty N= Wty tt th at N KH Nig i ey te tN = 
Ntoty‘totgtitoN. 

Moreover, with the help of MAGMA, we know that Ntjtty't7tpttstg‘tiN = 
Nipty taiotits ty Ny Nig te iy tatty ty NS No tp tN, 

Ntj tt tp tatp ta = Nigt] tototy tity *N,Nip ty tp th tat. tg N 

= Ntot[ totitotiN, Nig ‘ty ig'to‘tsty‘tzN = Ntotiteto ‘tetiN, and 

Nig ty ty ty tay tg IN = Nigty ty tating NN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Nto it] +t3 tp 1tstp tf, where é € {0, 1,2, 3}. 


We next consider the double coset Ntj't) ‘ty 'tp‘t; ‘ty 'N. 


—1,-—1,-1;-—1,-1;-1 N 24 
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{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw.N, where w is a 
word of length seven given by w = tii ts at eS i € {0,1, 2,3}. 

But note that Ntptey ley ttgtegttyttN = Nig ltyttg to tz+eN 

SNE ti te N ond Nin tts ty ty tn te Ny ee ty ty a 
= Nip highig ligt = Nig ty ltetity ig iN. 

Moreover, with the help of MAGMA, we know that Ntj‘ty‘ty ‘tg ‘ty1tyttoN = 
Ntoititatoty ty1N, Nto ty lty tp tz tty ltg'N = Ntp titetot] N, 
Nisei ye GN = Nga, ty fitg Ny Nip 2 te ty ty NY 

= Ntotitets tg'tiN, Ntg ty tz tp lty ty t3N = Ntotitototstg'N, and 

Nis tp ig ig te tg NS Ne tatitaty 

Therefore, we conclude that there are no distinct double cosets of the form 

Nto tty ty 1t91t3 ty] t#1.N, where i € {0, 1,2, 3}. 


We next consider the double coset Ntp ee lestitoN. 


Let [012310] denote the double coset Nto1t] ‘tz ltgtitoN. 


Note that N(012310) > yy012310 — (e). Thus |v 72810) > |({e)| = 1 and so, by 


-1,-1,- N 
Lemma 1.4, |Ntj*t7't7tgtitoN | = WORE < 24 = 24. 


Therefore, the double coset [012310] has at most twenty-four distinct single cosets. 
Moreover, N(02319) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = to lt, tty tatitote?, 4 € {0,1, 2,3}. 

But note that Nto't) ‘ty ‘tstitotg ‘N = Ntp'ty1ty‘tstieN = Ntp‘t] ‘tj 'tst1.N and 
Ntp lt) tty tgtitotoN = Nto ity {ty ltgtit2N = Ntp ty ‘ty ‘tgtito'N 

= Nioty tg ig tat N. 

Moreover, with the help of MAGMA, we know that Ntj‘t]‘t7tstitot:N = 
Ntoty ty ttoty to 1N, Nto tty 'tyltstitot; 1N = Ntotitetp t,t] 'N, 

Nto ity ty ltgtitotaN = Nig titetst1ty'N, Ntp ‘ty ty ttstitoty'N 
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= Ntjltytty tg tity1N, Ntp ty ‘ty ‘tgtitotsN = Ntot; ‘tz tstot:N, and 
Nit tb ititt, Na Nig Gy a te tN: 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntp tty ltz\tgtitot¢! N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntp gic eau 1N. 


{1}, £3}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tp tig i, tity i € {0, 1,2, 3}. 

But note that Ntp tty lty lez ltitotoN = Nto tty ty ty teN = Ntg't) ty ty ‘tN 
ind, Nig tts ty tity ty NS NG th ig te TiN SN tf a ato = 
Nto\titets to N. 

Moreover, with the help of MAGMA, we know that Nip nes tig tits iN = 
Ntoty+tetots tits'N, Ntoltyty ‘tz tito ‘t]'N = Ntotitatots‘toN, 

Nis ti, ty tile GN a NG Eh htt, BN NG te i ae is GN 

= NtoltitetstotyN, Ntplty1ty+tg tito ‘tsN = Ntoty‘tetotz ‘tz 1N, and 

Nig ty ts 45 tit te NS NT, tity ty te 

Therefore, we conclude that there are no distinct double cosets of the form 


Nto ‘ty ‘ty tg ‘tito ‘t#1.N, where é € {0, 1,2, 3}. 


We next consider the double coset Nip wag His ae iN, 


Note that N(12812) > yy012312 — (e), Thus vr)» > |(e)| = 1 and so, by 


Lemma 1.4, |Ntg*t7 tty 1t3 tty as NOT < 4 = 94. 
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{i}, a. and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = toi ty te te i € {0,1, 2,3}. 

But note that Ntjl¢7 tty 143 tty tea = Ntglty tig tig tieN = Nig ‘ty ty tig tN 
and Nis t tetts tits tN = NG ep te te tity NN Se to ts Ce = 
Ntp ty Matsto ‘ty 1. 

Moreover, with the help of MAGMA, we know that Ntp ete the tite ligN = 
Ntotéqltetit lig, Ntg ty lty tz tity to’ N = Ntotiteto tz toN, 
Nephylyteg tty tN = Nig 'tyltetitstoN, Nip ley tty lig ttty ey tN 

= Ntotitety ty ltN, Ntg ty lty tz tty lt3N = Ntotity tp 'tz1toN, and 

Neto tty tty ag tg ig N = Niotitets tg ty N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Nto lt, ty tz tity t#1N, where i € {0, 1,2, 3}. 

We next consider the double coset Nto sa 1h —e IN. 


{1}, (3), and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = te tity te ia ty te i € {0,1, 2, 3}. 

But note that Ntp ltt ‘tg tz tp *toN = Ntp tito ‘ty ty'eN = Nto tito 'tytg'N 
and Nip tity tp ig tg tg 1N = Nip tity ty ty ig°N = Nip tip ig! oN = 
Ntoty ty ty‘ tgtp1N. 

Moreover, with the help of MAGMA, we know that Ntg’t)to‘t7/tz1tg‘t:N = 
Nigt, tty thy ty Not tity te to ty tN SN to te ee a LN 

Ntp tito ty tg tp te = NtotitetstoteN, Ntp‘titp ty tz tp ty'N 
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= Niotyltetity tig iN, Ntpliito ty tg lig ttsN = Nto‘t;‘ty't3‘titg'N, and 
Nig tty ty te tp tN = Nitty ateta GN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Nto tito ‘ty tz to+t#N, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntp lt totot] tx TN, 

Let [012013] denote the double coset Ntj ltitetoty tz'N . 


Note that N(12013) > yy012013 — (e). Thus nnn) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntpttitetoty1tg'N| = [we < 4 = 24, 

Therefore, the double coset [012013] has at most twenty-four distinct single cosets. 
Moreover, N(©12013) has eight orbits on T’ = {to, t1, t2, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length seven given by w = tp lei tototy ty a a i € {0,1, 2, 3}. 

But note that Nip titetot ‘tz tsN = Nto‘titetoty'eN = Nitp'titetot;*N and 
Ntotttetot; tz tg31N = Ntpltitetotytz?N = Nto‘titototy 'tsN 

SUNG ty te ta te tN. 

Moreover, with the help of MAGMA, we know that Ntj lt tototy ‘tz toN a 
Ntoititetstyt71N, Nto titetoty ty ltg'N = Ntotitets tz ‘tg 'N, 
Ntg\titototy ty 1tiN = Ntot] ‘ty totitetsN, Ntp‘titetot; ‘tz 'ty'N 

= Nip ty ltetstp tg! N, Nip titetoty tz ‘teaN = Ntotiteto ‘tz tito, and 

Nto \titetoty ‘ty ty 'N = Ntotitotstoty'N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Nto‘titatoty tz 1t1.N, where i € {0, 1,2, 3}. 
We next consider the double coset Ntj lt tetstoty IN. 


Let [012307] denote the double coset Ntj‘titotstot, NN. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Nt ‘titgtstot; | = Ntp ‘tetstitoty | = Ntptstitetots 


That is, in terms of our short-hand notation, 


012301 ~ 023102 ~ 031203. 
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By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [012301]: 


012301 ~ 023102 ~ 031203, 102310 ~ 123012 ~ 130213, 


210321 ~ 203120 ~ 231023, 312081 ~ 320132 ~ 301230, 
021302 ~ 013201 ~ 032103, 120312 ~ 103210 ~ 132013, 
201320 ~ 213021 ~ 230123, 302130 ~ 321032 ~ 310231 


Since each of the twenty-four single cosets has three names, the double coset [012301] 
must have at most eight distinct single cosets. 

Now, (612301) has four orbits on T = {to, t1, te, t3}: {0}, {1,2, 3}, {0}, and {1, 2, 3}. 
Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length seven given by w = ty ty tetgtot] ‘t#*1, i € {0, 1}. 

But note that Ntj‘titetstot; ti N = Ntp‘titetstyeN = Ntp‘titetstoN and 

Ntp ‘tytetstot; tt] 1N = Ntp titetstot[°N = Ntp*titotstotiN 

= Ntotitetot] tN. 

Moreover, with the help of MAGMA, we know that Ntp ‘titetstot, ‘toN = 

Ntoty ty tity 1ty1t[1N and Nt titetstoty tg N = Ntot; ‘tz tz tp lt. 
Therefore, we conclude that there are no distinct double cosets of the form 
Nto‘titgtgtot; ‘t+, where i € {0, 1,2, 3}. 

We next consider the double coset Ntj lt totstoty In, 

Let [012302] denote the double coset Nto ‘titetstoty NN. 

Note that (012302) > N012302 

= (e). Thus nv (612802)| > |(e)]| = 1 and so, by Lemma 1.4, |Nto‘titetstotyN| = 


N 24 _ 
N©12303)] <7 = 24. 


Therefore, the double coset [012302] has at most twenty-four distinct single cosets. 
Moreover, N(©12302) has eight orbits on T = {to, ti, t2,t3}: {0}, {1}, {2}, {3}, {0}, 
{i}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length seven given by w = to ‘titatstoty te’, 4 € {0, 1, 2, 3}. 
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But note that Nt ‘titetstot; ltaN = Ntg‘titetstoeN = Nto‘titetstoN and 
Nt ltytotstoty 1tz'N = Ntg titetstoty’?N = Ntp'titetstoteN 
= Nigty'tototy ‘tN. 


Moreover,.with the help of MAGMA, we know that Ntj lt totgtoty toN = 
Nto‘titg ‘to ty1N, Ntpltitetstoty to1N = Ntot,‘tetstiteN, 
Ntottstetstotg tN = Ntp ‘ty 1tz1t3!tyt7'N, Ntp‘titetstoty ‘ty +N 

= Ntplty Moti tz toN, Ntpltitetstoty t3N = Ntp ty] ‘tz totiteN, and 
Nto‘titetstoty ‘tz N = Ntotity tz 'ty7/toN. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntjltytetgstoty 1t*#'N, where i € {0, 1, 2, 3}. 


We next consider the double coset Nip ‘ty totst> iN ; 


Let [012321] denote the double coset Ntp'titetsty 't71N. 


Note that N(12321) > yy012821 — (e). Thus [rvo12821)| > |(e)| = 1 and so, by 


Lemma 1.4, |Nt9 ‘titataty ty 1N| = era] <%= 24, 


391 


Therefore, the double coset [012321] has at most twenty-four distinct single cosets. 


Moreover, N(12821) has eight orbits on T = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 


{1}, {2}, and {3}. 


Therefore, there are at most eight double cosets of the form NwJN, where w is a 


word of length seven given by w = to ltytetgty typ te", i € {0,1, 2,3}. 


But note that Ntj‘ttetsty‘t[tiN = Nto'titetsty'eN = Nip titetst;'N and 


Nt ‘titetsty tpt) 'N = Nt titetstyt7?N = Ntp‘titotsty tiN 

= Ntz ty totstg toN. 

Moreover, with the help of MAGMA, we know that Nt lei totsty te to = 
Ntotitets ‘ty tg'N, Nt ‘titetsty ty 'to'N = Nto‘titetot] ‘ty 'N, 
Ntgltitotsty ty ta = Nip ty ltetitatoN, Nt ltitetsty ty ty 1N 

= NtotytototitsN, Nto‘titotsty t]t3N = Ntp't)'tz ‘to 1titz/N, and 

Nip ltitetsty bt, 1t3'N = Neg ley ley tgtitoN. 

Therefore, we conclude that there are no distinct double cosets of the form 
Nto titetsty lt; 4#1N, where i € {0, 1, 2, 3}. 
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340. We next consider the double coset Ntoty‘tatotitp tz 'N. 


- Let [0120103] denote the double coset Ntoty‘tetotitg ‘tz 'N. 
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Note that N(0120102) > yy0120102 — (¢). Thus |W ernie) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty+tatotity tty 1N| = [NOLO < 4 = 24, 

Therefore, the double coset [0120102] has at most twenty-four distinct single cosets. 
Moreover, N (929102) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {6}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length eight given by w = tot] tototitp ‘ty 11, i € {0, 1, 2, 3}. 

But note that Nigt]ltgtotitg tty ltaN = Ntoty‘tetotitg'eN = Ntot|‘tetotity'N 
and Nit, ‘tetotitg ty tp 1N = Ntot]‘tototity 'tg°N = Ntot]‘tototitotoN 

= Nioty tp leg tty to. 

Moreover, with the help of MAGMA, we know that N tot, ‘tototity i lioN = 
Ntot] MtotitgteN, Ntotytetotitg ‘ty tp1N = Ntotitetp ta ty, 

Ntotz ltototitg ‘ty tN = Ntoty ts 1tp tty 1toN, Ntotytototity ‘ty ‘ty +N 

= Nioty ty to Mtot,N, Ntotyltototytg ty ltsN = Ntotytotsto tts, and 

Ntoty ‘tototitg ‘ty 't31N = Ntotity 1ttz tp 1N. 

Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty‘tetotitg ‘ty t#'.N, where i € {0, 1, 2, 3}. 


We next consider the double coset N toty ‘tototit> LigN. 

Let [0120103] denote the double coset Ntot] ‘tetotity ‘ts. 

Note that N(0120103) > 7y0120103 — (e), Thus IN | > |(e)| = 1 and so, by 
Lemma 1.4, |NtotyMtatotitg 'tsN| = | OO < 4 = 24. 

Therefore, the double coset [0120103] has at most twenty-four distinct single cosets. 
Moreover, N (120103) has eight orbits on T = {to, t1, ta, ts}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length eight given by w = toty ‘tatotitg Niet, i € {0, 1,2, 3}. 


393 


But note that Néotyltototitp ‘tstz'N = Ntot]‘tetotity'eN = Ntoty‘tototitg'N 
and Ntot;‘tgtotitottstsN = Ntotytetotitg 43N = Ntoty‘tetotito tz. 
Moreover, with the help of MAGMA, we know that N toty ‘tototi ty listo N = 
Nioty ty tp ltstg +N, Ntotyltototitoltstp'N = Ntoty‘totitsty ‘tN, 
Ntoty‘tatotitp ttgtiN = Ntotity tp 1tyltsN, Ntot{ tatotitg ‘tat; NV 

= Ntoty ltototits!1N, Ntoty ‘tototity ‘tstaN = Ntotity*titstoN, and 

Ntot{ ‘tototitp ‘tat 'N = Ntoty*tp‘totst]‘N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot, *tototity ‘tst*1N, where i < {0, 1, 2, 3}. 


342. We next consider the double coset N toty ‘tototity Abe IN, 
Let [0120103] denote the double coset Ntoty*tototitg tz. 
Note that N(0120103) > yy0120103 — (e), Thus ln (0120103)} > |(e)| = 1 and so, by 
Lemma 1.4, |NtotyMtatotity #31] = [HERI] < 24 = 24. 
Therefore, the double coset [0120103] has at most twenty-four distinct single cosets. 
Moreover, N (9129103) has eight orbits on T = {to, t1, to, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length eight given by w = tot ‘tetotity ‘tz t+", i € {0,1, 2, 3}. 
But note that Ntotyltgtotyto ‘tz 1t3N = Ntoty'tetotitg 'eN = Ntoty‘tototitp'N 
and Ntoty ltototito ‘ty ty 1N = Ntoty ‘tetotitotg’?N = Ntoty tototitp ‘ts. 
Moreover, with the help of MAGMA, we know that Ntoty‘tetotitp ‘tz ‘toN = 
Ntoty‘tetgty t1N, Ntoty‘tetotito tz ‘to'N = Ntoty ty 'tz tg tty N, 
Ntot; ‘tototity 'tz*ti1N = Ntot{ ty to 1tz toN, Ntot]‘tototito ‘tg *t]'N 
= Ntp tty ty ltg tsto'N, Ntoty‘tototity ‘tz +taN = Ntotitetoty‘toN, and 
Ntoty ‘tetotity ‘ty ‘tg’ N = Nioty eg tg ity leg i. 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty Mtototyto tz +t#!.N, where i € {0, 1, 2, 3}. 


343. We next consider the double coset N tot Mtototity ty In, 


Let [0120123] denote the double coset Nigty'tototi ts tz1N. 


344. 


394 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntot]+tgtotits 'tz 1 = Ntetg‘totetst‘t7'. 


That is, in terms of our short-hand notation, 
0120123 ~ 2302301. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0120123]: 
0120123 ~ 2302301, 1021023 ~ 2312310, 2102103 ~ 0320321, 
3123120 ~ 2032031, 0210213 ~ 1301303, 0130132 ~ 3203201, 
1201203 ~ 0310312, 2012013 ~ 1321320, 3023021 ~ 2132130, 
3103102 ~ 0230231, 1231230 ~ 3013012, 1031032 ~ 3213210 

Since each of the twenty-four single cosets has two names, the double coset [0120123] 

must have at most twelve distinct single cosets. 

Now, (0120123) has four orbits on T = {to,t1,te,t3}: {0,2}, {1,3}, {0,2}, and 

{1, 3}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 

word of length eight given by w = toty ‘tetotity ty rae 4 € {0,3}. 

But note that Ntotytetotity ‘tz lt3N = Ntoty‘tetotity'eN = Ntot]‘tototity'N 

and Ntoty ‘tototits ty 1tg|N = Ntoty‘tetotity 't3°N = Ntoty‘tototityt3N 

= Nioty ty ty ts uN: 

Moreover, with the help of MAGMA, we know that Ntoty lototita tte ligN = 

Ntotyty tz tt{toN and Ntoty‘tetotity tytp1N = Nt ‘ty ‘totstity'N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty tototity {ty t#".N, where i € {0, 1,2, 3}. 

We next consider the double coset N tot, ltotot] ty ote IN, 

Let [0120730] denote the double coset Ntgtyltatoty tz 1tp1N. 

Note that N(0120120) > y0120120 — (e). Thus IN (O10) > |(e)| = 1 and so, by 


Lemma 1.4, |Ntoty‘tetot7 ty 'tp*N| = ates, < 4 = 24. 


[N@r20120)] = 
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Therefore, the double coset [0120120] has at most twenty-four distinct single cosets. 
Moreover, N(9120120) has eight orbits on T’ = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form Nw, where w is a 
word of length eight given by w = toty tototy tz ‘ty 4F, i © {0, 1,2, 3}. 

But note that Nigtytetoty ty tg toN = Ntoty‘tetot; tz 'eN 

= Ntoty tetot[ tz!N and Ntot]ltetoty ‘ty tp tp'N 

= Niotyltetot[ tg tg2N = Ntot[ttatoty tz toN = Ntoty itz tity tty iN. 
Moreover, with the help of MAGMA, we know that N: tot; ‘tetoty +ty ate libN= 
Ntoty tz titgtety 1N, Ntoty‘tetot, ty to ty |N = Ntot] ‘ty 'titsteN, 

Ntoty Matoty tptightaN = Ntot]ttetstytp1N, Ntoty tetoty ‘ty 1to‘tz1N 

= Ntot]\tgtitgtoN, Ntotyltetoty ty ltgttsN = Ntoty ty ‘tot; to'N, and 
Ntoty‘tatoty ‘tz !tg'tg'N = NtotitototstpN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty tototy tz tp ‘t#.N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntot]‘totot; tz tts. 

Let [0120123] denote the double coset Ntot]‘tetoty tz ‘ts. 

Note that N(0120123) > py0120123 — (e). Thus [Nw cians), > |(e)| = 1 and so, by 
Lemma 1.4, | Nit ttotot1ty1#3N| = [worn < 4 = 24. 
Therefore, the double coset [0120123] has at most twenty-four distinct single cosets. 
Moreover, N(°120123) has eight orbits on T’ = {to, ti, te, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length eight given by w = tot] ‘tatot; ‘tp ‘tstz’, i € {0, 1,2, 3}. 

But note that Ntoty ‘tetot; ty tstz/N = Ntoty ‘tetot; ‘tz eN 

= NtotMototy tz1N and Ntoty tototy ‘ty tstsN 

= Ntoty Mototy ty 142N = Ntotyltetoty tty tz1N = Ntoty ‘tz ‘tito ty 1N. 
Moreover, with the help of MAGMA, we know that N tot, ‘tototy ‘ty listogN = 

Nto tty tty totiteN, Ntoty tototy tty ltgtg 1N = NtotytetstitgN, 
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Ntoty ltototy tty ltgtiN = Ntot[ to 1tets t[ +N, Ntoty‘tetoty tty tgt] N 


= Ntot[tyltp tite, Ntotytetot] ty ‘tateN = Ntotitetoty 'tg'N, and 


Ntoty tatot, ‘ty tgtz(N = Ntoty ‘ty ltstity'N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot] ltotot] tty Mtgt*+N, where i € {0, 1, 2, 3}. 

We next consider the double coset N toty ‘tototz ditzy 1N ‘ 

Let [0120313] denote the double coset Nioty]tatotz tity +N. 

Note that N(0120313) > )y0120313 — (e). Thus pcre) > |(e)| = 1 and so, by 
Lemma 1.4, |Ntotytetots tity +N| = Trocory| < 4 = 94. 

Therefore, the double coset [0120313] has at most twenty-four distinct single cosets. 
Moreover, N(°12°313) has eight orbits on T = {to, t1, tz, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length eight given by w = toty tototy {tit 1t*", i € {0, 1, 2, 3}. 

But note that Ntoty!tatots titzltg3N = Ntoty tetots‘tieN = Ntot}‘tatots 'tiN 
and Ntotyltatots ttit3'ty1N = Ntot] ‘tototstit3?N = Ntoty‘tetotz tits 

= Nigtity tt, ty N. 

Moreover, with the help of MAGMA, we know that N tot; ‘totots ‘tity to N = 
NtotitototstoN, Ntot]‘totots tits ‘to N = Ntp'ty ‘tp ‘tz tito‘ N, 

Ntoty ‘totots ‘tits *t1N = Ntoty*totitgtiN, Ntoty‘totots ‘tit; t71N 

= Ntp ty ltyltoltstg'N, Ntot]‘tetots ‘tity taN = Ntot] ‘totitsty ti N, and 
Ntoty totots ‘tits 'tz1N = Ntot) tp 'ty ‘ty ‘to. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty ‘tototz ‘tits ‘tf, where i € {0, 1, 2, 3}. 

We next consider the double coset N tot, Mtotots ty ‘tp IN. 

Let [0120310] denote the double coset Ntotyltetotz ‘#7 tg +N. 

Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntot]‘tetotz tty) = Ntito ‘tetitz ‘tp ‘t7°. 
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That is, in terms of our short-hand notation, 
0120310 ~ 1021301. 


By conjugating the equivalence relation above with the elements of 54, we determine 


that the following single cosets are equivalent in the double coset [0120310]: 
0120310 ~ 1021301, 2102312 ~ 1201321, 3123013 ~ 1321081 
0210320 ~ 2012302, 0320130 ~ 3023103, 0130210 ~ 1031201 
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0310230 ~ 3013203, 2132012 ~ 1231021 
3103213 ~ 1301231, 2312032 ~ 3213023, 3203123 ~ 2302132 

Since each of the twenty-four single cosets has two names, the double coset [0120310] 

must have at most twelve distinct single cosets. 

Now, N(0120310) has six orbits on T’ = {to, ty, te, tz}: {0,1}, {2}, {3}, {0,1}, {2}, 

and {3}. 

Therefore, there are at most six double cosets of the form NwJN, where w is a word 

of length eight given by w = tot] ‘totots ty to ag i € {0,2,3}. 

But note that Ntot]ltetoty tL tj ttpN = NtotyMtetots tj eN 

= NtotylMetoty t[1N and Ntot{tetotz ty] ‘tp tp’ N 

= Ntot[ Metotyt[1tg?N = Ntot]‘tetots ‘t[toN = Ntot] ‘totitp ‘ts. 

Moreover, with the help of MAGMA, we know that N ity totots th ty. linN = 

Ntot]ttotitgty 'tz+N, Ntoty ltetoty 1t[ tp tg 1.N = Ntotito ‘tatty N, 

Ntoty Matoty 't[ttgtigN = Ntoty tz 1tpltitstg!N, and Ntot,‘tototy ty; ‘to 'tz'N 

= Ntoty ‘tz tstoteN. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntot] ‘tetots ‘ty tp 1t*#".N, where i € {0, 1,2, 3}. 


We next consider the double coset N’ tof; tatots te IN. 
Let [0120312] denote the double coset Ntoty ‘tototy ‘ty ty 'N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntotjltototy ‘ty; tz’ = Ntoty‘totet] ‘tz ‘t°. 
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That is, in terms of our short-hand notation, 
0120312 ~ 2302130. 

By conjugating the equivalence relation above with the elements of S4, we determine 

that the following single cosets are equivalent in the double coset {0120312}: 
0120312 ~ 2302130, 1021302 ~ 2312031, 2102310 ~ 0320132, 
3123012 ~ 2032103, 0210321 ~ 1301230, 0130213 ~ 3203120 
0230123 ~ 3103210, 0310231 ~ 1201320, 2132013 ~ 3023102 
2012301 ~ 1321032, 1031203 ~ 3213021, 1231023 ~ 3013201 

Since each of the twenty-four single cosets has two names, the double coset [0120312] 

must have at most twelve distinct single cosets. 

Now, N(0120312) has four orbits on T’ = {to, ti, te, ts}: {0,2}, {1,3}, {0,2}, and 

{1, 3}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 

word of length eight given by w = tot, ‘tatots ‘ty tz +t", i € {1, 2}. 

But note that Ntot]ltgtots 1t] ty teN = Nioty'totots ty 1eN 

= Ntotyltototy 't]'N and Ntoty‘tetoty ‘ty ty 1ty'N 

= Ntotytotot t[ 1452. = Niot[ totots ty teN = Ntotitotot] ‘to. 

Moreover, with the help of MAGMA, we know that N tot; ‘tetots tte ty N= 

Nto ‘ty ‘tetitots1N and Ntot}totots ty "tz t7'N = Ntotito tz tg *tg'N. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty \tototy ‘ty, ty 1t#1.N, where i € {0, 1,2, 3}. 

We next consider the double coset N tot] tetitsty 1431N ) 

Let [0121303] denote the double coset Ntoty‘totitsty ‘ty *N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: N’ tot; ‘tetitsty tis? =N tst] ‘totitots ts -. 


That is, in terms of our short-hand notation, 


0121303 ~ 3121030. 
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By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0121303]: 
0121303 ~ 3121030, 1020373 ~ 3020137, 2101333 ~ 3101233, 


0212303 ~ 3212030, 0323101 ~ 1323010, 0131202 ~ 2131020, 


ol 


1202313 ~ 3202131, 2010323 ~ 3010232, 0232101 ~ 123201 


, 
0313202 ~ 2313020, 1303212 ~ 2303121, 2030121 ~ 1030212 

Since each of the twenty-four single cosets has two names, the double coset [0121303] 

must have at most twelve distinct single cosets. 

Now, N(!21303) has six orbits on T = {to, t1, ta, t3}: {0,3}, {1}, {2}, {0,3}, {1}, 

and {2}. 

Therefore, there are at most six double cosets of the form Nw, where w is a word 

of length eight given by w = tot] tetitgtg /#y #1, i € {1, 2, 3}. 

But note that Niotytotitstp tz lt3N = Ntot] tetitstg'eN = Ntot]‘tetitstp'N 

and Ntoty ltatytato tz 1ty1N = Ntoty‘tetitstg tg?N = Ntot] ‘totitsto ‘taN 

= Nitoty‘totity ‘to. 

Moreover, with the help of MAGMA, we know that N tot] oti tsto oe iN = 

Ntotitg tatstz'N, Ntot]‘tetitstp tz ty 'N = Ntot] ‘totots ty ‘tg N, 

Ntotj ‘totitaty ‘ty teN = Ntot, tz ‘tgtiteN, and Ntoty‘tetitstp ‘tz'tyN 

= Nit; ig lep tig tty ton. 

Therefore, we conclude that there are no distinct double cosets of the form 

Ntotytetytgto ‘ts t#'N, where i € {0, 1, 2, 3}. 

We next consider the double coset N toty ‘totitsty li. 

Let [0121321] denote the double coset Nigty*totitstz ‘tN. 

Note that N(0121321) > y0121321 — (e). Thus lw (cine) > |(e)| = 1 and so, by 

Lemma 1.4, |Ntotyltatitsty4tiN| = Wornsny <4 =A. 

Therefore, the double coset [0121321] has at most twenty-four distinct single cosets. 

Moreover, N (9121321) has eight orbits on T’ = {to, t1, t2,t3}: {0}, {1}, {2}, {3}, {0}, 

{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 


word of length eight given by w = tot] ltotitsty ee 4 € 40,1; 2,3}. 


But note that Ntot]ltetitgty yt] +N = Ntotyltetitsty!'eN = Ntot]‘totitsty'N 
and Ntotyltotytgty {tity N = Ntot|‘tatitstyt?N = Ntotytotitstyt7'N 
= NtotyMtetstitoN. 


Moreover, with the help of MAGMA, we know that Ni toty totitsty lHtoN = 
Ntot]‘tetotity ‘tzN, Ntot]‘totitsty titgN = Ntoty‘ty‘tp‘tato'N, 

Ntoty ltotitgty ‘t1tg2N = Ntot[ to lt 1t[1toN, Ntoty totitsty titz'N 

= Ntotyltetotstity/N, Ntoty totitstytitzN = Ntot]‘totstiteN, and 
Ntot] ‘totitgty tit31N = Ntot]‘totstz ty‘ N. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntot]‘tetitstz ‘tit#'N, where i € {0, 1,2, 3}. 

We next consider the double coset N tot, Mteti tz ltotoNV ‘ 

Let [0121302] denote the double coset Ntotytotit3 ‘toteN. 


Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntot]‘tatits tote = Ntitg ‘tstoty ‘tts. 


That is, in terms of our short-hand notation, 
0121302 ~ 1030213. 


By conjugating the equivalence relation above with the elements of 54, we determine 


that the following single cosets are equivalent in the double coset [0121302]: 
0121302 ~ 1030213, 1020312 ~ 0131203, 2101320 ~ 1232013, 
3121032 ~ 1303210, 0212301 ~ 2030123, 0323102 ~ 3010231, 
1202310 ~ 2131023, 2010321 ~ 0232103, 1323012 ~ 3101230, 
3020132 ~ 0313201, 2303120 ~ 3212031, 2313021 ~ 3202130 


Since each of the twenty-four single cosets has two names, the double coset [0121302] 
must have at most twelve distinct single cosets. 

Now, N(0121302) has four orbits on T = {to,t1,t2,t3}: {0,1}, {2,3}, {0,1}, and 
{2, 3}. 
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Therefore, there are at most four double cosets of the form NwN, where w is a 


word of length eight given by w = tot] tetits Motot#, i € {0,2}. 


But note that Ntoty*tetitz ‘totety'|N = NtotytotitztoeN = Ntot]‘tetytztoN 
and Ntot; ‘totity ‘totetaN = Ntoty'totity tot2N = Ntotytotits tots 1N 
=(Nigt) tp ta tity (N: 

Moreover, with the help of MAGMA, we know that N tot ‘totits LtotetoN = 

Ntot ‘tz tz tp 1t[1N, and Ntoty totits ‘totetg‘N = Ntp ‘ty tetitstoN. 
Therefore, we conclude that there are no distinct double cosets of the form 

Ntot] ‘totits ‘totatyN, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntot]‘totstitoteNV. 

Let [0123102] denote the double coset Ntoty |totstitoteN. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: N tot; ‘totstitote = Ntitp listototite. 


That is, in terms of our short-hand notation, 
0123102 ~ 1032013. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0123102]: 
0123102 ~ 1032013, 1023012 ~ 0132103, 2103120 ~ 1230213, 


3120132 ~ 1302310, 0213201 ~ 2031023, 0321302 ~ 3012031, 
1203210 ~ 2130123, 2013021 ~ 0231203, 1320312 ~ 3102130, 
3021032 ~ 0312301, 2301320 ~ 3210231, 1302310 ~ 3120132 


Since each of the twenty-four single cosets has two names, the double coset [0123102] 
must have at most twelve distinct single cosets. 

Now, N(0123102) has four orbits on T = {to,¢1,t2,t3}: {0,1}, {2,3}, {0,1}, and 
{2, 3}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 


word of length eight given by w = toty totgtitotet;*, i € {0,2}. 
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But note that Ntot]ltotstitotety!N = Ntot['tetstityeN = Ntot]‘tetstitoN and 
Ntotj ltotgtitotetaN = Ntotytotstitot2N = Ntot]‘tatstitot; \N 
= Ntoty to‘ tetsty 1 N. 


Moreover, with the help of MAGMA, we know that N tot, ‘totstitotetoN = 
Ntotitz ‘tp ‘tgt1N and Ntoty‘totstitotetp|N = Ntotitotstoty N. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty ‘totgtitotet#1N, where i € {0, 1, 2, 3}. 

We next consider the double coset N tot, te liotitotsN. 

Let [0120123] denote the double coset Nit; ‘tz 'totitetsN. 


Note that (0120123) > 0120123 = (e). Thus pv (o120128)| > \(e)| = 1 and so, by 


Lemma 1.4, |Ntoty!t7totitotsN | = worry < 494 


Therefore, the double coset [0120123] has at most twenty-four distinct single cosets. 
Moreover, N (9120123) has eight orbits on T = {to, ty, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 

Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length eight given by w = tot] ‘tz ‘totitatst*1, i € {0, 1, 2, 3}. 

But note that Ntoty*tz*totitetsty'N = Ntoty'tztotiteeN = Ntot] ‘tz ltotiteN 
and Nitoty tz !totitetst3N = Ntot, tz totitet3N = Ntot ‘tz !totitetz'N 

= Ntoty to ‘totstol. 

Moreover, with the help of MAGMA, we know that Ntot]'ty!totitotstoN = 

Nto tty tetstp tz 1N, Ntot] tz ‘totitetsty'N = Nto‘titetoty tz 1 N, 

Ntot ‘tz totitetstiN = Ntoty'tz1tpltgt,N, Ntoty tz lMotitetst; 1 N 

= Ntot] ‘tz tp ty ltz*N, Ntoty ty totitetstzN = Ntoty'tz‘to‘titsN, and 

Ntoty ‘ty totitetsty'N = Ntotyty'to‘ty't;/N. 

Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty tz totitotst71N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntot71t7 ‘tp titstz NV. 


Let [0120132] denote the double coset Ntot[ tj ‘tg ‘titstz1N. 
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Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntot, tty tp ltitstz! = Ntitg tz ‘tz totit3’. 


That is, in terms of our short-hand notation, 
0120132 ~ 1032013. 
By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0120132]: 


0120132 ~ 1032013, 1023012 ~ 0132103, 2103120 ~ 1230213 


1203210 ~ 2130123, 2013021 ~ 0231203, 1320312 ~ 3102130 
3021032 ~ 0312301, 2301320 ~ 3210231, 1302310 ~ 3120132 
Since each of the twenty-four single cosets has two names, the double coset [0120132] 
must have at most twelve distinct single cosets. 
Now, N(0120132) has six orbits on T’ = {to,t1, ta, t3}: {0,2}, {1}, {3}, {0,2}, {7}, 
and {3}. 
Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length eight given by w = tot] tty 1tp Mitsty tt, ¢ € {1, 2, 3}. 
But note that Ntoty tz tp titsty ‘teN = Ntoty tz ‘to ‘titseN 
= Nioty ty tp titgN and Ntoty'ty1tp titsty t7'N 
= Ntoty ty tg titgty?N = Ntoty tz tp titsteaN = Ntotity ‘tp ‘tstiN. 
Moreover, with the help of MAGMA, we know that Ntoty tz ‘to ‘titstg‘tiN = 
Ntotitaty ‘tz ‘titoN, Ntoty ty tg ‘titstytzN = Ntoty tz ‘tstoteN, 
and Ntoty1ty ‘to titsts t31N = Ntotyltotots‘t71to1N. 
Therefore, we conclude that there is one distinct double coset of the form 


Ntot]1tz tp ltitgty ‘t#*.N, where i € {0,1,2,3}: Ntot; ‘ty *tg ‘titsty ty" N. 


We next consider the double coset N tye tbs ‘hts tN: : 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntot]1tz1tplt)t3‘t71 = Ntets to 1tytsty ‘tz. 
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That is, in terms of our short-hand notation, 


0120131 ~ 2302318. 
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By conjugating the equivalence relation above with the elements of S4, we determine 


{1, 3}. 


Therefore, there are at most four double cosets of the form NwN, where w i 


word of length eight given by w = tot] ‘tz to thie tk i € {0,1}. 


But note that Ntoty tty ltpltity {ty ltiN = Ntoty tz tp titzleN 
= Ntoty ty tp tits (N and Nipt| th ty hits 4, 4 NN 
= Ntot) ty to tits t[°N = Ntoty ‘ty tg tity tN = Ntot] ‘tz ‘tp 'ty tN. 


Moreover, with the help of MAGMA, we know that Niot]'t; ‘tp 'titg‘t]‘toN = 


Niot “to "ty tatp WN and Nigt; "ty to tits ty tg NS Nt hh to th AN 


Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty tty tp ‘tity ty ¢#1.N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntot] ‘tz ‘to ‘tz t] ‘to. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntoty1ty‘tp't3‘t[1to = Ntety"tp‘ty ‘tz t] ‘te. 


That is, in terms of our short-hand notation, 


0120310 ~ 2102312. 
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By conjugating the equivalence relation above with the elements of S4, we determine 


and {3}. 

Therefore, there are at most six double cosets of the form NwJN, where w is a word 
of length eight given by w = tot, ‘ty tp tg ty ltot#’, i € {0, 1, 3}. 

But note that Ntot] ‘ty !tp tz 1t71totg'N = Ntoty tz 1to tz ty +eN 

= Nioty tp ts tN and Nigty ty to ty ty toto 

SNigt ts ty tg 17 TENS Ntot ty ty ts tp ty NK 1 ist 
Moreover, with the help of MAGMA, we know that Ntot] ‘tj ‘to ‘tj tt7*totiN = 
Ntoty‘tgtitgtotg/N, Ntoty ‘tz !to1tz ‘ty tot; N = Ntoty ty ltstiteN, 

Ntoty ty ‘to ‘ty ‘ty ‘totsN = Ntot]‘t,‘tp ‘tg ‘ty; "tot; N, and 

Ntoty ty lto tz ty toty*N = Ntotity tz ty tetoN. 


Therefore, we conclude that there are no distinct double cosets of the form 

Ntoty ‘tp to ‘tz t71tot#!N, where i € {0, 1, 2, 3}. 

We next consider the double coset N int ts ltt3tet; |N ; 

Let [0121321] denote the double coset Ntoty ‘ty ‘titstot]'N. 

Note that N(0121321) > yy0l21321 — (e), Thus [w ciab > |(e)| = 1 and so, by 
Lemma 1.4, |Ntoty1#z‘ttgtet{'N| = worms <4= 

Therefore, the double coset [0121321] has at most twenty-four distinct single cosets. 
Moreover, N(0121821) has eight orbits on T = {to, t1, ta, t3}: {0}, {1}, {2}, {3}, {0}, 
{1}, {2}, and {3}. 
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Therefore, there are at most eight double cosets of the form NwN, where w is a 
word of length eight given by w = tot] ty ttitgtety t*", i € {0, 1, 2, 3}. 

But note that Niot]!t>ltitgtet[ tN = Ntot] ‘ty 'titstaeN = Ntoty ‘ty ‘titsteN 
and Ntotyt5 titstety ty) 1N = Ntoty ‘ty ‘titstet] °N = Ntoty ‘ty ‘titstetiN 

= Niotyltetot] ‘ty to N. 

Moreover, with the help of MAGMA, we know that NV igt; “ts lt tgtoty ttoN = 

Nto ity ltotito ty1N, Ntoty ty ltitstety to|N = Nto‘ty tetstp ‘teN, 

Ntot] ‘ty titstoty te = Ntg ty ty totyto'N, Ntoty+ty+titstet;ty'N 

= Nigty to ltetz‘t]'N, Ntot) ‘ty titgtety'tg3N = Ntoty tz ‘tstitoN, 

and Ntoty ‘ty ‘titstet; ‘tg’ N = Ntoty ‘tz ‘tgtp ty NV. 

Therefore, we conclude that there are no distinct double cosets of the form 


Nitoty ‘ty 'ttgtoty ‘tN, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntoty ty tit3 "ty ‘t1N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntoty ‘ty tity ‘ty ‘ty’ = Ntity ‘to ‘teats to ty! 


= Ninty ty tote th te 
That is, in terms of our short-hand notation, 


0121321 ~ 1202302 ~ 2010310. 


By conjugating the equivalence relation above with the elements of S4, we determine 


1323023 ~ 3212012 ~ 2130031, 3020120 ~ 0232132 ~ 2303103 


Since each of the twenty-four single cosets has three names, the double coset 
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{3}. 

Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length eight given by w = dot te hits ee eS, i € {1,3}. 

But note that Ntgty tj titty tty tiN = Ntoty't5 tity ty eN 

= Nigt; ty ltitylty1N and Niotyliz tity ty ty "ty 1N 

= Nioty tty tz tty t[?N = Ntoty ty ltits tpt. N = Ntg*ty ty tot) ‘tg N. 
Moreover, with the help of MAGMA, we know that Ntoty ty titz*t7/t71t3N = 
Ntoty ty 1tzto tN and Ntot;ltytitz1ty't71tg*N = Nto‘titetstot, N. 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty tty ‘t1tz {ty 1t7+t#".N, where i € {0, 1, 2, 3}. 


We next consider the double coset Ntoty1tg1tz+titp tty1N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntoty1t3 tg {tito ‘ty! = Ntoty*t3/ty ‘tet ty" 

= Nigty ty tty ligty ‘437. 

That is, in terms of our short-hand notation, 


0123101 ~ 0231202 ~ 0312303. 


By conjugating the equivalence relation above with the elements of $4, we determine 


0123101 ~ 0231202 ~ 0312303, 1023010 ~ 1230212 ~ 1302313, 


2013020 ~ 2130121 ~ 2301323, 3021030 ~ 3210232 ~ 3102131 


Since each of the twenty-four single cosets has three names, the double coset 


(1,3, 3}. 
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Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length eight given by w = tot] Me te tity trie i € {0,1}. 

But note that Ntgty!ty!tzltutp tt] tt:N = Ntoty't51tz1tity’eN 

= Ntot [tig tig tty and Nit] tg tz tntp ep yi N | 

= Nigt tty titg ON = Nioty ty ty tity AN = Nig tity tp ty tg (NN. 
Moreover, with the help of MAGMA, we know that Nioty;‘t7*t3‘titp‘t7toN = 
Niot, ‘t,t; tb, tot, N and. Niet, t,t, ‘hits tty (N = Niet, yt ON. 
Therefore, we conclude that there are no distinct double cosets of the form 


Ntoty ity itz 1tyto ty; 1t#4.N, where i € {0, 1, 2, 3}. 


We next consider the double coset Nigt] ‘tz +tz ee : 


Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Ntot, ‘tp 1tz1t] tot; ' = Ntet; tz to‘t] tet] * 

= Nist; ty tet) tat 

That is, in terms of our short-hand notation, 


0123101 ~ 2130121 ~ 3102181. 


By eee the ee relation above with the elements of S4, we determine 


1203212 ~ 0231202 ~ 3210232, 2013020 ~ 1032010 ~ 3021030 


Since each of the eee se cosets has three names, the double coset 


a}. 
Therefore, there are at most four double cosets of the form NwN, where w is a 


word of length eight given by w = ity be ne te ots te 4 € {0,1}. 
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But note that Ntot;'tz/t3 ty ltot]*tiN = Ntoty tz tz‘ ty toeN 

= Niot, tty ty to and Not, ty ty ty ot tN 

= Nigty tty leg tty ttot[?2N = Nioty tp ty ty totiN = Netty ty eg tty ey NV. 
Moreover, with the help of MAGMA, we know that Ntoty ‘tz 1t3‘t7 tot] ‘toN = 
Ntoty MotetgtoN and Niot;lty1t3 ty tot; tg’ N = Ntotitp ty tz tp‘ N. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty tz tz ‘t7 toty 4F1N, where i € {0, 1, 2, 3}. 

We next consider the double coset Ntotitetg tte titoN : 

Let [0120310] denote the double coset Ntotitetg tz titoN. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntotitat os 14 to = Ntotatity a lot. 


That is, in terms of our short-hand notation, 
0120310 ~ 0210320. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0120310]: 
0120310 ~ 0210320, 1021301 ~ 1201321, 2102312 ~ 2012302, 
3123013 ~ 3213023, 0320130 ~ 0230120, 0130210 ~ 0310230, 
1321031 ~ 1231021, 3023103 ~ 3203123, 2132012 ~ 2312032, 
3103213 ~ 3013203, 1301231 ~ 1031201, 2032102 ~ 2302132 


Since each of the twenty-four single cosets has two names, the double coset [0120310] 
must have at most twelve distinct single cosets. 

Now, N(°120310) has six orbits on T = {to, t1, ta, t3}: {0}, {1,2}, {3}, {0}, {1, 2}, 
and {3}. 

Therefore, there are at most six double cosets of the form NwN, where w is a word 
of length eight given by w = totytety ‘tz {titotS!, i € {0, 1, 3}. 

But note that Ntotytetg +t titotg‘N = Ntotitotg ty tieN 

= Ntotitety tz ti N and Ntotitetg ‘tz titotoN 

= Ntotitety ty tt2N = Ntotitety tz tito N. 
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Moreover, with the help of MAGMA, we know that Ntotitet 143 titotiN — 


Ntotitatgtots!N, Ntotitety ‘tz titoty 1N = Nto‘titetoty ‘tz, 
Ntotitgt ‘ty 1tytot3N = Ntoty ty 1to‘titsty ty 'N, and 
Ntotitaty tz ‘titotyN = Ntoty ‘ty to ‘titsty NV. 


Therefore, we conclude that there are no distinct double cosets of the form 
Ntotitaty tz ‘titotN, where i € {0, 1,2, 3}. 


We next consider the double coset Ntotitaty “ie “hig IN, 


Let [0120316] denote the double coset Ntotytaty tz ‘tito N. 
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Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntot, toto ‘tz tito’ = Ntotetity tz ‘tetp’. 


That is, in terms of our short-hand notation, 


0120310 ~ 0210320. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0120310}: 


0120310 ~ 0210320, 


3103213 ~ 3013203, 


1021301 ~ 1201327, 2102312 ~ 2012303, 
0130210 ~ 0310230, 
2132012 ~ 2312032, 


1301231 ~ 1031201, 2032102 ~ 2302132 


Since each of the twenty-four single cosets has two names, the double coset [0120310] 


must have at most twelve distinct single cosets. 


Now, N(0120810) has six orbits on T’ = {to,t1, ta, t3}: {0}, {1,2}, {3}, {0}, {7,3}, 


and {3}. 


Therefore, there are at most six double cosets of the form NwN, where w is a word 


of length eight given by w = totytety ‘tz ‘tito ‘¢#", 1 € {0, 1, 3}. 


But note that Ntotitety tz 1titpltoN = Niotitetp'tz'tieN = Ntotitetg tz ‘tiN 


and Niotitetotz*tito ‘to’N = Ntotitetp tz ‘titg?N = Ntotitetg ‘ts ‘tito. 


Moreover, with the help of MAGMA, we know that Niotiteto +e tity tN = 


Ntottyltetitgtg 'N, Ntotitetp ty {tito ty 1N = Nig ‘ty ‘tetits toN, 
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Niotitgty ‘tg ttytp tt3N = Ntotity ttetstz +N, and Ntotitety ‘ty tito ‘tz N 
= Ntotitytotsty tN. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntotitoto ‘tz ‘tity tF4.N, where i € {0, 1, 2, 3}. 
We next consider the double coset N toti tots ‘to tuts IN. 
Let [0123013] denote the double coset Ntotitets 1tp tits‘ N. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Niotitets the Thts: LN tgtotito Mts tay ts 
That is, in terms of our short-hand notation, 
0123013 ~ 3210320. 

By conjugating the equivalence relation above with the elements of S4, we determine 

that the following single cosets are equivalent in the double coset [0123013]: 
0123013 ~ 3210320, 1023103 ~ 3201321, 2103213 ~ 3012302, 
3120310 ~ 0213023, 0321031 ~ 1230120, 0132012 ~ 2310230, 
1203123 ~ 3021301, 2013203 ~ 3102312, 1320130 ~ 0231021, 
0312032 ~ 2130210, 1032102 ~ 2301231, 1302132 ~ 2031201 

Since each of the twenty-four single cosets has two names, the double coset [0123013] 

must have at most twelve distinct single cosets. 

Now, N(©128013) has four orbits on T’ = {to,t1, to, t3}: {0,3}, {1,2}, {0,3}, and 

11, 2}, 

Therefore, there are at most four double cosets of the form NwN, where w is a 

word of length eight given by w= totifats tp hts 4 € {1,3}. 

But note that Ntotitety to ltitzt3N = NtotitetstoltieN = Ntotitets tp tiN 

and Ntot tats to tttz1t31N = Ntotitets to ‘tity°N = Ntotitets ‘tp ‘titsN 

SING tis iy ty tN. 

Moreover, with the help of MAGMA, we know that Ntotitets to ‘tit; tiN = 

Ntoity tg tz 1tyty1N and Ntotitets tp tits ty1N = Ntotity ‘to ty 'toN. 
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Therefore, we conclude that there are no distinct double cosets of the form 
Ntotitatz 'to ‘tits t+", where i € {0, 1, 2, 3}. 

We next consider the double coset Ntoti ty te 147 totoN : 

Let [0123120] denote the double coset Ntgtit, tz ‘t] ‘toto. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntotytz tz 1t7 Moto = Ntotyto ‘tz ‘ty Mote. 


That is, in terms of our short-hand notation, 
0123120 ~ 2103102. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0123120]: 
0123120 ~ 2103102, 1023021 ~ 2013012, 1230231 ~ 3210213, 


3120123 ~ 2130132, 0213210 ~ 1203201, 0321320 ~ 2301302, 
0132130 ~ 3102103, 1320321 ~ 2310312, 3021023 ~ 2031032, 
0231230 ~ 3201203, 0312310 ~ 1302301, 1032031 ~ 3012013 


Since each of the twenty-four single cosets has two names, the double coset [0123120] 


must have at most twelve distinct single cosets. 

Now, N(0123120) has six orbits on T = {to,t1,t2,t3}: {0,2}, {1}, {3}, {0,2}, {1}, 
and {3}. 

Therefore, there are at most six double cosets of the form Nw, where w is a word 
of length eight given by w = totity ‘tz ‘t]‘tatot*?, 1 € {0, 1, 3}. 

But note that Ntotitz tz ty] tototy'N = Ntotity1tz1t[‘teeN 

= Ntotity't31t[ MeN and Ntotitz'tz‘t7ltototoN 

= Ntotitz ty ‘ty tot = Ntotity tz ty] tetp!N = Nto'ty‘tetato tty! N. 
Moreover, with the help of MAGMA, we know that Nitotity't3 ‘ty ‘tetotiN = 

Ntg ty ty ltotits!N, Ntotity tz 't]‘totot; (N = Ntotytg ‘tetsty tN, 

Ntoti tz 1tz*t[tetotzN = Ntoty ty tp ltg ty ltpN, and Ntotit; tz \t7tetotsN 

= Nigty ty ig Matsty tt] tN. 
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Therefore, we conclude that there are no distinct double cosets of the form 
Ntotity tz ‘t] Mtotot*4N, where i € {0, 1,2, 3}. 

We next consider the double coset Nigtito ltotgta 1iN. 

Let [0162321] denote the double coset Ntotitp ‘tetstz tN. 


Now, with the help of MAGMA, we know that that the following right cosets, or 


single cosets, are equivalent: Ntotito ltotgty i= N totito ltstots let. 


That is, in terms of our short-hand notation, 
0102321 ~ 0103231. 


By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [0102321]: 
0102321 ~ 0103231, 1012320 ~ 1013230, 2120301 ~ 2123031, 


3132021 ~ 3130201, 0201312 ~ 0203132, 0302123 ~ 0301213, 
1210302 ~ 1213032, 2021310 ~ 2023130, 1312023 ~ 1310203, 
3032120 ~ 3031210, 2320103 ~ 2321013, 3230102 ~ 3231012 


Since each of the twenty-four single cosets has two names, the double coset [0102321] 


must have at most twelve distinct single cosets. 

Now, N (0102821) has six orbits on T = {to, t1, ta, t3}: {0}, {1}, {2,3}, {0}, {1}, and 
{3, 3}. 

Therefore, there are at most six double cosets of the form NwJN, where w is a word 
of length eight given by w = totity ‘totsty ‘tit’, i € {0, 1, 2}. 

But note that Ntotitoltetsty‘tit]1N = Ntotito‘totsty'eN = Ntotitg ‘tetstz'N 
and Ntotyty ltotsts ‘tit)N = Ntotito ‘totst 14? = Ntotito ‘totgty ‘ty; 'N 

= Ntotitoty ‘ty ‘tito. 


Moreover, with the help of MAGMA, we know that Ntotitp ltotst> lEtoN = 
Ntotitg tz 1t[ltetoN, Ntotity ‘tetsty tity’ N = Nto‘ty ‘tz totits 'N, 
Ntotytg ttotgty tyteN = Nt ‘ty +tetitoty1N, and Ntotity tetsty ‘tity N 

= Ntp'tytetitp ts. 
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Therefore, we conclude that there are no distinct double cosets of the form 
Ntotytg ‘totgty ‘tit7N, where i € {0, 1,2, 3}. 

We finally consider the double coset Ntoty tz to ‘titsty‘t7'N. 

Let [01201321] denote the double coset Ntoty 1ty/to ttitgtz tN. 


Now, with the help of MAGMA, we know that that the following right cosets, or 
single cosets, are equivalent: Nipty ty to titetg ty a Nitots 15 ta titets ty 
= Ntoty "ty tp tgtity ‘tg’ = Ntgty tg 't7‘tatitg ‘ty. 


That is, in terms of our short-hand notation, 


01201321 ~ 21021301 ~ 03203123 ~ 23023103. 
By conjugating the equivalence relation above with the elements of S4, we determine 


that the following single cosets are equivalent in the double coset [01201321]: 


01201321 ~ 21021301 ~ 03203123 ~ 23023103, 


02102312 ~ 12012302 ~ 03103213 ~ 1301320 


Col 


’ 


Since each of the twenty-four single cosets has four names, the double coset 


[01201321] must have at most six distinct single cosets. 


An alternative approach for determining the order of the double coset is as follows: 


NORA) > ((9 2), (1 3)). Thus esse \((0 2), (1 8))] = 4 and so, by 
Lemma 1.4, |Néoty1t71t9 titsty 47 1N| = obey < A= 6. 


_ [2 (01201821) = 
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Therefore, as we concluded earlier, the double coset [01201321] has at most six 
distinct single cosets. 
Now, N(0!201321) has four orbits on T = {to,t1,to, ts}: {0,2}, {1,3}, {0,2}, and 
(13h 
Therefore, there are at most four double cosets of the form NwN, where w is a 
word of length nine given by w = tot; ty ltp titsty tp "t#1, i € {0,1}. 
But note that Ntot] tz 1tptttatg tty tiN = Ntot[ ty ‘tp titstz'eN 
= Ntoty tz ltpltytstg!N and Ntoty ‘tz 1tpltitsty t[ tN 
= Ntoty tp ltoltitstyt{?N = Ntoty ty ‘to ltitsty t1N = Ntotitetg tz ‘tito. 
Moreover, with the help of MAGMA, we know that Ntot]}t;1tp@titgty1t[1toN = 
Ntotity ty t7 Moto and Nioty tig to ‘titty tig LN = Nioty lig tp tg ey tN. 
Therefore, we conclude that there are no distinct double cosets of the form 
Ntoty ty tp ‘titsty +t] tt, where i € {0,1,2,3}. In fact, since neither of the 
double cosets 

Ntot ‘tz to Mtitsty ity toN, 


Ntoty ty ‘tp titsty ty tN, 
Niot, ty tp ‘trtstg tty, 
Niot, i ty titata ty ey N 
is distinct, there are no distict double cosets of the form NwN, where w is a word 


of length nine or greater, in G. Our manual double coset enumeration of G over S4 


is therefore complete. 


In total, therefore, there are at most 366 distinct double cosets of N in G and at most 
7920 distinct right (single) cosets of N in G. 


Double Cosets of N . in G. Below, in our short-form notation, we list the 366 distinct 
double cosets of N in G, along with the names of equivalent double cosets. The first 
name listed for each double coset will be considered its cannonical name: 

1. [x] 

2. [0] 
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[0] 

[01] = [010] 

[01] 

[01] = [0101] 

[OT] = 010] 

[010] = [010] = [01010] 

[012] = [0121] 

[012] = [01212] 

. [010] = [01272] = [01012] 

. [010] = (010) 

. [012] = [01201] = [01202] = [01203] = [01230] = [01231] | 
. [012] = [0121] 

. [010] = [0101] = [01010] = [01013] 

. [012] = [0127] 

. [012] = [01212] = [01021] = [01201] = [01202] = [01203] = [01230] = [01231] 
. [012] = [01202] 

. (012) = [0121] 

. [0120] = [01201] = [01202] = [01203] = [01202] = [01020] 

. [0120] 

. [0121] = [0121] = [012030] 

. [0127] = [0102] = [012701] = [012103] = [012130] = [012131] = [012733] 
. [0123] = [01230] = [01231] = [01232] = [012010] = [012030] = [012131] 
. [0123] = [012102] 

. [0120] = [01202] = [01020} 

. [0120] = [01020] 

. [0121] = [0121] = [01021] 

. [0123] = [012320] = [012321] = [012323] 

[0123] = [01232] 

[0101] = [0101] = [01012] = [01212] = [012121] 

[0101] = [01010] = [010101] = [010102] = [010103] 

[0102] = [01212] = [01202] = [01212] = [012323] 


35. 
36. 
37. 
38. 
39. 
40. 
Al. 
42. 
43. 
44. 
45, 
46. 
47. 
48. 
49. 
50. 
51. 
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[07303] 


[012039] 


(01201] = [01231] = [012020] 


[01012] = (01212 
(01230) = [01232 
[012362] 


121] 
3] = [012102] 


[01010] = [01212] = [01012] = [012020] 
[01202] = [012132] = [010230] = [010231] 


[01203] = [012020] = [016230] = [010231] 
[01202] = [01231] = [01021] 


(01621) 
[012030] = [012020] = [013132] 
[012031] 
[01230] = [012103] = [072323] 
[010213] 


[012012] = [012133] 
[01021] = [012302] = [012312] = [012023] 
[012031] = [012301] 


[01616] = [010101] = [010102] = {010103} 


[61213] = [010213] = [010201] = [610202] = [610203] = [010230] 


(01202} = [010213] = [012023] 
[010312] = [013313] 
[01202] = [012303] = [012313] = [012310] = [012313] 


(013301) 


[0102] = [01202] = 
[0120] = [01020] 
[0120] = [012313] 
[0123] = [01232] = 
[0123] = [012010] 
[0120] = [01021] = 
[0120] = [0120] 
[0121] = [01213] = 
[0123] = [01203] = 
[0123] = [01232] = 
[0101] = [0101] = 
[0102] = [01202] = 
(0102) = [01202] = 
[0120] = [01201] = 
[0121] = [0121] = 
[0121] = [01012] = 
[0123] = [01232] = 
[0123] = [01203] = 
[0120] = [012123] = 
[0120] = [01020] = 
[0121] = [0121] = 
[0123 | = [012013] = 
[0123] = [01232] 
[0101] = [01010] = 
[0102] = [0121] = 

= [010231] 
[0102] = [01212] = 
[0120] = [01020} = 
[0120] = [01021] = 
[0123] = [01232] = 
[0123] = [012103] = 


[0120] 


[013130] = {013010] = (01033] = [61230] = [012321] 
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[0123] = 
[0123] = 
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[01203] = 
[01216] = 
[01213] = 
[01213] = 
[01210] = 


[01276] = 
[01213] 


(01213) = 
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[01021] = [01202] = [01201] = [01202] = [01203] = [012132] 
[010232] = [012323] 

[01232] = [01230] = [01231] = [012102] = [012010] = [012030] 
[012101] 

[01230] = [012131] = [612301] 

[01231] = [012032] 

[01210] 

[012030] = [012103] = [012313] = [012010] 

[01230] = [012010] 

[012130] = [012313] = [012010] = [0120101] 

[01232] 

[012010] = [012101] = [012101] = [012103] = [012323] = [010232] 


[01020] = [012131] = [012130] = [012131] = [012132] = [012313] 


= [012020] = [0120101] = [0121010] 


[01231] = 
[01233] = 


[01233] = 


[01301] = 
[01307] = 
[01203] = 


[01303] = 


sole 
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01513] = 


[012030] = [012131] = [0121010] 
[01232] = [012102] = [010232] 
[01232] = [012102] 
[01231] = [0120132] 
[01230] = [012102] = [012012] = [012301] = [0120121] 
(01231] = [012303] = [012013] = [012101] 

[01231] = [012310] = [012132] = [012032] = [0120323] 
[0120101] = [0120303] 

= [012101] = [012303] = [612012] 

= [01020] = [01020] = [012132] 

= [012102] = [012313] = [012030] 

= [01231] = [012303] 

= [01230] = [012010] = [012010] 

= [012032] = [012313] = [012313] = [010230] = [0120232] 

= [01012] = [01021] = [01212] = [01202] = [012323] = [010212] = [0 
[01231] = [0123313] = [012313] = [012010] = [012032] 

[012010] = [012010] = [012032] = [012101] = [010231] 
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0] = [012036] = [012031] = [0133026] 
6] = [01213] = [012307] = [12010] = [0120213] 
1] = [01201] = [0120123] = [0123121] 


31] = [01210] = [013139] = [012033] = [612313] 

33] = [01023] = [012330] = [012351] = [01233] = [613032] = [012103] 

= (613130) = [0130121] 
] = 
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[01230] = [01230] = [012012] = [012012] = [0120310] 

[01230] = [012030] = [0120130] = [0123013] = [0123013] 

[01231] = [010213] = [010230] = [0121301] = [0121323] 

[01231] = [012131] = [012032] = [012310] = [0123102] = [0123103] 

[01010] = [01010] 

[01023] = [012102] = [012323] = [012323] = [012010] = [0120303] = [0121323] 
[01023] = [010232] = [0120121] = [0120310] = [0102320] = [0102321] = [0102323] 
[01023] = [010232] = [012013] = [012031] = [0123120] = [0102323] 

[01021] = [01020] = [01202] = [0120323] = [0120102] 

[01021] = [01020] = [012102] = [010202] = [010203] = [010201] = [012313] 
[01023] = [010232] = [012013] = [012031] = [0120121] = [0123012] = [0102323] 
[01023] = [010232] = [0123103] = [0120121] = [0102320] = [0102321] = [0102323] 
[01201] = [01201] = [012131] = [012101] = [0123120] 

[01201] = [010231] = [010231] = [0 i2 1031] = [0121323] = [0123120] 

[01202] = [01020] = [01213] = [012 vain - [012132] = [012131] = [0120320] 


= [0121323] 
[01203] = [012303] = [012032] = (0 
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121309] = [0120130] 
20123] = [0120321] 


[01203] = [012032] = [0123i0] = 
[01201] = [012012] = {013313} = | 
[01202] = [01612] = [0127 
[01203] = [01302] = [0103 
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[01203] = {012310} = [010231] = [012313] = [0102131] = [0120303] 

[01203] = [012130] = [012303] = [010231] = [012302] = (0120813) 

[01230] = [012030] = [0720123] + [0123013] 

[01230] = [012013] = [0120133] = [0120313] 

[01231] = [012032] = [012101] = = (01 012031] = [0120232] = [0123123] = [0120302] 
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[01233] = [01332] = [013103] = [0120316] = [0121630] = [0121303] = [0121303] 
= [0130103] 


[01230] = [01201] = [012301] = [012012] = [012313] = [0123030] 
[01230] = [01230] = [012030] = [012030] 
[01231] = [01203] = [012010] = [012032] = [012032] = [012102] = [012310] 


= [0120323] 

[01232] = [012120] = [0120101] = [012 
[01232] = [01232] = [012012] = [01210 
{01201} = [01201] = [012132] = [ 
= een 


101] = [0126233] = [0102130] 
] = [013310] = [012303] 
33] = [013313] = [012101] = [0123012] 


[01201] = [012102] = = (013808) = ne 313] = 

[01201] = [012320] = [012101] = [0120320 = [0123020 
[01203] = [012101] = [012320] = [012321 

[01203] = [012031] = [012303] = inst) = [0120312] = [0102310] 

[01210] = [012323] = [012010] = [0120320] = [0120130] = [0120103] = [0123212] 
[01210] = [01232] = [012023] = [012323] = [012103] = [0121323] = [0120323] 
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(01213] = [01213] = [012020] = [012313] = [012313] = [0121323] 
(01213] = [01020] = [01202] = [012021] = [012101] = [0120320] 


[01230] = [01230] = [012012] = [012030] = [0120310] = [0120210] 

[01231] = [01203] = [012102] = [012010] = [012303] = [012032] = [0120320] 
= [0120130} 

[01230] = [012302] = [012310] = [012321] = [0123201] = [0120231] = [0120312] 


= [0133013] 
[01231] = [01203] = (012132] = [012312] = [012010] = [012303] = [0123020] 
[01231] = [012337] = [012131] = [012303] = [0121393] 

01621] = [01202] = {01202] = [012123] = [012313] = [0121323] = (0123030) 
= [0123010] 

[01023] = [013310] = [016230] = [010231] = [010339] = [012012] = [0123010] 
= {0102323} 

[01623] = [010232] = [0102320] = [010 
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[01023] = [012012] = _ (016239 = [010230] = [010231] = [012310] = [0102323] 
(01210] = [012032] = [010210] = [012013] 

[61216] = [01230] = (012010) = [0121302] = [0121301] 

[01213] = [012031] = [012032] = [010230] = [0102132] 

[01213] = [01203] = [0120323] = [0120210] = [0123021] 

[01210] = [01232] = [012103] = [012130] = [012323] = [0120323] 

[01210] = [012032] = [012323] = [0120213] = [0120210] = [0128203] 

[01230] = [01230] = [012013] = [012312] = [012030] = [0120130] = [0123103] 
(01230] = [012321] = [012310] = [0102130] = [0123010] = [0123013] 
[01231] = [012031] = [012130] = [012303] = [012321] = [0123210] 

[01232] = [01232] = [012102] = [0123023]} = [0120210] = [0121030] = [0121030] 
= [0121303] 

(01201] = [01231] = [012130] = [0121030] = [0120303] = [0120130] 

[01201] = [010231] = [012303] = [012102] = [0123012] = [0123030] 

[01203] = [012302] = [012320] = [012103] = [012303] = [0123020] 

[01203] = [012131] = [010230] = [012313] = [0120121] = [0123103] = [0120230] 
[01201] = [012012] = [010231] = [010231] = [0123010] = [0121302] = [0120101] 
[01203] = [012310] = [012310] = [0120320] = [0123101] 

[01203] = [012032] = [012302] = [0123103] = [0121031] 

[01210] = [012131] = [012312] = [012320] = [012010] = [012032] = [012010] 
[01213] = [012030] = [012302] = [012321] = [012313] = [012032} = [0120121] 
= [0102132] 

[01231] = [01201] = [012031] = [012302] = [0120130] = [0120131] = [0120312] 
= [0123209] 

[01232] = [01232] = [012030] = [012303] = [012102] = [012310] = [0120131] 
[01232] = [012021] = [0120213] = [0120231] = [0102132] = [0121031]. 
[01230] = [012013] = [0120120] = [0120313] = [0120301] = [0120212] 
[01230] = [012030] = [0123120] = [0123010] = [0123032] = [0120312] 
[01231] = [01203] = [012303] = [0123020] 

[01231] = [012031] = [012131] = [0120123] = [0102132] = [0120131] = [0120302] 
(01620] = [010212] 

[01023] = [012132] = [010230] = [010231] = [010232] = [012323] = [012010] 
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= [0102102] = [0102132] 

(01023] = [01232] = [012323] 

[01023] = [01232] = [012103] = [012130] = [012032] = [012320] = [012321] 
[01023] = [012010] = [010232] = [012323] = [0120302] = [0120101] 

[01201] = [012012] = [012303] = [012303] = [0120212] = [0102301] = [0123010] 
(01201] = [0121032] = [0123021] = [0120213] = [0123023] = [0120310] 

[61203] = [012030] = [012030] = [012313] = [012132] = [0123210] = [0120301] 
[01230] = [012301] = [012312] = [0120312] = [0120120] = [0123020] = [0123012] 
= [0123013] 

[01231] = [012310] = [012310] = [012032] = [0123010] = [0123102] = [0123103] 
= [0120130] 

[01231] = [012023] = [010230] = [0121320] = [0120132] = [0121032] 

[01232] = [01232] = [010232] = [010232] = [0120132] = [0123120] = [0123023] 
[01230] = [012103] = [012031] = [012310] = [0123012] = [0123123] = [0120312] 
[01232] = [01232] = (010232) = [010232] 

[01201] = [01230] = [012301] = [012102] = [0120312] = [0102313] = [0123101] 
[01201] = [010231] = [0123120] = [0102102] = [0102313] = [0123031] = [0123020] 
[01203] = [01231] = [012032] = [012132] = [0120130] = [0123021] 

[01231] = [010213] = [012030] = [0120132] = [0102313] = [0120302] = [0123021] 
[012010] = [012131] = [012101] = [012130] = [0102101] 

[012012] = [012012] = [012012] = [012301] = [012303] = [0123013] = [0120212] 
[012012] = [010230] = [012013] = [0123023] = [0102312] = [01201231] 
[012013] = [012302] = [0120313] = [0120301] = [0123102] = [0123121] 
[012013] = [012312] = [0123213] = [0123020] = [0123021] = [0120131] = [01201031] 
[012012] = [012031] = [012310] = [0123202] = [0120230] = [0123123] = [0102303] 
[012012] = [010230] = [012031] = [0121031] = [0121320] 

[012013] = [012031] = [012301] = [012302] = [0121301] = [0123021] = [0120130] 
[012031] = [012013] = [012302] = [012301] = [0123213] = [0120301] = [0121032] 
[012031] = [012031] = [012302] = [0123123] = [0102310] = [0123123] 

[012032] = [012032] = [012032] = [012310] = [012032] = [012310] = [012032] 

= [012039] 

[012031] = [012320] = [012302] = [0121303] = [0123121] 
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[012031] = [0120131] = 
= [01203120] 
[012032] = [012021] = 
[012032] = [010210] = 
[012101] = [012103] = 
= [01203131] 
[012103] = [012013] = 
[012103] = [012321] = 
[012130] = [012321] = 
[012130] = [012312] = 
[012132] = [012023] = 
[012133] = [012131] = 
[012130] = [0121303] = 
= [01213023] 
[012130] = [012320] = 
[012310] = [010230] = 
[012310] = [012030] = 
[012312] = [012013] 
[012312] = [012302] 
[012320] = [0121031] = 
[012320] = [012302] = 
[012321] = [012312] = 
[012321] = [012031] = 
[012012] = [010230] = 
[012012] = [0121013] = 
[012013] = [012312] = 
[012013] = [012030] = 

= [0123212] 
[012010] = [012010] = 
[012030] = [012012] = 
(012010) = [012120] = 
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[0121030] = [0120301] = [0120123] = [01203101] 
[012131] = [012131] = [0120210] = [0123103] = [0102303] 
[012101] = [012010] = [0120102] = [0123103] = [0102303] 
[012131] = [012313] = [0120121] = [0123121] = [0120302] 
[0120310] = [0120132] = [0123102] = [0123120] = [01203101] 
[0121303] = [0123202] = [0120312] = [0123121] = [0123012] 
[012031] = [0121030] = [0123203] = [0120130] = [01201202] 
[0121303] = [0120310] = [0120301] = [01213030] 
[012101] = [0120312] = [0120210] = [0121030] = [01201020] 
[012313] = [0123101] = [0120132] = [0120321] 
[0123123] = [0120302] = [0123102] = [01213030] 
[0120131] = [0120310] = [0123020] = [0120130] = [0102303] 
[0121321] = [0120121] = [0102312] = [01231023] 
[012030] = [0120230] = [0120120] = [01201230] 
= [0120313] = [0123212] = [0123123] = [0123020] = [01213213] 
= [0121301] = [0120302] = [0102302] = [0120312] = [0121031] 
[0120123] = [0120132] = [0120130] = [0123121] = [0123121] 
[0120120] = [0121301] = [0120312] = [0123123] = [01201202] 
[0120180] = [0123020] = [0123020] = [01201030] 
[0120310] = [0123121] = [0121032] = [01213213] 
[012031] = [0123103] = [0102302] = [0120301] 
[0123203] = [0123121] = [0123121] = [0123023] = [0123033] 
[0123202] 
(012103) = [012320] = [0123201] = [0120132] = [0120130] 
[012102] = [0120301] = [0120213] = [0123101] = [01201203] 
[012303] = [012302] = [0120313] = [0121301] = [0123123] 
[012323] = [012323] = [012102] = [0120101] = [0120303] 
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[012012] = [012312] = 

= [01201231] 
[012013] = [0123201] = 
= [01201320] 
[012013] = [012031] = 
[012010] = [012101] = 
= [01201021] 
[012013] = [012312] = 
[012013] = [010231] = 
[012021] = [012303] = 
[012021] = [012032] = 
[012023] = [012101] = 
[012023] = [012320] = 
[012030] = [010230] = 
[012031] = [010231] = 
[012031] = [012012] = 
[01201312] 
[012030] = [012303] = 
= (01201031) 
[012031] = [0121032] = 
= [01301313] 
[012031] = [012302] = 
[012103] = [012013] = 
[012132] = [012313] = 
[012132] = [010231] = 
= [01213212] 
[012301] = [010231] = 
[012301] = [012301] = 
[012302] = [012031] = 
[012301] = [012301] = 
eee 
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[012321] = [012130] = [0120303] = [0123121] = [0102312] 
[0120132] = [0120313] = [0120310] = [01201232] 
[0121032] = [0121302] = [0120131] = [0123102] = [01201313] 
[010210] = [012320] = [0120323] = [0120210] = [0120232] 
[012303] = [0121320] = [0120131] = [0120321] = {01201313} 
[0120313] = [0102131] = [0123103] = [01201231] 
[012320] = [012010] = [0120103] = [0102132] = [01201021] 
[012101] = [012131] = [0120323] = [0130303] = [0102303] 
[012313] = [012321] = [012030] = [0123103] = [0121031] 
[012301] = [0120121] = [0120101] = [0102303] = [0123012] 
[010230] = [012030] = [01201030] = [01213210] 
[012316] = [0120131] = [01201231] 
[012302] = [0121320] = [0120313] = [0121030] = [01201310] 
[0120131] = [0120313] = [0120212] = [0102303] = [0120301] 
[0121302] = [0120313] = [0123012] = [0120301] = [01201310] 
[0123201] = [0120131] = [0123120] = [01201232] = [01203102] 
[010230] = [012012] = [0120123] = [0123023] = [0120130] 
[012313] = [012023] = [010213] = [012313] = [01201201] 
[012010] = [012010] = [0120120] = [0120103] = [01213210] 
(012013] = [012312] = [0102131] = [0120130] = [0123103] 
[012301] = [012301] = [0120123] = [0123123] = [0123032] 
[0102321] = [0120313] = [01203103] = [01201323] 
[012010] = [0120120] = [0123101] = [0120213] = [0123032] 
= [012030] = [0121032] = [0120132] = [0123020] = [01213213] 


260. 
261. 
262. 


263. 
264. 


265. 
266. 


267. 


268. 
269. 
270. 
271. 


272. 
273. 


274. 
275. 


276. 
277. 


278. 


279. 


280. 


281. 
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[012316] = [0120133] = [0120301] = [0120212] = [0123121] = [0120303] = {01201235} 


2 
[012312] = [0120123] = [0102320] = [0120131] = [01213032] = [01203101] 
[012302] = [012013] = [012031] = [0120120] = [0120130] = [0120130] = [0120310] 
= [0123213] 
[012301] = [0123010] = [01213213] 
[012301] = [012012] = [010231] = [012012] = [0123012] = [0123013] = [0120121] 
= [0121301] = [01213020] = [01213021] 
[012302] = [012130] = [012321] = [0120130] = [0123212] = [0121030] = [01201030] 
[012310] = [010230] = [0120321] = [0121302] = [0102303] = [0102301] = [01213023] 
= [01231013] = [01231012] 


[013313] = [012013] = [0120120] = [0121037] = [0121301] = [0123203] = [0123362] 
= [0150133] 


[012312] = seme (012013] = (61 
[013313] = [012013] = [012312] = [0121 


ieee! = ee = ee (012 


2301] = {0121013] = [0130131] = [0133012] 
1031] = [0123202] = [0120303] 


31 
20303] = [0120303] = [0102301] = [0121031] 


(070280 — = Gioia 7 0120157 = [0120121] = [0120123] = [0120230] = [0123010] 
[010231] = [012310] = [0123102] = [0120310] = [0120302] = [0121301] = [01201033] 
= [01231023] 

[010232] = [010232] 


[010231] = [012031] = [012012] = [0120126] = [0123101] = [0120102] = [01201231] 


[016235] = [016232] = [0123027] = [0123123] = [0120313] = [0120137] 
[010213] = [612301] = [012320] = [0120130] = [0120213] = [0123103] = [0123010] 
= [0133013] 

(010213) = [012030] = [012321] = [012313] = [012131] = [0120303] 

[010210] = [012102] = [010237] = [613010] = [0120102] = [01203133] = [01213219] 
[010213] = [012133] = [010230] = [012313] = [0123013] = [0120302] = [0123103] 


[010231] = [013031] = [613012] = [0120133] = [0120372] = [0130132] = [0130139] 


= [0123031] = [01201337] 


282. 


283. 


284. 
285. 


286. 


287. 
288. 


289. 


290. 


291. 


292. 


293. 


294. 


295. 


296. 


297. 


298. 


299. 


300. 


301. 
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(012013] = [012312] = [012312] = [0123010] = [0123120] = [0121302] = (0120302) 
= (6123219) 

[012012] = [012012] = [010231] = [012301] = [0120312] = [0123012] = [0123012] 

= [0123013] = [01203120] 

[012030] = [012303] = [012012] = [0120102] = [0121301] = [0120313] = [01201203] 
(012032] = [012103] = [012103] = [012032] = [0121320] = [0120132] = [0123012] 
= [0121303] 

[012030] = [0120102] = [0102130] = [0120121] = [0123101] = [01201032] 

= [01203130] 

[012030] = [012030] = [012310] = [0123101] = [0102313] = [0102131] = [01201239] 
[012021] = [012333] = [012102] = [012333] = [012010] = [0123021] = [0123103] 
= [0120303] 

[012021] = [012301] = [0121301] = [0121032] = [0120303] = [0123121] 
[012021] = (012303] = [0120120] = [0121321] = [0120103] = (0123107] = (01201020) 
[012030] = [012303] = [012312] = [0123123] = [0123213] = [0123013] = [0121031] 
= [0123120] 

[012031] = [012302] = [0123021] = (0102393) 

[012302] = [012312] = [0120132] = [0121302] = [0123021] = [0121032] = [0102302] 
[012302] = [012013] = [0120313] = [0120132] = [01231020] = [01231021] 

= [01203101] = [01203102] 

[012302] = [012312] = [012012] = [012303] = [0120132] = [0121032] = [0123023] 

= [0121032] 

[012303] = [010210] = [0120120] = [0123023] = [0121302] = [0123010] = [01201023] 
[012303] = [012303] = [012012] = [012301] = [012012] = [0123010] = [0102313] 
[012310] = [012031] = [012012] = [0120130] = [0102313] = [0102131] = [0123021] 
= [0120130] 

[012301] = [012030] = [012013] = [0102301] = [0120320] = [0121303] = [0120312] 
= [01230130] 

[012321] = [012103] = [0120130] = [0102130] = [0120303] = [0120303] = [0121303] 
= [0123013] 

[012320] = [012012] = [012103] = [012312] = [0120130] = [0120131] = [0120130] 


= [0123310] 


302. 


303. 


304. 
305. 


306. 


307. 


308. 
309. 


310. 
311. 
312. 
313. 


314. 
315. 


316. 


317. 


318. 


319. 


320. 


321. 


322. 


[012013] = [012320] = [0120131] = [0120131] = [0121301] = [0123020] = [0123120] 
a ee 


(013880) = [012303] = [012031] = [0120 
(012130] = [012101] = [012313] = (0102 
= [01201032] 

[012130] = [012101] = [012101] = [0123031] = [0123210] = [0120303] = [0121302] 
= [01201023] 

[012301] = [010210] = [0121032] = [0120312] = [0120210] = [0120303] = [0123030] 
= (0123213] 


120] = [0123210] = [0121303] = (0123133) 
316] = [0120326] = [0123012] = [0131367] 


[012301] = [012301] = [0120231] = [0102130] 

[012312] = [0123023] = [0123123] = [0120123] = [0123023] = [01201230] 

= [01201232] = [01231202] 

[012312] = [012320] = [0120313] = [0120313] = [0123123] = [0120132] 
[010232] = [010232] = [01203102] = [01213031] = [01203103] 

[010232] = [010232] 

[016230] = [012310] = [0120321] = [0123103] = [0102301] = [0121031] = [01203121] 


= [01203123] = [01231010] = [01231013] = [01231013] 
(012103) = [012351] = [0120310] = [0123131] = [0123213] = [0123023] = [0102302] 
{2 


230 
23023 


313 
20310 


2103] = [0123023] = [0123021] = [0102302] = [0121030] = [01203121] 
= [01203123] = [01023212] = [01023313] 


[612163] = [012312] = [0120301] = [0121030] = [0120132] = [0123120] = [01623215] 
= [01623313] 


= 


(012103) = [012330] = [012031] = [0121303] = [6123020] = [01213270] 

012130] = 072320] = [0120133] = (0120213) = [0121030] = [0123131] = [0123219] 
(012130) = [612013] = [0120302] = [0121303] = (6120313) = [01203161] = [01203102] 
(0i2 130] = [0123018] = [0123021] = [6121803] = (0123102) = [0123021] = [01213020] 


(012103) = [612327] = (0121320] = [0120313] = [0120231] = [0120212] = [0123202] 
= [0120303] 
[012362] = [012321] = [0123103] = [0121032] = [0120130] = [01213210] 


323. 
324. 


325. 


326. 
327. 


328. 
329. 
330. 


331. 
332. 


333. 
334. 
335. 
336. 


337. 
338. 


339. 


340. 


[012302] = [012312] = [0123120] = 
[012312] = [0120132] = [0123210] = 
= (01201282) = [01203102] 
[012012] = [0123102] = [0120102] 

= [01201230] 

[012013] = [0121030] = [0123123] = 
[612010] = [612010] = [012102] = 
[01213210] = [01213213] 
[612036] = [012303] = [012312] = 
[0121032] 

[012013] = [012312] = [0123102] = 
[0123213] 

[612030] = [0121612] = [0123101] = 
= [01203131] 

(012031] = [012013] = [0120302] = 
[012310] = [0120103] = [0120312] = 
= [0123213] 

[012310] = [012303] = [0120321] = 
[01203130] 

[012312] = [0120213] = [0120301] = 
= [01230131] = [01230132] 
(010230) = [0120321] = [0121302] = 
= [01231012] = [01231013] 
[012013] = [0123023] = [0123201] = 
= [01203101] = [01203102] 

[012301] = [0123010] = [0120120] = 
[012302] = [012013] = [0120312] = 
= [0123102] 

[012321] = [0120132] = [0123201] = 

= [0120130] 

[0120162] = [0121321] = [0120103] = 
= [0120210] = [0121302] 
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[6120137] = [01201230] = [01231202] 
(0120310) = [0123102] = [0123123] = [01201230] 
= [0120303] = [0120303] = [0123121] = [0123023] 
(0102320) = [01231201] = [01023310] 
[010237] = [0121321] = [0102310] = [07213279] 
[0121303] = [0120310] = [0120131] = [0120213] 
[0121033] = [0121302] = [0123027] = [0123109] 
[0120302] = [0123103] = [0120213] = [01201031] 
[0123013] = [0121031] = [0121301] = (01230130 
[0123013] = [0102131] = [0120213] = [0120131] 
[0120301] = [6121302] = [0102303] = [0123021] 
[0120302] = [0121031] = [0121301] = [0123020] 
(0120302] = [0123101] = [0123026] = [0123103] 
(0123021) = (6123210) = [0120310] = [01201230] 
[01213213] 
(0123120) = [0133721] = [0121302] = (0190123) 
[0121302] = ~ 136181} - [0123023] = [0123102] 
[0120210] = [0102101] = [0123031] 


341. 


342. 
343. 
344, 
345. 


346. 


347. 
348. 
349. 
350. 


351. 
352. 
353. 


304. 
355. 
356. 


307. 


358. 
359. 
360. 
361. 
362. 
363. 
364. 


[0120103] = [0 
= [01213210] 
[0120103] = [0 
[0120123] = [0 
[0120120] = [0 
[0120123] = [0 
= [0120301] = 
[0120313] = [0 
= [0123101] = 
[0120310] = [0 
[0120312] = [0 
[0121303] = [0 
[0121321] = [0 
= [01201030] = 
[0121302] = [0 
[0123102] = [0 
[0120123] = [0 
= [0123021] = 
[0120132] = [0 
[0120131] = [0 
[0120310] = | 
= [012013213] 
[0121321] = [0 
(0120102) = 
[0121321] = [0 
[0123101] = [0 
[0123101] = [0 
[0120310] = [0 
[0120310)} = [0 
[0123013] = [0 
[0123120] = [0 


= [012013212] 


120131] = [0120301] = [0102310] = 
123212] = [0120302] = [0123020] = 
102312] = [0123123] = [0123133] 
123203] = [0121301] = [0120102] = 
123102] = [0120120] = [0121031] = 
[0120120] 
121012] = [0102103] = [0120301] = 
[01213213] 
121030] = [0123023] = [0102320] = 
120123] = [0102302] = [0121031] 
121303] = [0123120] = [0102320] = 
123101] = [0123121] = [0123212] = 
[01203132] 
123013] = [0123102] = [0121301] 
102312] = [0123021] = [0120313] 
120131] = [0120131] = [0120313] = 
[0120131] 
123023] = [0120310] = [01203103] = 
120131] = [0120313] = [0120313] 
123120] = [0123120] = [01213032] = 
123101] = [0123020] = [0102310] 
[01201201] 
123010] = [0120103] = [0123010] 
123101] = [0102301] 
102301] = [0102301] = [01231010] 
123023] = [0120132] = [01201321] = 
102321] = [0121303] = [0121303] 
120302] = [0123123] = [0120312] 
123023] = [0120132] = [01203103] = 
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[0121301] = [0120131] 
[0103130] = [0120302] = [0120301] 
[0121321] = [0121320] = [0120301] 
[0123101] = [0102313] 
[0123121] = [0120302] 
[01213031] = [01201323] 
[01203102] = [01203101] 
[0120301] = [0102103] 
[0120313] = [0102302] 
[01203103] = [012013213] 
[01231203] = [012013210] 
[0121032] = [0123020] 
[012013213] 
[01023210] = [012013210] 


430 
365. [0102321] = [0121030] = [0121030] = [0120132] = [01203103] = [01331207] 
366. [01201321] = [01203103] = [01203103] = [01231203] 


7.3 Cayley Diagram of G Over 5, 


The Cayley diagram of G over S4 is sketched broadly in Figures 7.1 and 7.2 and illus- 
trated in detail in Figures 7.3 through 7.17. In Figures 7.1 and 7.2, the labels Z, A, B, 
C, D, E, F, G, and H indicate the double cosets represented by words of length 0, 1, 2, 
3, 4, 5, 6, 7, and 8 letters, respectively. Likewise, in Figures 7.3 through 7.17, the label 
Z1 denotes the double coset represented by a word of length zero, the labels Al and A2 
denote the double cosets represented by words of length one, the labels B1,...,B4 denote 
the double cosets represented by words of length two, the labels Cl1,...,C12 denote the 
double cosets represented by words of length three, the labels D1,...,D49 denote the dou- 
ble cosets represented by words of length four, the labels El,...,E128 denote the double 
cosets represented by words of length five, the labels F1,...,F143 denote the double cosets 
represented by words of length six, the labels G1,...,G26 denote the double cosets repre- 
sented by words of length seven, and the label H1 denotes the double coset represented by 
a word of length eight. For a more detailed explanation of the meaning of the component 


parts of a Cayley diagram, see Section 2.3. 
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Figure 7.1: A Rough Sketch of the Cayley Diagram of G Over S4 
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Figure 74 
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Figure 7.2: Our Breakdown of the Cayley Diagram of G Over 54 
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Figure 7.3: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 0, 1, 2, and 3 
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Figure 7.4: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 


Words of Length 4 
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Figure 7.5: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 4 
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Figure 7.6: Section of the Cayley Diagram of G Over Sq Depicting Right Cosets with 
Words of Length 5 
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Figure 7.7: Section of the Cayley Diagram of G Over $4 Depicting Right Cosets with 
Words of Length 5 
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Figure 7.8: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 5 
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Figure 7.9: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 5 
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Figure 7.10: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 5 
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Figure 7.11: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 6 
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Figure 7.12: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 6 
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Figure 7.13: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 6 
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Figure 7.14: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 6 
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Figure 7.15: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 6 
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Figure 7.16: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 6 
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Figure 7.17: Section of the Cayley Diagram of G Over S4 Depicting Right Cosets with 
Words of Length 7 and 8 
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7.4 Action of the Symmetric Generators and the Genera- 


tors of S, on the Right Cosets of G Over S, 


Let X denote the set of all (7920) distinct right cosets of N in G. We define a mapping 
¢: G— Sx so that ¢ maps a generator g € G to its action (by right multiplication) on 
X. That is, we define ¢ so that $(g) = (9) : X — X. By way of the process described in 
Subsection 1.4.3, we may find the action ¢(t) ~ ¢(to) of the symmetric generator t ~ to 
on the set of right cosets of N in G, the action d(x) ~ ¢((0 1 2 3)) of the generator 
xz ~ (0 1 2 3) on the set of right cosets of N in G, and the action ¢(y) ~ ¢((2 3)) of the 
generator y ~ (2 3) on the set of right cosets of N in G. Since there are 7920 right cosets 
of N in G, these actions may be written as permutations on 7920 letters. With the help 
of MAGMA (see [BCP97]), we have labeled each of the 7920 right cosets with a number 
between 1 and 7920. 


Having labeled each of the 7920 right cosets, we may write the action ¢(t) ~ ¢(to) of the 


symmetric generator t ~ to on the right cosets of N in G as a permutation on 7920 letters: 


(t) ~ (to) = (1 2 3)(4 9 10)(5 11 12)(6 14 15)(7 16 17)(8 18 19)(13 28 29)(20 43 44) 
(21 33 46) --- (7907 7918 7909)(7908 7910 7919)(7913 7920 7914). 


Similarly, having labeled each of the 7920 right cosets, we may also write the action 
(xz) ~ P((0 1 2 3)) of the generator x ~ (0 1 2 3) on the right cosets of N in G as a 


permutation on 7920 letters: 


(x) ~ 6((0123)) = (248 5)(3 6 13 7)(9 20 42 21)(10 22 47 23)(11 24 53 25)(12 26 57 27) 
(14 30 66 31)--- (7851 7864 7909 7880)(7915 7916)(7917 7918 7920 7919). 


Finally, having labeled each of the 7920 right cosets, we may write the action ¢(y) ~ 
$((2 3)) of the generator y ~ (2 3) on the right cosets of N in G as a permutation on 


7920 letters: 


é(y) ~ o((2 3)) = (5 8)(7 13)(11 18)(12 19) (16 28)(17 29)(20 38)(21 45)(22 40)(23 50) 
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(30 62) «-- (7904 7913)(7905 7911)(7912 7914)(7915 7917)(7916 7920). 


7.5 Proof of Isomorphism between G and Aut(Mj2) 


We now demonstrate that G © Aut(Mig). 


Proof. To prove that G & Aut(Mj2), we must first show that (¢(zx), (y), o(t)) 
is a homomorphic image of G and that |G| = |(¢(z), o(y), o(t))| = 190080 (from which 
we can conclude G & (¢(z), ¢(y), ¢(£))), and we must next show that (d(x), d(y), o(t)) = 
Aut(Mj2) (from which we can conclude Aut(M/,2) is a homomorphic image of G and G & 
Aut(Mj2)). 

We first show (¢(x), &(y), (£)) is a homomorphic image of G and 
IG| = |(é(x), o(y), o(¢))| = 190080. From our construction of G using manual double 
coset enumeration of G over Su, illustrated by the Cayley Diagram in Figures 7.1 through 
7.17, we concluded that group G defined by the symmetric presentation must contain a 


homomorphic image of N & S4 whose index [G : N] is at most 7920: 


LN LN | IN| IM] IN LN [| 
ele Dv] * NOT Oy * pel * wen] * [ven] * pen] 
iy iw im im 
[NGI] * [vGin] * [NCI] [N©T201351)| = 
24 24 24 24 24 24 24 24 24 24 24 


Ure e 2 oe ee eee ee 


14+4+4+124+12412412+4+12+ 24+ 24+---+6 = 7920. 
That is, [G: N] = a < 7920. Since the index of N in G is at most 7920, and since 
IG| = Ie - ||, the order of the homomorphic image group G is at most 190080: 


IGl 


AN ay 


- |N| < 7920 - |N| = 7920 - 24 = 190080 = |G| < 190080 


We now consider (¢(z), é(y), $(t)). Note that (d(x), d(y), d(t)) is a group gen- 
erated by the permutation representations of the generators x, y, and ¢ and, as such, it 
is a subgroup of the symmetric group $7920 acting on the seven thousand, nine hundred 


twenty right cosets of N in G. Let Gy = (d(x), d(y), o(t)). Now, G1 is a homomorphic 
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image of G and, therefore, G; < G and |Gi| < |G|. Moreover, it is easily verified that 
|G| = 190080. Therefore, |G| > |G1| = 190080. Therefore, 190080 < |G| < 190080. That 
is, |G| = 190080, and so, since G; is a homomorphic image of G and |G| = |Gi|, we con- 
clude G & Gi = (¢(z), (y), d(¢)). Moreover, with the help of MAGMA (see [BCP97}), 
we know that the elements c = 6(y™ t® ttt” t®) and d = $((xy” )tt#74? t® t” tt) 
in G satisfy the following known presentation of Aut(Mj2), or Mio: 2: 


(c,d | c? = d® = (cd) = (cd)*[c, d](cd+)3 cdfe, d7!]*cded(cd~+)* {c, d~*] = e). 
Therefore, Mjg: 2 < Gy. But |My: 2| = |G1| = 190080. Hence, G; = Myo: 2, that is, 
G, = Aut(Mi2). Finally, since G = G), we conclude G = Aut(Mj2). 


O 


7.6 Converting an Element of G from its Permutation Rep- 


resentation to its Symmetric Representation 


To illustrate how a permutation representation of an element of Aut(Mj2) on 7920 letters 


may be converted to its symmetric representation form, we consider the following example: 


Example 7.1. Let g € G& Aut(Mj2) and let p = ¢(g) = 

¢((0 1)(2 3))b(to)d(t7')b(t2)d(t7) (tz!) be the permutation representation of g on 
7920 letters. Then N? = Ntoty ‘tet, tz*. Moreover, since N? = Np and N? = 
Ntot ‘tot, 1tz+, we have that Np = Ntot] ‘tet tg’. Now, Np = Niot; ‘tet; 't3* implies 
that p € Ntot; ‘tot; 1t3+ which implies that p ~ mtoty ‘tot; ‘tz’ for some 7 € N & Sy 
or, more precisely, p = (tot; ‘tet; #3!) = o(7)b(to)O(t7 ) o(te) O(t7')O(tz') for some 
nEN= S4. 


To determine 7 € N & S4, we note first that 
p= 9()b(to) b(t") b(t) O(t*)o(ts") > 


p((ts 1))“1(H(t7 1)“ (b(t2)) "(H(t '))7* (@(to))* = O(7) > 
pd((t3')*) (tg) Yo(tg")O((t77) (tg *) = o(xr) > 
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po (ts) 0(t1) 6(t2*) O(t1)d(t*) = (7). 

We then calculate the action of « ~ ¢(m) = pd(t3)(t1)4(tz ')6(t1) (to +) on the symmet- 
ric generators {t; | i € {0,1,2,3}}. The element m ~ 6(m) = pd(ts)d(t1)6(tz ')O(t1) (to) 
acts on the right cosets Ntp, Nt,, Nto, and Nts via the mapping ¢: G —> Sx defined 
by ¢(7,Nw) = Nw”. By this mapping, the element (7) acts as (0 1)(2 3) on the 
right cosets Nto, Nt;, Nte, and Nts, and so ¢(7) is the permutation representation of 
n = (0 1)(2 3) € S, on 7920 letters. Therefore, 7 = (0 1)(2 3) and w = totytoty"t3’, 
and so the symmetric representation of g is (0 1)(2 3)tot] ‘tet, 1t3'. 

With the computer algebra system MAGMA (see [BCP97]), we can use a sim- 
ilar algorithm to convert g € G = Aut(Mj2) from its permutation representation p = 
6(g) = $((0 1)(2 3))6(to)d(t7 1) o(t2)d(t7) (tz ') to its symmetric representation g. The 
MAGMA code for this algorithm is provided below: 


G<x,y,t>:=Group<x,y,t| x74, y~2, (y*x)~3, t73, (t.y), (t”x,y), (y*x*t)~ (10), 

(x 2*¥y)"2*t)“S>; 

f, G1, k := CosetAction(G,sub<G|x,y>); 

S4:=SymmetricGroup(4); xx:=S4!(1,2,3,4); yy:=S4!(2,3); N:=sub<S$4|xx,yy>; 
IN:=sub<G1|f(x),f(y) >; 

prodim := function(pt, Q, I) 

/* Return the image of pt under permutations Q[I] applied sequentially. */ 

Vv := pt; 

for i in I do v := v’ (Q]i]); end for; return v; end function; 

~ ts := [ (t7 (xi) @f: iin [1 .. 4] ]; 

cst := [null : iin [1 .. 7920]] where null is [Integers() | ]; 
ConvertPermutationToSymmetric:= function(G1,N,p) 

ww:= cst[1~p]; 

tt:= p*&*[G1 | ts[ww[#ww - 1 + 1]: iin [1 .. #ww)]; 

zz:= N![rep j: jin [1 .. 4] | (17ts[i]) “tt eq 17ts[j] : iin [1 .. 4]; 

return <zz, ww>; end function; 

pis £((x72 * y)72)*£(t)*£((b7)“(-1)) E(t" 72) E(t) 7-1) *E((H°S))-T)) 
ConvertPermutationToSymmetric(G1,N,p); 

Note that the elements x ~ (0 1 2 3) and y ~ (2 8) in this algorithm act on the right 
cosets N in G via the mapping f : G —> G1 defined by f(z,Nw) = Nw”, and the 
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symmetric generators t) ~ t,tj! ~ (t®)7},t2 ~ #”, and t3! ~ (t*°)-! act on the 
right cosets of N in G via the mapping f : G —> G1 defined by f(t;,Nw) = Nwt;. 
For this reason, in this case, the permutation representation of g on 7920 letters is 
given by p = f(g) = f((@v) FOE) FEV) YF) 7). With the help 
of MAGMA (see [BCP97]), we find = (0 1)(2 3) ~ (a?y)? and w = tot] ttety tz? ~ 
t(t”)—142" (t7)-1(t@")—1, and so we determine, as before, that the symmetric representa- 
tion of g is g = (0 1)(2 3)toty ttotp tg! ~ (a? y)24(e®) M4" (e*) 2") “1. 


7.7 Converting an Element of G from its Symmetric Rep- 


resentation to its Permutation Representation 


To illustrate how an element of Aut(Mj2) in symmetric representation form may be 
converted to its permutation representation on 7920 letters, we consider the following 


example: 


Example 7.2. Let g € G& Aut(Mj2) have the symmetric representation 
g = (0 1)(2 3)totytoty #3. To determine the permutation representation p = ¢(g) of g, 
we first calculate the action of 7 = (0 1)(2 3) on the right cosets of N in G. The element 
a = (0 1)(2 8) acts on the right cosets N in G via the mapping ¢ : G —~> Sx defined 
by o(7, Nw) = Nw” In this sense, ¢(7) is the permutation representation of a on 7920 
letters. 

We next calculate: the action of the symmetric generator tp on the right cosets 
of N in G, the action of the symmetric generator te on the right cosets of N in G, 
the action of the symmetric generator tg on the right cosets of N in G, and the ac- _ 
tion of the symmetric generator t3 1 on the right cosets of N in G. The symmetric 
generators fi | ¢ € {0,1,2,3}} act on the right cosets of N in G via the mapping 
o: G —+ Sx defined by (ti, Nw) = Nwt;. In this sense, (to), $(t7'), O(te), and 
(tz ') are the permutation representations of tg, 775 35 and tz! on 7920 letters, re- 
spectively. The permutation representation of g = (0 1)(2 3)toty ‘tet, ‘tz! is therefore 


p = $(9) = 6((0 1)(2 3)) o(to) d(t7") d(t2) o(t7")¢(tZ"). 


453 


With the computer algebra system MAGMA (see [BCP97]), we can use a sim- 
ilar algorithm to convert g € G & Aut(Mj2) from its symmetric representation g = 
(0 1)(2 3)toty tet; 1431 to its permutation representation p = $(g). The MAGMA code 


- for this algorithm is provided below: 


$4:=SymmetricGroup(4); xx:=S4!(1,2,3,4); yy:=S4!(2,3); N:=sub<S4| xx,yy>; 
NN<x,y>:=Group<x,y| x74, y~2, (y*x)73>; 
Sch:=SchreierSystem(NN,sub<NN—Id(NN)>); 

ArrayP:=[Id(N): i in [1..24]]; 

for i in [2..24] do P:=[Id(N): 1 in [1..4Sch{i]]]; 

for j in [1..4Sch[i]] do if Eltseq(Sch{i])[j] eq 1 then P[j]:=xx; end if; 

for j in [1..#Sch[i]] do if Eltseq(Schli}) [j] eq -1 then P{j]:=xx~(-1); end if; 

if Eltseq(Sch{i])[j] eq 2 then P{j]:=yy; end if; end for; 

_ PP:=Id(N); for k in [1..#4P] do PP:=PP*P[k]; end for; ArrayP[i]:=PP; end for; end for; 
for i in [1..24] do if ArrayP[i] eq N!(4,1)(2,3) then print Sch{i]; end if; end for; 
> 2 yy 2 

G<x,y,t>:=Group<x,y,t| x74, y~2, (y*x)73, +73, (t,y), (t7x,y), (y*x*t)7~ (10), 
(G6 2*y) 2"t)" Ses 

f, G1, k := CosetAction(G,sub<G| x,y>); 

IN:=sub<Gl]1| f(x),f(y)>; 

f((x72 * y)~2)*E(t)*E((t™x)~(-1)) *£E Tx 2)) *E((t™x) CT) FEE (3) CD) 


Note that the element 7 = (0 1)(2 3) ~ (xy)? in this algorithm acts on the right 
cosets N in G via the mapping f : G —> G1 defined by f(z, Nw) = Nw”, and the 
symmetric generators ty ~ t,t; ' ~ (t”)7},te ~ t”, and ie ns (t@°)-1 act on the right 
cosets of N in G via the mapping f : G —+ G1 defined by f(ti,Nw) = Nwt;. In 
this sense, f((x?y)?) is the permutation representation of  ~ (x?y)?.on 7920 letters, 
and {7 (FY) F (), and f((t”’)~1) are the permutation representations of to ~ 
tty) ~ ()-1, te ~ i”, and Bw (t°)-1, respectively. The permutation representation 
of g = (0 1)(2 3)tot7 ttt] tty? ~ (w?y)?4(t*) 14" (7) “1 ("1 is therefore 


p= f(9) = F279) ) FOE) VIE (EC) YF). 
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